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ISOLATION  AND  DAMPING 


DESIGN  OF  CONSTRAINED  LAYER  TREATMENTS 
FOR  BROAD  TEMPERATURE  DAMPING 
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Air  Force  Materials  Laboratory 
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(U)  The  effect  of  multiple  constrained  layer  damping  treatments,  with  one 
or  more  viscoelastic  adhesive  materials  and/or  constraining  layer  mater¬ 
ials,  on  the  modal  damping  and  resonant  frequencies  of  stiffened  plate 
structures  is  discussed  from  an  experimental  and  analytical  point  of  view. 
It  is  shown  that  very  simple  analytical  techniques  will  often  suffice  and 
that  proper  choice  of  materials  and  the  stacking  sequence  of  the  treatment 
can  readily  give  a  broad  temperature  range  capability,  as  needed  for 
vibration  and  noise  control  applications. 


INTRODUC  TION 

(U)  One  of  the  most  effective  and  versatile 
techniques  for  controlling  vibrations  in  plate - 
like  structures  is  the  multiple  constrained 
layer  treatment  illustrated  in  Fig.  1.  This  is 
because  of  the  control  one  has  over  the  adhes¬ 
ive  and  constraining  layer  dimensions  and 
materials,  in  order  to  optimize  the  treatment 
for  each  given  application.  When  properly 
designed,  these  treatments  can  be  used  over  a 
wide  temperature  range,  at  both  high  and  low 
frequencies  and  short  and  long  bending  wave¬ 
lengths,  with  very  little  weight  increase  and  be 
capable  of  withstanding  even  the  most  severe 
environmental  conditions.  Successful  applica¬ 
tions  of  these  types  of  treatments  have  been 
made  to  solve  a  cavity  resonance  induced  fail¬ 
ure  problem  in  a  weapons  dispenser  [1,2],  and 
to  reduce  interior  cabin  noise  levels  in  a  mili¬ 
tary  helicopter  [3-5],  and  in  several  other 
instances.  It  is  important,  however,  that  it 
become  more  widely  recognized  that  tempera¬ 
ture  is  the  dominant  parameter  controlling 
treatment  behavior,  being  far  more  important 
than  wavelength  or  frequency,  even  though 
these  parameters  must  certainly  be  taken  into 
account. 

This  paper  is  concerned  with  demon¬ 
strating  the  effect,  on  the  modal  damping  of 
several  simple  types  of  structure,  of  various 
treatment  parameters  with  particular  emphasis 
on  choice  of  adhesive  materials  and  their 
dependence  on  temperature,  and  the  effect  of 


various  combinations  of  different  adhesive 
materials.  The  approach  is  primarily  experi¬ 
mental,  accompanied  by  analysis  for  the  sim¬ 
pler  cases, 

ANALYSIS  OF  STRUCTURES  WITH  MULTIPLE 
LAYER  TREATMENTS 

Multiple  Constrained  Layer  System  with  Single 
Adhesive  Material 


When  a  multiple  layer  treatment  consist¬ 
ing  of  several  alternate  layers  of  a  single  vis¬ 
coelastic  adhesive  material  and  a  single  con¬ 
straining  layer  material,  as  illustrated  in 
Fig,  1,  is  applied  to  a  structure,  one  can 
show  [6,  7]  that  the  treatment  may  be  analyzed 
as  if  it  were  a  uniform  homogeneous  free  layer 
treatment  having  equivalent  complex  Young's 
modulus  properties.  The  equivalent  complex 
modulus  properties  are  given  by  the  empirically 
derived  relationships  [6]: 


E  /E„ 
e  C 

=  f  (h  /h^,  <p  ) 
c  D  ^nm 

(1) 

(2) 
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(5) 


CONSTRAINING  LAYER 


Fig.  1.  Single  adhesive  material  treatment 

o> 

In  these  equations  =  E  {1  +  irjp)  is 

the  complex  Young's  modulus  of  the  adhesive 

material  and  E*  =  E  (1  +  iq^)  is  the  equivalent 

complex  Young's  mo%ulus  of  the  treatment. 

The  functions  f  and  g  are  illustrated  in  terms 

of  h  /h^  and  0  in  Fig.  2. 
c  D  ^nm 

Equations  (1)  to  (3)  give  the  equivalent 
free -layer  properties  of  the  treatment,  which 
are  readily  calculated  when  Ej^,  r\j^,  h^,  hj-j, 

X  ,  E  ,  r  and  v  are  known.  The  next  step, 
for  the  treatment  applied  uniformly  to  the  sur¬ 
face  of  a  stiffened  structure,  is  to  apply  a  gen¬ 
eralized  form  of  the  equations  derived  by 
Oberst  [8]  for  a  beam  or  unstiffened  plate. 
These  equations  are  derived  in  reference  [8] 
and  are  given  by: 


SHEAR  PARAMETER'*'" 


=  (1  4-  p  h  /ph)  (f  /f 
^  ^e  e  ^  nm  onm 

=  1  +  (A  -  2  +  Be)/8  _ 


where 


Fig.  2,  Graphs  of  f  and  g  versus 

d)  and  h  /h 
^nm  c  d 


A  =  {(1-n^e)^  +  (l  +  [2n+n^]e)V(l+^e)  iV 

B  =  j(2n+l+n^e)^  -  {l-n^e)^}/(  1+ne)^  (8) 

Equations  (4)  and  (5)  give  the  modal  damping 
and  stiffness  parameter  for  the  treatment 
applied  to  a  structure,  in  terms  of  the  equiva¬ 
lent  complex  modulus  properties  of  the  treat¬ 
ment  derived  from  equations  (1)  to  (3).  The 
parameter  which. is  a  measure  of  the 

effect  of  the  stiffeners  in  the  structure,  can  be 
derived  from  equation  (6)  if  one  has  a  detailed 
knowledge  of  the  normal  modes  and  their  deriv¬ 
atives.  Otherwise,  this  parameter  may  be 
determined  experimentally  from  response  tests 
on  the  structure  using  a  known  free  layer 
treatment. 

Multiple  Constrained  Layer  Treatment  with 
Two  Adhesive  Materials 

If  the  treatment  depicted  in  Fig.  3  is 
applied  to  the  structure,  a  fairly  simple  analy¬ 
sis  is  applicable  provided  that  the  softer  treat¬ 
ment  is  on  the  "outside".  Otherwise,  the 
"outer"  treatment  will  act  itself  as  a  constrain¬ 
ing  layer  for  the  "inner"  treatment  and  complex 
shearing  actions,  qualitatively  comparable  to 
those  occurring  in  a  conventional  constrained 
layer  treatment,  will  take  place.  This  will 
completely  invalidate  the  assumption  that  the 
treatments  may  be  regarded  as  equivalent  free 
layer  treatments.  For  the  case  when  the  softer 
treatment  is  on  the  "outside",  however,  no 
such  problem  occurs,  because  no  such  shear¬ 
ing  actions  occur. 

2 

It  is  shown  in  Appendix  I  that  rj  ^  and  Z 
are  now  given  by: 

’Is  =  B  e  +B  e  +A  -  2  + 


=  [1  +  (A-2+fl  )/Be] 


2 


Fig.  3.  Two -adhesive  material  treatment 
(System  B) 


These  equations  reduce  to  those  used  earlier 
(equations  4-6)  when  o.  It  is  emphasized 

here  that  these  equations  are  approximate  only 
and  are  applicable  only  to  the  type  of  treat¬ 
ment  illustrated  in  Fig.  3,  when  the  outer 
treatment  is  the  "softest".  Other  damping 
treatment  configurations  are  readily  visualized, 
such  as  those  illustrated  in  Fig.  4.  However, 
these  particular  treatments  are  far  more  dif¬ 
ficult  to  analyze  and  will  be  considered  exper¬ 
imentally  only  in  this  paper. 


TYPE  A 


TYPE  C 


A  -  2  +  B  e  +  Be 
=  H--i - ^  (10) 


A 


nm 


Fig.  4,  Alternative  two -adhesive  system 
(System  A  and  C) 


where : 

2  3) 

[  l+( 2n^+n^ )  e  j^+e^n^  (2+2nj^+n2)]  j/ 

(11) 

(r  ,2  2  ,3 

Bi  =  |[2ni+l+niei-n3e2]  - 

[  l+ejiij^+e^n^]^  (12) 

(  2  3 

B^  =  <[  l+2(n^+n2)  +  e^^n^  + 

-  [l+2nj+n^ej-e2n^]^(/ 

[l+ejn^+e^n^]^  (13) 


EXPERIMENTAL  INVESTIGATIONS  OF  MUL¬ 
TIPLE  LAYER  CONSTRAINED  TREAT¬ 
MENTS  ON  CLAMPED -CLAMPED  BEAMS 

Single  Adhesive /Constraining  Layer  Material 
System 

Simple  beams  with  classical  boundary 
conditions  fulfill  many  of  the  conditions  needed 
for  conducting  successful  vibration  tests, 
including  well  spaced  resonant  frequencies  and 
a  wide  range  of  wavelengths  for  the  first  few 
modes.  While,  therefore,  such  tests  are  not 
wholly  representative  of  the  behavior  of  more 
complex  structures,  the  relative  ease  of  test¬ 
ing  does  allow  one  to  vary  and  control  a  large 
number  of  parameters.  For  example,  on  a 
clamped-clamped  beam,  tests  have  been  con¬ 
ducted  [6]  using  a  single  adhesive  and  a  single 
constraining  layer  material  in  which  the  con¬ 
straining  layer  thickness  was  varied  from 
0.0007  inches  to  0.01  inches,  the  adhesive 
thickness  was  varied  from  0.002  inches  to 
0.006  inches,  the  adhesive  real  Young's  modu¬ 
lus  was  varied  from  under  50  Ib/in^  to  over 
10^  Ib/in^  and  the  loss  factor  from  about  0.3 
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to  1.4,  and  the  constraining  layer  modulus  was 
varied  from  lo"^  Ib/in^  to  3  x  10*^  Ib/in^.  The 
system  is  illustrated  in  Fig.  5.  The  purpose 
of  those  particular  tests  was  to  measure  the 
equivalent  complex  modulus  properties  of  a 
treatment  comprising  several  alternate  layers 
of  a  single  viscoelastic  adhesive  material  and 
a  single  constraining  layer  material  as  a  func¬ 
tion  of  the  thickness  of  the  constraining  layers, 
the  thickness  of  the  adhesive  layers,  the  modal 
semi -wavelength,  the  number  of  layer -pairs, 
the  constraining  layer  Young's  modulus,  the 
real  part  of  the  adhesive  complex  Young's  mod¬ 
ulus,  and  the  adhesive  loss  factor.  The  tests 
showed  that  the  complex  modulus  of  the  equiv¬ 
alent  free  layer  treatment  was  dependent  only 
on  four  main  parameters,  namely  the  ratio 
h  /hj^  of  constraining  layer  thickness  to  adhes¬ 
ive  thickness,  the  modulus  of  the  constrain¬ 
ing  layer,  the  loss  factor  r|£)  of  the  adhesive 
and  a  "shear  parameter"  which  involves  the 
adhesive  modulus  Ed,  the  semi -wavelength 
Anm»  constraining  layer  modulus  E^,  the 

constraining  layer  thickness  h^  and  the  adhes¬ 
ive  thickness  hD*  These  results  are  very 
important  because  a  free -layer  treatment  is 
much  easier  to  analyze  than  a  multiple  con¬ 
strained  layer  treatment,  particularly  in  the 
case  of  relatively  complex  structures,  which 
we  shall  be  considering  presently. 


MAGNETIC  FORCE 


Fig.  5.  Clamped -clamped  beam  system 


This  particular  investigation  led  ulti¬ 
mately  to  equations  (1)  to  (3).  With  Eg  and  r\^ 
known  from  equations  (1)  and  (2),  it  is  then 
possible  to  use  the  appropriate  equations  (4) 
and  (5)  for  the  modal  damping  and  resonant  fre¬ 
quencies  of  a  beam  damped  by  a  free  layer 
treatment.  For  an  unstiffened  beam,  ^nm  ^  ®  * 
Calculations  have  been  performed  for  many 
cases,  including  the  case  of  a  clamped-clamped 
aluminum  beam  seven  inches  long  by  0.05 
inches  thick  with  a  three  layer -pair  system 


having  h^  =  0.005  inches,  hD  =  0.002  inches. 

Eg  =  lO’^  lb/in2  and  the  adhesive  (I)  being  a 
commercially  available  room  temperature 
material  [9],  having  complex  modulus  proper¬ 
ties  as  shown  in  Fig.  6.  Typical  response 
spectra,  consisting  of  graphs  of  acceleration 
at  a  point  about  1/3  the  length  of  the  beam  from 
one  end  versus  frequency,  for  constant  current 
into  the  exciting  transducer,  are  shown  in 
Fig.  7.  Typical  experimentally  measured  loss 


Fig.  6.  Complex  modulus  properties  of 
room  temperature  adhesive 
(Type  I/3M-467) 


Fig.  7.  Typical  response  spectra  for 
clamped-clamped  beam 
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factors  for  the  first  few  modes  are  compared 
with  analysis  in  Fig.  8.  These  results  illus¬ 
trate  the  secondary  importance  of  wavelength 
as  compared  with  temperature,  as  a  parame¬ 
ter  governing  treatment  behavior.  Fig.  9 
shows  similar  results  for  the  first  few  modes 
of  a  low  temperature  adhesive /constraining 
layer  system  [10]  having  the  same  physical 
dimensions  as  before,  but  a  different  adhesive 
system  (II)  with  complex  modulus  properties 
as  shown  in  Fig.  10.  The  results  again  dem¬ 
onstrate  the  importance  of  temperature,  and 
also  the  importance  of  selecting  the  appropri¬ 
ate  material  for  a  given  problem. 


Fig.  8.  Graphs  of  rig  and  f^^  versus 
temperature  for  single 
adhesive  system  on  clamped - 
clamped  beam  (hj^=0.  00  5  in. , 
hQ=0.  002  in. ) 

Double  Adhesive /Single  Constraining  Layer 
Material  System 

If  the  physical  dimensions  of  the  afore¬ 
mentioned  treatment  remain  unchanged,  but 
one  or  more  of  the  adhesive  layers  comprises 
a  different  adhesive  from  the  others,  then  a 
very  complex  dynamical  system  results,  which 
can  be  analyzed  only  with  great  difficulty. 
Experimental  investigations  are  as  readily  con¬ 
ducted  as  for  the  single  adhesive  case,  however. 
The  three  systems  which  have  been  investigated 
so  far  are  illustrated  in  Figs.  3  and  4.  System 
A  consists  of  alternate  layers  of  adhesive  I  and 
II  separated  by  aluminum  constraining  layers 
0.005  inches  thick.  System  B  consists  of  sev¬ 
eral  layers  of  the  treatment  with  adhesive  I, 


Fig.  9.  Graphs  of  r|g  and  f^  versus 
temperature  for  single 
adhesive  system  on  clamped- 
clamped  beam  (h^  =  0.  005  in.  , 
hj^  =  0.  002  in.  ) 


Fig.  10.  Complex  modulus  properties  of 
low  temperature  adhesive 
(Type  II/3M-428). 


with  several  layers  of  the  treatment  with 
adhesive  II  added  on  top.  System  C  is  the  oppo 
site  of  System  B.  Some  test  results  for 
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LOSS  FACTORT^q  resonant  frequency  fp  Hz 


System  A  are  shown  in  Fig.  11,  for  System  B 
in  Fig.  12  and  System  C  in  Fig.  13.  It  is  seen 
that  the  treatment  geometry  is  an  important 
parameter  and, in  particular,  the  order  or 
sequence  of  the  adhesive  layers  is  very  impor¬ 
tant.  Systems  A  and  B  give  the  wide  tempera¬ 
ture  capability  desired,  while  treatment  C  is 
far  less  effective. 

Systems  A  and  C  are  difficult  to  analyze 
in  any  simple  way,  and  no  attempt  to  do  so 
will  be  undertaken  here.  However,  treatment 
B  is  more  readily  amenable  to  analysis.  This 
is  because  the  two  subsystems  each  act  as  an 
equivalent  free  layer,  with  the  stiffer  "layer" 
adjacent  to  the  structure,  so  that  significant 
deviation  of  the  treatment  from  classical  free 
layer  behavior  is  not  expected.  For  treatment 
C,  on  the  other  hand,  the  softer  "layer"  is 
adjacent  to  the  structure  and  will  be  subjected 
to  shear  rather  than  bending  deformations  as  a 
result  of  the  outer  "layer"  itself  acting  as  a 
constraining  layer.  Equations  (9)  and  (10) 
have  been  used  to  calculate  r|g  for  treatment  B 
and  some  of  the  results  are  illustrated  in  Fig. 
12. 


TEMPERATURE  “F 


Fig.  11.  Graphs  of  r|g  and  f^  versus 
temperature  for  damping 
treatment  A  on  clamped - 
clamped  beam  (h^=0.  00  5  in.  , 
hj^=0. 002  in.  ) 


TEMPERATURE  "F 

Fig.  12.  Graphs  of  and  f^^  versus 
temperature  for  damping 
treatment  B  on  clamped - 
clamped  beam  (h^^^O.  005  in.  , 
hj^  =  0.  002  in.  ) 


-50  0  50  100  150  200  250 
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Fig.  13.  Graphs  of  r|g  and  f^  versus 
temperature  for  damping 
treatment  C  on  clamped - 
clamped  beam  (h^^O.  00  5  in.  , 
hj3  =  0.002  in.  ) 
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EXPERIMENTAL  INVESTIGATION  OF  MUL¬ 
TIPLE  LAYER  CONSTRAINED  TREAT¬ 
MENTS  ON  SKIN-STRINGER  STRUCTURE 

Single  Adhesive /Constraining  Layer  Material 
System 


When  a  free  layer  or  equivalent  free 
layer  treatment  is  applied  uniformly  to  the 
surface  of  a  stiffened  plate  structure,  the 
usual  equations  for  a  beam  are  replaced  by  the 
more  general  equations,  (4)  and  (5).  It  has 
been  shown  [  8]  that  for  the  particular  struc¬ 
ture  investigated,  illustrated  in  Figs,  14  and 
15,  same  way  as  before, 

therefore,  we  may  estimate  rjg  and  fj.  as  a 
function  of  temperature  for  the  same  treat¬ 
ments  as  used  on  the  beam.  Figure  16  shows 
typical  undamped  and  damped  response  spec¬ 
tra  consisting  of  graphs  of  acceleration  versus 
frequency  for  excitation  and  pickup  at  the  cen¬ 
ter.  Figure  17  shows  the  measured  and  pre - 
dieted  modal  damping  for  the  single  adhesive 
type  of  treatment  on  the  structure,  with  adhes¬ 
ive  system  I. 


Fig.  14.  Details  of  three -span 

skin-stringer  structure 


Two  Adhesive  Material/Single  Constraining 
Layer  Material  System 

Figure  18  shows  the  modal  damping  and 
resonant  frequencies  for  the  plate  with  a  treat¬ 
ment  of  type  B  added,  with  adhesive  system  I 
in  the  first  three  layer  pairs  and  adhesive  sys¬ 
tem  II  in  the  outer  three  layer  pairs.  It  is 
seen  that  analysis  and  experiment  are  in  fair 
agreement  and  that  the  temperature  range  of 
useful  damping  is  much  broader  than  for  the 
single  adhesive  system.  Tests  for  systems  C 


Fig.  15.  Photograph  of  three -span 
skin-stringer  structure 


Fig.  I6.  Response  spectra  for 
three -span  panel 

and  A  have  recently  been  completed,  and  the 
results  were  found  to  be  qualitatively  similar 
to  those  obtained  for  the  clamped-clamped 
beam. 

DISCUSSION  AND  CONCLUSIONS 

It  has  been  shown,  on  the  basis  of  both 
experimental  and  analytical  considerations, 
that  multiple  layer  constrained  damping  treat¬ 
ments  can  be  designed,  using  relatively  simple 
analysis  techniques,  for  broad  temperature 
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MODAL  LOSS  FACTOR 


Fig.  17.  Graphs  of  r]^  and  versus 
temperature  for  single 
adhesive  system  (Type  I) 
on  three -span  structure 
(3M-467) 


TEMPERATURE “F 

Fig.  18.  Graphs  of  and  f^.  versus 
temperature  for  damping 
treatment  B  on  three -span 
structure 


range  applications,  given  a  knowledge  of  the 
complex  modulus  properties  of  the  damping 
materials  used  and  some  structural  parameters 
Only  a  limited  number  of  damping  and  con¬ 
straining  layer  materials  were  considered  in 
the  paper  but  other  materials  may  readily  be 
evaluated  using  the  analysis,  including  the  use 
of  epoxy -graphite  composite  materials  in  place 
of  aluminum  in  the  constraining  layers,  so  as 
to  increase  damping  and  reduce  weight,  and  the 
use  of  other  damping  adhesives  as  appropriate 
for  other  temperature  ranges  than  those  con¬ 
sidered  here.  The  relative  simplicity  of  the 
analysis  is  most  important  because  testing  all 
possible  damping  treatment  configurations  is 
an  immense  task  and  the  analysis  will  at  least 
allow  one  to  reduce  the  number  of  cases  to  be 
tested.  Furthermore,  although  the  parameter 
^nm  difficult  to  predict  for  a  given  structu¬ 
ral  geometry,  it  is  not  difficult  to  measure. 

If  /3  is  very  large,  say  of  the  order  of  10  or 
20,  then  the  modal  damping  is  greatly  reduced 
and  the  analysis  again  allows  one  to  evaluate 
the  effect  of  this  parameter,  simply  by  insert¬ 
ing  several  appropriate  values  in  the  equations. 
The  procedure  allows  one  to  design  treatments 
for  specific  applications  with  some  degree  of 
confidence,  provided  that  the  needed  informa¬ 
tion  is  on  hand. 
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D 


hj, 


Dr  D2 


force 

function 

thickness  of  plate  or  beam 
thickness  of  damping  material 
thickness  of  constraining  layer 
net  thickness  of  damping  layers 
thickness  of  damping  layer  1,  2 

second  moments  of  area 
length  of  plate  between  stringers 


SYMBOLS 


breadth  of  plate 


dimensionless  constants 

m 

B,  B^,  B^ 

dimensionless  constants 

n 

D 

subscript  denoting  damping  mater¬ 
ials,  flexural  rigidity  according 

"r  ^2 

to  context 

N 

D  ,  D 
e  o 

flexural  rigidities 

N,,  N, 

i  i 

E 

Young's  modulus  of  elastic  mater¬ 
ial 

P 

measure  of  neutral  axis  position 

h^/h  -  thickness  ratio 

thickness  ratios 

number  of  layer  pairs 

number  of  layer  pairs  in  treat¬ 
ments  1,  2 

generalized  force  in  pqth  mode 
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APPENDIX  I 


ratio  of  X  to  half  wavelength  of 
plate  in  direction  parallel  to 
stringers 


area  of  plate  skin 

transverse  vibration  motion  of 
plate 

coordinates 

non-dimensional  modal  stiffness 
parameter 


Multiple  Free  Layer  Treatment  on  Stiffened 
Structure 

Consider  the  treatment  shown  in  Fig. 
19.  If  the  treatment  shown  behaves  as  a  free 
layer  treatment,  the  analysis  closely  parallels 
that  shown  in  a  prior  paper  [  8] .  We  first 


dimensionless  constant 


dimensionless  constant 


"2^  ^2’^2’^2*'^2 


non-dimensional  parameter 


NEUTRAL  AXIS 


E.  h.  p 


loss  factor  in  tension-compres - 


‘ig.  19.  Sketch  of  two -material  free 
layer  system 


effective  loss  factor 


modal  loss  factor  of  structure 


find  the  position  of  the  neutral  axis  by  making 
the  net  axial  thrust  as  the  plate  bends  equal  to 


zero,  1.  e. 


^n^  ^nm 


P.  Pe’  Pd 


loss  factors  of  damping  layers 

1,  2 

modal  half  wavelengths 
Poisson's  ratio 
nmth  eigenvalue 
densities 

densities  of  damping  layers  1,  2 


=  Jody 

=  ^  J"  E^  y  (d^W/dx^)dy  =  0  (I.  1) 


(m+n  )h 

1 


r  E  y  dy  +  r  E  y  dy 
o  mh 


(m+n  +n  )h  (l-m)h 

r*  1  2  ^ 

E  ydyJ  Eydy  =  0  (1.2) 

(m+n^)h  *^0 


nmth  normal  mode 


shear  parameter 
frequency  (rad/sec) 


This  equation  for  the  neutral  axis  position, 
given  by  m,  eventually  gives: 


^  -  ^l“l  -  ^2”2 
“  -  2(1  +  +  e^n^) 

The  second  moments  of  area  of  the  beam, 
treatment  1  and  treatment  2,  are  then  given  by; 


10 


A 

24  ^1 


where  is  given  by  equation  (I.  1). 


(m+n  )h 

2  . 

y  dy 


D-D  A  Be  Be 

° _ -  1  +  ^  1  +  ^ 

D  2  2  2 

o 


+  2  f’ll®l®l+’l2®2®2^  (1-9) 


Thus  far  we  have  dealt  with  simple  beam  or 
plate  theory.  In  reference  [8],  it  is  shown 
that  for  a  free  layer  treatment  applied  to  the 
surface  of  a  stiffened  structure,  with  full  cov¬ 
erage  by  the  treatment,  the  response  is  given 
by: 


{m+n  +n  )h 
r  ^  ^  7 

y  dy 


(m+n^)h 


24  ®2 


When  Aj,  and  B2  are  given  by  equations 
(I.  1),  (1.2),  and  (1.3).  The  net  flexural  modu¬ 
lus  of  the  system  is  therefore  given  by: 


D  =  D  +  D 
e  D 


(1. 10) 


This  is  a  fairly  general  analysis  provided  that 
the  various  assumptions  implicit  in  the  analy¬ 
sis  are  satisfied,  and  from  it  we  may  deduce 
the  modal  damping  and  stiffness  because,  if 
the  plate  were  homogeneous  and  of  loss  factor 
r|^,  the  response  would  be: 


(P^,L  /D  )  0  (x,y) 

w  =  _ pq  Q  pq _ 

P  q  (l+ir|  )  -  ^"^{l+p  h  /ph) 

©  S  0  0 


—  +  (l+i,lj)  Ijjj 

1-1/  l-v 


+  2  n+iTi2)  Ij32 


zfi7~2, 

24  ( 1  -1/  ) 


The  extra  weight  of  the  treatment  is  here 
accounted  for  in  the  term  1  +  p  h  /ph.,  and 
is  a  measure  of  the  modal  stiffness.  Com- 

^  0 

paring  equations  (I.  10)  and  (I.  11)  we  see  that; 


1+p  h  /ph)  (I  /|  ) 

e  e  e  ’pq 


=  (Up  h  /ph)  (f  /f  )‘ 
e  e  ^  pq 


The  flexural  rigidity  D  of  the  undamped  sys¬ 
tem  is  given  by 


Aj-2+Bjej+B2e2 


D  =  Eh^/12  (1-v^) 
o 
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DISCUSSION 


Mr.  Carne  (General  Motors) :  What  adhesives  did 
you  use? 

Mr.  Jones;  They  were  commercially  available 
adhesives.  We  purchased  them  on  the  open 
market.  You  can  get  these  adesives  from  any 
manufacturer  the  particular  ones  that  we  used 
were  made  by  the  3M  company.  There  are  many 
others  available,  but  you  need  to  know  the 
complex  modulus  properties  of  the  adhesives 
that  you  use  before  you  can  do  this  or  any 
other  conditioning  procedure  and  the  problem 
is  where  to  get  the  data. 

Mr .  Carne ;  Did  3M  supply  you  with  the  complex 
modulus  or  did  you  do  this  yourself? 

Mr.  Jones;  We  did  it  ourselves,  however  you  can 
obtain  the  data  from  3M. 

Mr .  Carne ;  Did  the  results  agree  well  with  yours? 
Mr .  Jones ;  Yes. 

Mr.  Roberts;  What  is  the  major  advantage  in 
going  from  one  layer  of  damping  plus  constraint 
to  the  multiple  layer?  What  is  the  physical 
explanation  of  the  gain  in  doing  that? 

Mr .  Jones :  Strictly  speaking  there  is  not 
necessarily  any  gain,  you  can  certainly  go  to 
a  single  layer  type  treatment  and  gain  more, 
but  your  problem  very  often  does  not  lie  there. 

If  your  prediction  techniques  are  good  enough 
you  can  come  up  with  a  single  layer  technique  that 
will  beat  just  about  anything,  but  your  problem 
is  when  you  have  a  real  structure  that  is 
vibrating  excessively  and  you  want  to  fix  it 
immediately,  you  usually  have  to  come  up  with 
something  quick.  There  are  two  ways  to  look 
at  this.  You  can  use  a  multiple  layer  treatment 
to  give  you  an  idea  whether  damping  is  going  to 
work  at  all,  and  this  is  something  of  concern 
to  you;  then  you  can  go  to  those  more  refined 
analyses  and  come  up  with  perhaps  a  single 
layer  treatment  that  will  do  better  than  this. 

But  that  is  a  more  difficult  task  and  you  have 
to  give  yourself  time  to  do  it  especially  for 
built  up  structures.  As  far  as  physical 
explanations,  as  I  said,  this  is  not  necessarily 
a  better  treatment  although  as  you  can  see  from 
the  results,  it  is  a  perfectly  acceptable 
treatment,  it  gives  you  very  good  results.  Up 
to  about  between  5  and  7  or  8  layers,  or  layer 
pairs,  you  do  not  get  any  great  reduction  in 
efficiency;  if  you  start  going  to  large  number 
of  layers,  like  15-20,  the  law  of  diminishing 
returns  sets  in  but  that  does  not  apply  until 
you  get  a  fairly  large  number  of  layers. 

Mr.  Ungar  (Bolt  Beranek  &  Newman) :  I  noted  that 
all  of  the  analyses  are  really  beam  type  analyses 
of  multi  layered  treatments;  then  everybody  goes 
ahead  and  applies  these  treatments  and  the 
analyses  to  two  dimensional  structures,  such  as 
plates,  and  it  works.  Why? 


Dr .  Jones :  First  of  all  it  does  not  work  unless 
you  take  into  account  the  stiffness,  and  the 
curvature  of  your  structure.  For  example,  if 
you  apply  this  type  of  treatment  to  a  stiffened 
curved  structure  you  will  get  qualitatively 
similar  behavior  but  you  will  get  a  lot  less 
damping,  and  in  that  respect,  your  prediction 
does  not  work  unless  you  take  into  account  some 
of  the  characteristics  of  the  structure  itself. 

In  reality  you  are  going  back  to  the  very  funda¬ 
mental  approach  to  predicting  damping;  that  is 
you  calculate  both  the  energy  dissipated  and 
the  energy  stored  in  the  structure  in  a  given 
mode,  and  the  energy  dissipated  divided  by  2 
times  the  energy  stored  is  the  modal  damping. 

As  long  as  that  kind  of  relationship  is  applicable 
and  provided  you  can  identify  all  of  the  sources 
of  strain  energy  and  energy  dissipation,  you  are 
using  the  fundamental  approach  to  the  prediction 
of  damping  and  that  is  why  it  works.  But  in  the 
case  of  a  curved  stiffened  structure  the  energy 
stored  is  a  lot  higher,  for  a  given  displacement 
in  a  given  mode,  than  it  is  in  a  flat  structure 
or  a  beam,  and  you  get  less  damping  and  it  is 
very  important  to  be  able  to  predict  how  much 
less . 

Mr .  Carne ;  Did  you  calculate  the  cost  per  square 
foot  of  the  additive  damping? 

Dr.  Jones;  We  know  the  cost  per  square  feet  of 
this  particular  treatment;  the  cost  per  square 
foot  depends  on  the  cost  of  the  metal  layers  and 
the  adhesive  layers  from  the  manufacturer  and 
there  are  also  the  manufacturering  cost  them¬ 
selves.  If  you  are  going  to  use  this  type  of 
treatment  on  refrigerators  you  better  count 
those  costs  very  carefully  because  they  are  quite 
high,  on  the  order  of  a  few  dollars  per  square 
foot.  For  aerospace  applications  that  is  not  too 
crippling  a  price,  because  when  you  are  solving 
a  structural  problem  on  a  $100,000  project  two 
dollars  is  not  going  to  worry  you;  this  also 
applies  to  the  problem  of  noise  control  in 
helicopters  the  cost  is  not  high  in  view  of  what 
you  are  trying  to  solve,  but  you  have  got  to  bear 
in  mind  that  these  costs  are  calculable. 
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INTRODUCTION 

The  task  of  reducing  the  noise  generated 
by  machinery  to  acceptable  levels  involves  a 
very  complex  technology  because  of  the  multi¬ 
plicity  of  noise  sources  and  transmissibility 
paths,  the  latter  including  both  airborne  and 
structure-borne  vibrations.  Very  frequently, 
an  important  part  of  the  overall  noise  in  a 
system  is  due  to  secondary  noise  radiation 
from  resonating  structural  surfaces.  In  these 
particular  instances,  the  noise  control  pro*- 
blem  becomes  identical  with  that  of  reducing 
structural  vibrations.  This  type  of  problem 
can  frequently  be  solved,  in  a  cost-effective 
manner,  by  use  of  special  energy  dissipating 
materials  which  are  applied  to  the  system  in  a 
judicious  manner  so  as  to  efficiently  introduce 
vibration  damping. 

One  particular  problem  falling  into  this 
category  is  that  of  reducing  cabin  noise  in  the 
HH- 53  helicopter.  In  this  case,  specific 
structural  resonant  frequencies  coincide  with 
discrete  excitations  occuring  at  geartooth- 
pass  frequencies  in  the  transmission.  This 
paper  is  a  discussion  of  an  investigation  of  the 
application  of  layered  damping  treatments  to 
the  skin- stringer  structure  of  the  fuselage  in 
order  to  reduce  specific  peaks  in  the  noise 
spectrum  caused  by  resonant  vibrations  of 
skin  panels. 


Now  at  Structural  Dynamics  Research 
Corporation  Cincinnati,  Ohio 


DESCRIPTION  OF  THE  NOISE  PROBLEM 

The  particular  system  investigated  was 
an  Air  Force  HH-53C  helicopter,  manu¬ 
factured  by  Sikorsky  Aircraft  Company.  The 
HH-53C  is  powered  by  2  GE  T-64-7  engines, 
with  a  6-bladed  main  rotor.  Its  primary 
mission  in  the  Air  Force  is  Air  Rescue,  with 
transportation  of  personnel  and  equipment  as 
a  secondary  function.  Figure  1  shows  a  side- 
view  of  this  system  with  fuselage  station 
numbers  and  water  line  references.  Acoustic 
data  measured,  prior  to  this  investigation,  in 
the  middle  of  the  cabin  near  station  342, 
showed  high  sound  pressure  levels  at  three 
frequency  peaks  as  illustrated  in  Figure  2. 


STATION  (INCHES) 


Figure  1  -  Sideview  of  HH  -  53  Helicopter 

These  frequencies  were  nominally  1370 
Hz,  corresponding  to  the  first  stage  planetary 
gear  clash,  2700  Hz  corresponding  to  the  main 
bevel  and  tail  take-off  gear  clash,  and  5400  Hz 
corresponding  to  the  rail  spur  gear  clash.  It 
was  estimated  that  a  major  noise  source  in  the 
cabin  was  the  resonant  vibration  of  the 
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fuselage  skin  which  was  excited  by  these  gear 
clash  vibrations  of  the  transmission.  If  this 
was  indeed  the  case,  then  damping  of  the  skin 
would  be  an  effective  means  of  reducing  cabin 
noise  at  these  frequencies. 

Standard- equipment  acoustic  blankets, 
consisting  of  a  layer  of  fiberglass  sandwiched 
between  layers  of  heavy  vinyl  cloth  can  easily 
be  attached  to  the  inside  of  fuselage  frames 
for  the  reduction  of  cabin  noise,  but  are  sel¬ 
dom  used  in  the  field.  The  objections  to  these 
standard  acoustic  treatments  are  that  they 
interfere  with  maintenance  and  make  rapid 
inspection  and  repair  of  battle  damage  in  com¬ 
bat  situations  impossible.  Therefore,  the 
using  command  was  interested  in  the  layered 
damping  treatments,  which  have  the  advantage 
of  being  attached  directly  to  the  skin  out  of  the 
way  of  maintenance  and  inspection  operations. 


of  the  damping  material.  Seventeen  accelero¬ 
meters  were  mounted  at  various  locations  on 
the  transmission  housing,  on  the  heavy  frames 
supporting  the  transmission,  and  on  several 
skin  panels  in  the  area.  Locations  of  some  of 
the  accelerometers  are  shown  in  Figures  3 
and  4.  Care  was  taken  when  choosing 
accelerometer  sizes  to  avoid  undue  mass 
loading  of  the  structure  being  measured. 


Figure  3  -  Isometric  view  of  center  cabin 
structure  where  damping  was 
applied 


SCOPE  OF  THIS  INVESTIGATION 

The  purpose  of  this  investigation  was, 
first  of  all,  to  obtain  additional  data  on  the 
nature  of  skin  panel  resonant  vibrations  and 
their  contribution  to  the  noise  problem  in  the 
cabin.  Secondly,  it  was  desired  to  evaluate 
the  reduction  of  these  resonant  responses 
through  the  application  of  a  layered  damping 
treatment  known  to  be  effective  over  the  tem¬ 
perature  range  expected  in  these  tests.  No 
attempt  was  made  to  treat  the  entire  aircraft, 
or  test  a  material  which  would  be  suitable  for 
the  entire  range  of  temperature  of  environ¬ 
ments  expected  in  world- wide  USAF  operations. 

A  small  portion  of  the  cabin  structure 
near  the  transmission,  between  stations  322 
and  362  and  above  water  line  140,  was  chosen 
for  detailed  measurements  and  the  application 


Five  piezoelectric  microphones  were  also 
located  within  this  section  of  the  cabin,  as 
well  as  six  thermocouples  for  monitoring 
structural  temperatures.  In-flight  data 
recording  equipment,  calibration,  and  data 
reduction  was  provided  by  the  Vehicle 
Dynamics  Division,  of  the  Air  Force  Flight 
Dynamics  Laboratory.  Since  only  a  small 
portion  of  the  aircraft  was  treated  with 
damping  materials,  flanking  paths  for  noise 
radiated  from  other  sources  were  reduced  by 
installing  fiberglass  blankets  over  the  un¬ 
treated  panels  and  reducing  the  noise  radiated 
through  the  transmission  drip  pan  with  alter¬ 
nate  layers  of  fiberglass  and  lead- vinyl  cloth. 
Photos  of  the  treated  area  of  fuselage  skin  are 
shown  in  Figures  5  and  6. 
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Plan  View  Right-hand  View 


Figure  4  -  Center  cabin  skin- stringer  structure  layout 


Vibration  and  acoustic  measurements 
were  recorded  during  four  flights  of  the  heli¬ 
copter  to  assess  the  effectiveness  of  the 
damping  treatment.  Several  maneuvers  were 
performed  in  each  flight,  to  show  the  effects 
of  the  flight  variables.  Vibration  measure 
ments  were  also  conducted  on  the  ground 
utilizing  harmonic  excitation  to  compare  dyna¬ 
mic  response  before  and  after  adding  the 
layered  damping  treatments. 


DAMPING  TREATMENT  AND  TEMPERATURE 
EFFECTS 

Elastomeric  damping  materials  can  be 
very  effective  if  applied  in  an  appropriate  geo¬ 
metry  and  utilized  within  their  transition  tem¬ 
perature  region,  to  achieve  optimum  perfor¬ 
mance  [!]  •  Such  materials  reach  their  peak 

[  ]  refer  to  listed  references 


Figure  9  -  Variations  of  the  loss  factor 

with  temperature  and  frequency 


The  geometry  of  the  layered  damping  treat¬ 
ment  is  illustrated  in  Figure  10,  and  consists 
of  three  (3)  layers  (0.0.02  in.  thick  each)  of 
damping  adhesive  and  three  (3)  alternate  con¬ 
straining  layers  (0.005  in.  thick  each).  This 
treatment  was  selected  because  it  would  give 
high  damping  in  the  panels  over  the  anticipated 
temperature  range  of  the  tests.  However,  for 
in-service  applications,  it  may  be  necessary  to 
cover  a  wider  temperature  range.  This  can  be 
accomplished  by  combining  aifferent  damping 
adhesives  with  different  transition  regions. 


DAMPING 

ADHESIVE 

LAYER 


ALUMINUM 

CONSTRAINING 

LAYER 
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STRUCTURE 


Figure  10  -  Layered  damping  treatment 


Figure  11  illustrates  the  effect  of  this  pro¬ 
cedure  for  a  simple  clamped- clamped  beam 
with  the  same  thickness  and  frequency  as  the 
panels  considered  in  the  helicopter  tests  [2]  . 
It  can  be  seen  from  the  figure  that  high 
damping  can  be  achieved,  by  the  proper 


selection  of  damping  materials,  over  a  wide 
temperature  range  from  -25'^F  to  +200^F. 


TEMPERATURE  (“F) 


Figure  11  -  System  loss  factor  of  a 

clamped- clamped  beam  with 
multiple  layer  damping 
treatments 


TEST  RESULTS 

Flight  Tests;  Narrow  band  (50  Hz) 
analysis  of  a  small  portion  of  the  flight  test 
data  [3]  is  presented  in  Figures  12-16  and 
summarized  in  the  Table  1,  for  purposes  of 
illustrating  the  effects  of  the  damping  treat¬ 
ment.  Accelerometer  A- 14  was  located  on  a 
skin  panel  at  fuselage  station  352,  and  water 
line  172.  Microphone  M- 3  was  located  5 
inches  below  the  transmission  drip  pan. 

Flight  1  was  with  an  untreated  aircraft  and 
Flight  3  was  with  damping  treatment  installed. 

It  can  be  seen  from  these  plots  that  the 
three  gear  clash  frequencies  correspond  to 
peaks  in  the  accelerations  measured  on  the 
skin  and  in  sound  pressure  levels  measured  in 
the  cabin.  Accelerations  of  the  damped  skin  of 
the  structure  in  the  frequency  band  around 
1370  Hz  were  generally  reduced  as  much  as 
12  dB  in  the  one- third  octave  band  analysis  and 
14  dB  in  the  narrow- band  analysis,  as  com¬ 
pared  with  the  undamped  structure.  There  are 
indications  that  damping  reduced  the  sound 
pressure  levels  at  microphone  M-3  near  the 
skin  and  microphone  M-5  under  the  trans¬ 
mission  drip  pan.  Reductions  in  narrow  band 
acceleration,  and  acoustic  levels  for  the  three 
frequency  bands  of  interest,  are  shown  in 
Table  1. 
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Figure  16  -  Microphone  M-5  data 


TABLE  1 

NARROW  BAND  ACCELERATION  AND  ACOUSTIC  LEVELS  OF  FLIGHT  3  COMPARED 
WITH  FLIGHT  1. 


Acceleration  (A-14);  dB  ref.  flight  1 

1370  Hz 

2700  Hz 

5400  Hz 

O.G.E.  Hover  95% 

-11  dB 

-9dB 

OdB 

O.G.E.  Hover  100% 

-13 

-2 

-10 

O.G.E.  Hover  105% 

-2 

-5 

-9 

Sound  Pressure  Level  -O.G.E.  Hover  100%; 

M-3 

-10 

-12 

-9 

M-5 

-11 

-17 

-7 

It  must  be  remembered  that  large 
changes  in  acoustic  levels  due  to  damping 
were  not  anticipated  because  only  a  small  por¬ 
tion  of  the  structure  was  damped,  noise  radi¬ 
ating  from  other  sources  such  as  undamped 
skin  and  the  transmission  drip  pan  was  not 
completely  controlled,  and  the  fact  that  cabin 
noise  at  these  high  frequencies  (and  hence 
short  wave  lengths)  is  not  fully  defined  with 
measurements  at  a  few  microphone  locations. 
In  spite  of  these  difficulties,  there  does  appear 
to  be  a  general  trend  in  the  data  indicating  a 
reduction  of  high  frequency  noise  levels  at 
microphones  M-3  and  M-5. 

Ground  Tests:  Artificial  excitation  tests 
were  conducted,  with  the  helicopter  on  the 
ground,  to  establish  the  effectiveness  of  the 


damping  treatment  in  reducing  the  skin 
vibrational  amplitudes.  A  harmonic  force  with 
constant  amplitude  was  applied  to  the  trans¬ 
mission  supporting  frame  by  means  of  an 
electromagnetic  shaker,  through  an  impedance 
head  as  illustrated  in  Figure  17.  Frequency 
response  spectra  were  obtained  at  the  center 
of  a  panel  by  means  of  an  accelerometer 
(A- 14).  Figure  18  represents  the  measured 
response  spectra,  a)  without  damping  treat¬ 
ment,  b)  with  damping  treatment  on  the  panel 
of  interest  only  and  c)  with  damping  treatment 
on  all  panels;  respectively.  It  can  be  seen 
from  this  figure  that  a  considerable  reduction, 
approximately  10  db,  in  amplitude  was 
achieved  in  the  peak  near  1370  Hz,  as  anti¬ 
cipated. 


Figure  17  -  Photo  of  impedance  head  and 
exciter 

Mode  shapes  were  measured  by  moving 
a  very  light  accelerometer  ■  along  the 
panel  while  exciting  a  panel  resonance.  In 
general,  for  modes  near  1370  Hz,  it  was 
found  that  node  lines  parallel  to  the  stringers 
were  spaced  at  intervals  of  about  1.5  inches, 
and  that  node  lines  parallel  to  the  frames  were 
spaced  about  5  inches  apart.  Segments  of 
panels  on  opposite  sides  of  node  lines  were 

+"^(Endevco  Model  22) 
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Response  db  Response  db  Response  db 


Figure  18  -  Typical  ground  vibration 
test  spectra 

generally  out  of  phase.  There  were  several 
resonant  frequencies  of  the  skin  near  1370  Hz 
so  that  slight  changes  in  excitation  frequency 
excited  different  modes  in  the  skin  stringer- 
structure.  The  higher  frequency  peaks  near 
2700  Hz  and  5400  Hz  correspond  to  resonances 
in  the  heavy  supporting  frame  as  well  as  in  the 
skin- stringer  structure. 

SUMMARY  AND  CONCLUSIONS 

Four  flight  tests  plus  additional  ground 
tests  were  performed  on  an  HH-53C  helicopter 
for  the  purposes  of  evaluating  the  effectiveness 
of  multiple  layer  damping  treatments,  applied 
to  the  skin,  as  a  means  of  reducing  high  fre¬ 
quency  cabin  noise.  Acceleration,  acoustic, 
and  temperature  measurements  were  made  on 
the  aircraft  at  several  locations  and  for 


several  flight  conditions.  Although  only  a 
small  portion  of  the  structure  was  covered 
with  damping  treatments,  significant  reduc¬ 
tions  (up  to  12  db)  in  skin  accelerations  were 
noted  at  frequencies  where  the  skin  is  a  major 
noise  source.  Acoustic  measurements  indi¬ 
cated  a  reduction  in  high  frequency  noise 
levels  in  the  cabin,  of  approximately  5-11  dB, 
although  quantitative  measurements  were  dif¬ 
ficult  to  make  because  of  t'-e  small  area 
treated,  the  multiplicity  of  noise  sources,  and 
other  variations  in  flight  conditions. 

The  following  conclusions  may  be  drawn 
from  the  results  of  this  investigation. 

a.  Cabin  noise  peaks  that  occur  near 
1370  Hz,  2600  Hz,  and  5400  Hz  correspond  to 
specific  gear  clash  frequencies.  At  these 
frequencies,  the  transmission  causes  the 
heavy  supporting  frame  to  vibrate.  This  in 
turn  excites  resonant  frequencies  in  the  skin- 
stringer  structure.  Much  of  the  noise  in  the 
cabin  is  a  result  of  the  resonant  response  of 
the  cabin  structure. 

b.  The  damping  treatment  applied  in 
this  test  was  shown  to  be  effective,  at  the  test 
temperatures,  in  reducing  skin  vibrations, 
particularly  near  the  1370  Hz  peak,  and  thus 
reducing  radiated  noise  in  the  cabin. 

c.  Although  the  feasibility  of  using 
damping  treatments  to  control  cabin  noise  has 
been  demonstrated  for  one  limited  temperature 
range  and  for  partial  coverage  of  the  cabin 
skin,  different  materials  for  broader  tem¬ 
perature  ranges  and  additional  coverage  would 
be  required  in  a  practical  HH-53  modification. 

d.  The  transmission  drip  pan  is  a  major 
cabin  noise  source  and  should  be  modified  to 
increase  acoustic  transmission  loss  in  any 
future  noise  control  efforts. 

Subsequent  to  the  completion  of  this 
investigation,  damping  treatments,  similar  to 
tJiese,  have  been  used  as  part  of  noise  control 
treatments  on  some  HH53,  VH-3,  and  SH-3H 
helicopters.  In  the  Air  Force  HH-53  heli¬ 
copters,  approximately  150  ft^  of  coverage  was 
used,  with  a  total  weight  of  about  37  pounds 
per  aircraft.  This  treatment  could  be  installed 
in  the  aircraft  with  about  24  manhours  of  labor. 
In  each  case  the  damping  materials  were 
chosen  to  provide  maximum  damping  over  the 
expected  environmental  temperature  range, 
and  additional  acoustic  absorption  material  was 
used  to  reduce  cabin  reverberation  time. 
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DISCUSSION 

Mr.  Pakstys  (General  Dynamics /Electric  Boat  Div.); 
Why  did  you  use  the  three  layer  treatment  instead 
of  a  one  layer  treatment? 

Mr.  Henderson;  Frequently  in  a  multiple  layer 
treatment  you  are  trying  to  optimize  a  treatment 
so  that  the  damping  material  is  exposed  to  high 
strain.  Generally  speaking  it  is  easier  to  do 
this  in  a  multiple  band  treatment  on  a  structure 
such  as  this.  These  materials  can  withstand 
tremendously  high  shear  strains;  there  was  one 
Investigation  several  years  ago  where  they  took 
them  to  unity  shear  strain  from  millions  of 
cycles,  and  if  you  want  to  simplify  damping 
treatments  you  should  induce  high  shear  strains 
in  the  viscoelastic  material.  Frequently  it  is 
easier  to  do  this  in  a  multiple  layered  treatment 
where  you  have  very  thin  layers  of  adhesive.  You 
can  develop  equivalent  single  layer  treatments 
but  in  order  to  do  this  you  have  to  get  very 
stiff  constraining  layers,  and  to  get  that  very 
stiff  constraining  layer  you  either  have  to  use 
exotic  materials,  such  as  graphite  epoxy  or  some 
other  form  of  very  stiff  constraining  layer,  or 
it  costs  you  weight;  frequently  this  turns  out  to 
be  the  most  practical  solution.  You  can  design 
single  layer  treatments  that  perform  as  well  as 
these  but  it  is  easier  with  conventional 
materials  to  do  it  with  multilayer  treatments. 


Mr.  McKee  (IIT  Research  Institute) :  What  noise 
level  does  the  Air  Force  want  in  the  cabin  of  a 
helicopter? 

Mr.  Henderson;  The  Air  Force  would  like  to  get 
a  noise  level  such  that  you  could  sit  in  that 
cabin  without  ear  protection  and  not  undergo 
chance  of  hearing  loss  damage;  we  are  a  long  way 
from  that  in  the  HH-53.  All  of  the  levels  that 
I  showed  were  what  we  call  narrowband  analyses, 

50  Hz  analysis.  If  you  look  at  the  1/3  octave 
band  levels  that  were  also  measured  you  can  see 
that  we  are  measuring  levels  that  are  high 
enough  so  that  if  a  man  were  in  that  bare  air- 
craft  for  over  eight  hours,  with  the  standard 
Air  Force  hard  hat  on  for  ear  protection,  he  is 
still  running  the  chance  of  hearing  loss  damage. 

It  exceeds  the  appropriate  Aeroraedical  Laboratory 
specifications  on  recommended  noise  in  the  back 
of  the  aircraft;  it  is  a  very  serious  problem  if 
you  are  going  to  fly  long  missions,  and  some  of 
the  projected  missions  can  get  to  be  quite  long 
since  this  bird  can  be  refueled  in  the  air.  The 
Air  Force  would  like  to  see  noise  levels  down  to 
the  point  where  men  could  walk  around  with  no  ear 
protection  and  discuss  things  with  his  friends 
and  be  heard,  but  I  don't  think  that  they  are 
going  to  get  there. 

Mr.  Ungar  (Bolt  Beranek  and  Newman  Incorporated); 
What  noise  levels  did  you  measure? 

Mr.  Henderson;  We  measured  third  octave  band 
levels  of  approximately  126  db  at  these  frequencies. 
The  OSHA  type  numbers  are  somewhere  around  90  db 
and  the  Air  Force  has  regulations  out  on  levels 
between  this,  depending  on  the  type  of  protective 
equipment  that  the  personnel  are  wearing. 

Mr .  McKee :  Is  there  any  hope  of  achieving  those 
levels  by  additive  acoustical  treatment? 

Mr.  Henderson:  Yes,  there  is  hope  of  achieving 
this  and  Sikorsky  aircraft,  who  is  the  manufacturer 
of  this  particular  helicopter,  has  done  a  lot  for 
that.  If  you  were  to  go  to  Sikorsky  and  buy  an 
executive  helicopter,  and  they  are  in  the  process 
of  selling  some  for  the  presidential  fleet,  they 
would  put  damping  treatments  on  the  wall  as  a 
result  of  our  test.  But  in  addition  to  damping 
treatments,  they  have  fiberglass  blankets,  lead 
vinyl  blankets,  and  more  treatment  in  the  aircraft 
than  would  be  acceptable  to  the  military.  Com¬ 
plete  acoustical  treatments  within  a  helicopter 
can  reduce  the  noise  to  acceptable  levels,  but  it 
is  a  question  of  whether  it  is  acceptable  for 
other  reasons  for  military  use. 

Mr .  Ungar ;  I  seem  to  recall  that  some  time  ago 
we  were  involved  in  a  helicopter  noiseiness  study 
and  it  turns  out  that  sitting  in  one  of  these 
helicopters,  the  only  way  you  can  tell  if  you  are 
being  shot  at  is  to  look  for  holes  since  you  can't 
hear  the  bullets  coming  and  that's  the  truth.  As 
a  matter  of  fact  somebody  developed  a  bullet  passage 
detector,  and  this  is  not  a  joke;  a^xd  somebody 
developed  a  detector  that  sensed  the  shockwaves 
left  behind  by  a  bullet  and  it  gave  the  pilot  an 
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indication  that  he  was  being  shot  at  otherwise 
he  can't  tell  until  it  is  too  late,  and  then 
the  problem  is  relatively  trival.  I  doubt  that 
one  can  get  50  db  rate  of  noise  reduction  just 
by  treating  the  cabin  of  the  aircraft  by  damping, 
absorption,  or  otherwise.  A  redesign  of  the 
transmission  is  required  and  I  understand  that 
the  Army  is  considering  an  extensive  study  along 
these  lines.  How  does  one  design  a  helicopter 
transmission  so  that  it  makes  less  noise,  that 
is  a  tough  problem;  at  any  rate  I  think 
Dr.  Henderson  pointed  out  very  well  that  damping 
is  only  one  way  of  noise  and  vibration  reduction. 
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VIBRATION  DAMPING  AND  ISOLATION  WITH 


ENERGY  ABSORBING  COMPOSITES 


John  Nunes 

Brunswick  Corporation 
Skokie,  Illinois 


A  simple  model  system  was  developed  in  order  to  describe 
and  predict  the  behavior  of  an  energy  absorbing  composite  by 
taking  into  account  the  component  materials  mechanical  pro¬ 
perties  and  the  relative  volume  fractions  of  metal  needed  to 
optimize  damping.  Damping  is  obtained  by  yielding  and  plasti¬ 
cally  deforming  one  of  the  metal  components  during  cyclic  de¬ 
formation  of  the  composite.  From  this  analysis,  experimental 
composites  have  been  developed  which  exhibit  damping  capa¬ 
cities  of  up  to  40  percent.  Other  significant  developments 
and  observations  that  were  obtained  are: 

(1)  At  550® F,  25  percent  of  the  input  mechanical  energy 
was  damped  in  a  copper  clad  niobium  reinforced  monel 
composite. 

(2)  Up  to  7.5  million  fatigue  life  cycles  have  been  ob¬ 
tained  on  composites  which  had  15  percent  damping. 

At  resonant  frequency  conditions,  lives  of  100,000 
cycles  were  measured  for  a  composite  with  40  percent 
damping. 

(3)  Helical  spring  isolators  made  with  a  stainless  steel- 
copper  composite  have  exhibited  resonant  frequency 
transmissibilities  as  low  as  3  for  a  double  ampli¬ 
tude  input  displacement  of  0.1  inches. 

Finally,  some  emperical  relationships  are  presented  for  in¬ 
put  displacement  and  the  static  damping  coefficient  as  a 
function  of  the  resonant  frequency  transmissibility . 


INTRODUCTION 

Damping  caused  by  plastic  de¬ 
formation  has  long  been  recognized  as 
an  important  metallic  property  (1,3) 
which  can  mitigate  the  effects  of  over¬ 
stressing  experienced,  for  example,  in 
low  cycle  fatigue  and  shock  loading. 

This  paper  describes  the  use 
of  this  type  of  damping  (also  called 
hysteresic  damping)  for  vibration  con¬ 
trol  utilizing  composite  materials  de¬ 
signed  to  convert  mechanical  energy  in¬ 
to  heat  energy  due  to  the  plastic  de¬ 
formation  of  one  of  the  composite's 
metallic  components.  (Other  damping 
mechanisms;  e.g. ,  viscous  and  fric¬ 
tional  as  well  as  other  types  of  mater¬ 
ial  damping;  e.g.,  viscoelastic  and 
magnetoelastic  are  not  covered  here.) 


A  composite  of  aluminum  re¬ 
inforced  with  silica  fibers  was  one  of 
the  first  systems  (4)  reported  to  have 
significantly  higher  damping  capacities 
than  the  conventional  alloys  such  as 
cast  iron,  copper -manganese  and  nickel- 
titanium  (5) .  Subsequent  studies  on 
composite  damping  have  included  the 
aluminum- stainless  steel  (6)  and  the 
aluminum-boron  (7)  systems. 

A  simple  model  for  predicting 
damping  behavior  is  described  and  ex¬ 
perimentally  confirmed  for  many  other 
material  combinations  here.  Some  em¬ 
perical  relationships  between  the  re¬ 
sonant  frequency  transmissibility  and 
damping  and  the  input  amplitude  of  a 
simple  spring-mass  system  are  described,. 
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MODEL  SYSTEM 


An  energy  absorbing  composite 
model  has  been  developed  that  takes  in¬ 
to  account  the  component  materials 
mechanical  properties  and  the  relative 
volume  fractions  needed  to  achieve 
damping.  Damping  is  obtained  by  yield¬ 
ing  and  plastically  deforming  one  of 
the  metal  components  during  cyclic  de¬ 
formation  of  the  composite.  This  damp¬ 
ing  behavior  is  characterized  by  a 
hysteresis  loop  whose  enclosed  area  is 
proportional  to  the  amount  of  energy 
dissipated  in  the  form  of  heat.  Figure 
1  schematically  illustrates  the  indiv¬ 
idual  components  and  the  resultant  com¬ 
posite  stress-strain  curves.  The 
idealized  composite  consists  of  at 
least  two  elements.  One  displays  pure¬ 
ly  elastic  properties  and  the  other  ex¬ 
hibits  damping.  Some  basic  assumptions 
made  are: 

(1)  The  composite  experiences  a 
uniform  stress  field. 

(2)  The  rule-of -mixtures  applies 
for  the  composite  elastic  mod¬ 
uli  i  and  stresses. 

(3)  The  ductile  plastic  component 
has  zero  work  hardening  and  an 
isotropic  yield  behavior. 

(4)  The  elastic  component  yields  at 
a  strain  at  least  twice  that  of 
the  plastic  component. 


e  =  plastic  strain  experienced 
^  by  the  component 

(The  derivation  of  the  preceding  equa¬ 
tion  as  well  as  equations  2  to  4  will 
be  published  elsewhere.) 

Equations  developed  which  re¬ 
lated  the  energy  stored,  Ug  and  the 
energy  damped,  to  the  volume  frac¬ 
tion  and  mechanical  properties  are  as 
follows  (see  figure  1) : 

Ug  =  4Uy  {VkBC^  +  Vy(2C-l)}  (3) 

Where : 

Vg  =  volume  fraction  of  the 
elastic  component 

Uy  =  ay2/2Ey  , 

Uy  =  elastic  energy  storage 
of  the  plastic  compon¬ 
ent 

Ey  =  elastic  modulus  of 
plastic  component 

B  =  ratio  of  elastic  modu- 
lli  of  elastic  to  plas¬ 
tic  component 

C  =  1  +  ep/2ey 

Gy  =  elastic  yield  strain  of 
^  the  plastic  component. 

The  energy  damped,  Uq,  shown 
in  Equation  1  ran  also  be  rewritten  as 
follows : 


The  primary  modulus  defines 
the  area  where  little  or  no  damping  oc¬ 
curs  because  both  components  deform 
elastically.  The  secondary  modulus  is 
reached  once  yielding  occurs  in  the 
weaker  component.  A  closed  hysteresis 
loop  develops  in  this  region  during 
cyclic  deformation  (Uq)  due  to  plastic 
deformation  of  the  lower  yield  strength 
component.  The  energy  of  the  damping 
component  Up  is  directly  proportional 
to  the  composite  damping  and  varies 
with  the  volume  fraction  as  follows: 

Uc  =  Vy  Up  (1) 

Where: 

V  =  volume  fraction  of  the 
^  plastic  component 

Also: 

=  2ayep  (2) 

Where: 

Cy  =  yield  strength  of  the 
plastic  component 


Uc  =  8  UyVy(C-l)  (4) 

The  ratio  of  Uq  to  Ug  is 
called  the  static  damping  co-efficient, 
Cg,  and  can  be  readily  determined  in  a 
simple  tension  test. 

Finally  there  is  an  initial 
elastic  prestrain,  Gpg ,  which  develops 
during  the  first  deformation  cycle.  It 
can  be  shown  that  this  develops  from 
the  internal  stress  state  needed  to  ob¬ 
tain  a  stable  hysterisis  loop  and  is 
related  to  the  composite  modulli  and 
the  ductile  component's  yield  strength 


Because  of  the  internal  cumu¬ 
lative  strain  damage  associated  with 
the  cyclic  plastic  deformation  of  the 
damping  component  interest  has  centered 
on  describing  fatigue  behavior  as  well 
as  damping  behavior  employing  analysis 
(6,7)  similar  to  that  described  here. 
Also  a  more  complex  analysis  has  been 
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STRESS 


(A)  COMPOSITE  STRESS-STRAIN  CURVE 


(B)  COMPONENT  STRESS-STRAIN  CURVES 


STRAIN  _ ' 

Figure  1.  Idealized  Stress  -  Strain  Behavior  for  An  Energy  Absorbing 
Composite  Under  Static  Loading  Conditions. 
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Figure  2.  Effect  of  Voliame  Fraction  of  Yielded  Plastic  Component  on  Damping 
Energy,  U^,  Storage  Energy,  Ug,  and  Static  Damping  Coefficient, 
Cg,  (Zn/S.S.  System). 


described  by  Kelly  and  Bomford  (8)  for 
cases  where  the  plastic  component  work 
hardens. 


A  typical  theoretical  analy¬ 
sis  is  graphically  shown  for  high 
strength  stainless  steel  as  a  function 
of  volume  fraction  zinc  in  Figure  2. 
Optimization  of  material  selection  and 
synthesis  into  desirable  energy  ab¬ 
sorbers  is  readily  seen  from  this  type 
of  analysis.  Damping  or  energy  stor¬ 
age  can  be  maximized  depending  upon  the 
application  requirements.  For  example, 
if  a  large  amount  of  energy  were  to  be 
damped  per  cycle,  the  absolute  value  of 
damping,  U^,  would  be  selected.  This 
would  probably  be  done  for  requirements 
where  the  number  of  operating  cycles 
was  low.  Conversely,  to  optimize  damp¬ 
ing  efficiency,  the  damping  coefficient 
would  be  used. 

As  with  other  forms  of  hys- 
teresic  material  damping,  the  amount  of 
damping  is  amplitude  dependent.  For 
the  energy  absorbing  composites,  this 
dependence  is  proportional  to  the  plas¬ 
tic  strain,  Cp.  This  relationship  can 
be  expressed  in  terms  of  a  stress  ratio 
where  the  elastic  operating 
stress  is  divided  by  the  yield  stress 
of  the  plastic  component/  Another  fac¬ 
tor  controlling  the  amount  of  damping 
is  the  ratio  of  elastic  moduli,  B,  of 
the  elastic  and  plastic  components 

(Eg/Ey) . 


Increasing  the  stress  ratio 
or  decreasing  the  modulus  ratio,  B,  re¬ 
sults  in  an  increase  in  the  static 
damping  coefficient,  Cg.  For  example, 
a  composite  system  which  has  a  modulus 
ratio  of  0.82  and  a  volume  fraction  of 
75  percent  copper  and  25  percent  titan- 
i\am  at  a  stress  ratio  of  8  to  9  will 
give  a  damping  coefficient  of  53  per¬ 
cent.  Naturally,  a  decrease  in  the 
volume  fraction  of  the  plastic  copper 
component  Vy  results  in  lower  maxima 
for  Cg ,  which  also  occurs  at  lower 
stress  ratios  (see  Equation  1) . 

With  this  background,  several 
composite  systems  were  evaluated  to 
establish  the  validity  of  the  model  and 
the  feasibility  for  obtaining  practical 
material  combinations.  The  results  ob¬ 
tained  generally  confirmed  the  model 
system  for  which  United  States  Patent 
Number  3,704,877  has  been  awarded,  (9) 
which  includes  the  use  of  these  compos¬ 
ites  for  shock  and  vibration  control. 


Figure  3a.  Clad  Composite 
(SS/Cu) 


Figure  3b.  Annular  Composite 
(SS/Cu/SS) 


Figure  3c.  Fiber  Reinforced 
Composite 
(Cb/Monel/Cu) 
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EXPERIMENTAL  RESULTS 

Typical  cross-sectional  views 
illustrating  the  various  internal  com¬ 
posite  configurations  studied  are  shown 
in  figure  3.  The  experimental  tensile 


strengths,  elastic  modulli  and  static 
damping  coefficients,  Cg,  as  well  as 
the  theoretically  determined  Cg  values 
are  listed  in  Table  1.  The  theoretical 
Cs  calculations  were  determined  using 
typical  values  for  modulus  and  yield 


TABLE  I 

Experimental  Tensile  Strength  (UTS),  Primary  Modulus  (E;l)  Static 

Damping  Coefficient  (Cg)  Values  and  Theoretical  Calculated  Cs  Values 


Composite 

System 

Experimental 

Results 

Theoretical  Calculations 

El 

(10^  psi) 

UTS 

(ksi) 

c 

^s 

(%) 

a 

(ksi) 

B 

Cs 

a) 

SS/Tl 

15.6 

204.1 

4 

150 

1.53 

1.67 

0 

4340/SS 

23.1 

212.6 

10 

200 

2.20 

0.83 

6 

Cb/Monel/Cu 

16.8 

155.6 

11 

152 

4.86 

1.24 

9 

Cb/Monel 

20.7 

180.3 

5 

178 

1.12 

0.54 

0 

Monel/SS 

26.5 

115.4 

21 

74 

2.33 

0.64 

14 

Cu/SS 

19o2 

79.1 

37 

59 

27o5 

1.47 

28 

32 

70 

SS/Gu/SS 

19.4 

138.1 

19 

99 

27.5 

1.47 

19 

27 

123 

SCS-14 

- 

83.9 

40 

67 

14.0 

1.06 

30 

Cu-27.Be/Cu 

17.2 

96.0 

22 

70 

20.0 

1.00 

16 

a  —  Damping  stress  ~  ^^bio  of  elastic  component  s 

^  ^  operating  stress  to  the  plastic 

B  =  Elastic  modulus  ratio  component's  yield  stress. 


strength.  It  can  be  seen  in  figure  4 
that  the  experimental  values  obtained 
from  a  simple  tension  test  are  30  per¬ 
cent  greater  than  the  predicted  values. 

The  relatively  high  damping 
coefficients  of  up  to  40  percent  repre¬ 
sent  a  significant  accomplishment  in 
metallic  hysteresic  damping  which  ap¬ 
proaches  the  values  obtained  for  elas¬ 
tomeric  materials.  A  typical  tensile 
stress-strain  curve  illustrating  the 
magnitude  of  this  hysteresis  behavior 
is  shown  in  figure  5.  The  composite 
shown  here  is  a  .036  inch  diameter  304 
stainless  steel  clad  copper  wire  that 
was  solution  annealed  at  1900® F  for  one 
minute  prior  to  wire  drawing  to  92  per¬ 
cent  cold  work.  It  was  then  given  a 
final  heat  treatment  at  790®F  for  one 
hour.  This  final  treatment  accompli¬ 
shes  two  things:  1)  it  stress  relieves 
and  ages  the  stainless  to  a  higher 
strength  level,  and  2)  it  softens  the 
copper  so  that  maximum  plastic  defor¬ 
mation  can  occur.  Naturally,  this  pro¬ 
cessing  history  would  not  necessarily 


Figure  4.  Comparison  Between  Experi¬ 
mental  and  Calculated 
Theoretical  Static  Damping 
Coefficients,  Cg. 
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TENSILE  LOAD  (LBS) 


TABLE  II 


Static  Coefficient  of  Damping  Results  Obtained 
on  Spring  Tests  and  Wire  Torsion  Tests 


Composite 

System 


Active  Spring  Dia. 
Coils  (in) 


Wire  Dia. 
(in) 


^max. 

(ksi) 


Cs 

(%) 


Helical  Extension  Spring  Data 


SS/Ti 

4340/SS 

Cb/Monel/SS 


13 

13 

13 


Helical  Compression  Spring  Data 


0.4 

0.4 

0.5 


.032 

.032 

.051 


72 

4 

144 

4 

19 

9 

68 

14 

95 

19 

114 

25 

Cb/Monel/Cu 
Cb /Monel 
SS/Cu/SS 

SS/Cu/SS 

Cu/SS 

Torsion  Tests  on  Wire 


3 

3 

6 


0.9 

0.85 

0.21 


2 


0.41 


6 


0.45 


.051 

.046 

.029 


.029 


.051 


79 

101 

20 

23 
30 
33 
15 
18 

24 
72 
58 


10 

3 

8 

11 

14 

16 

20 

21 

25 

25 

18 


Cb /Monel /Cu 
SS/Cu/SS 


.051 


.051 


10 

5 

20 

17 

30 

26 

34 

18 

50 

20 

69 

21 

be  the  same  for  other  composites  as  the 
individual  component's  metallurgical 
properties  must  be  taken  into  consider¬ 
ation.  Ideally  an  optimum  choice  would 
be  materials  that  are  metallurgically 
compatible  and  capable  of  being  thermo- 
mechanically  processed  or  heat  treated 
to  the  desired  strength  and  damping 
properties . 

For  many  applications  where 
damping  is  needed  the  product  involved 
is  usually  a  helical  spring  or  torsion 
bar.  This  is  particularly  true  in 
shock  absorption  and  vibration  isola¬ 
tion.  It  is  therefore  important  to 
translate  the  property  data  and  concepts 
obtained  from  the  uniform  strain  model 
to  the  more  complex  torsional  (or  bend¬ 
ing)  ,  non-uniform  strain  case.  Because 
material  damping  is  strain  or  amplitude 
dependent,  a  material  experiencing  a 
strain  gradient  would  be  expected  to  ex¬ 


hibit  less  damping  during  cyclic  load- , 
ing.  (A  rod  of  circular  cross-section 
in  torsion  has  a  strain  gradient  that 
goes  from  zero  at  its  center  to  a  maxi¬ 
mum  at  its  surface.)  However,  as  a 
first  approximation,  the  uniform  strain 
static  damping  coefficient  will  be  con¬ 
sidered  equivalent  to  the  non-uniform 
strain  case. 

The  torsional  damping  for  a 
Cb/Monel/Cu  (columbium  fibers  embedded 
in  a  Monel  matrix  with  an  exterior  clad 
ding  of  copper)  is  shown  in  figure  6  as 
a  function  of  testing  temperature  and 
maximxam  shear  stress.  This  composite 
was  cold  worked  by  wire  drawing  to  75 
percent  reduction  in  area.  Two  signi¬ 
ficant  effects  can  be  seen  in  these 
data:  1)  with  increasing  shear  stress 

up  to  30  ksi,  which  is  the  same  as  in¬ 
creasing  the  strain  afnplitude,  the 
amount  of  damping  increases  up  to  a 


maximum  of  30  percent,  and  2)  the  high 
damping  coefficient  remains  reasonably 
stable  over  a  broad  range  up  to  550®F. 
This  particular  composite  had  20  per¬ 
cent  volume  fraction  of  copper  at  its 
surface.  Because  of  this,  the  softer 
copper  component  experienced  the  great¬ 
est  strains  resulting  in  the  relatively 
large  damping , values . 

Some  disadvantages  of  a  cop¬ 
per  clad  are  that  lower  operating 
stresses  and  fatigue  life  can  be  anti¬ 
cipated.  Also  in  time  under  cyclic 
loading,  the  appearance  of  the  compos¬ 
ite  would  be  altered  drastically  as 
many  surface  cracks  would  have  deve¬ 
loped.  The  development  of  cracks  in 
the  copper  would  be  expected  as  this 


type  of  damping  mechanism  would  lead  to 
failure  by  low  cycle  fatigue.  In  order 
to  circumvent  some  of  these  problems 
other  configurations  were  designed  to 
allow  for  higher  operating  shear  stres¬ 
ses  at  the  wire  surface  and  improved 
fatigue  life. 

Listed  in  Table  II  are  other 
torsional  damping  data  obtained  from 
helical  spring  tests  and  pure  torsion 
tests  on  wire.  The  amplitude  or  stress 
dependence  of  the  damping  coefficient 
is  evident  in  these  data.  In  the  case 
of  a  helical  spring,  it  is  clear  that 
by  altering  the  spring  dimensions, 
larger  stresses  can  be  introduced  to 
achieve  improved  damping.  However, 
fatigue  failure  will  occur  in  time,  de¬ 
pending  on  the  operating  stress  level. 


TABLE  III 

Fatigue  and  Damping  Behavior  of  Cb/Monel/Cu 
Helical  Extension  Spring 


Max.  Shear 
Stress 
(ksi) 

Cyclic 

Fatigue  Life 
(no.) 

Static  Damping 
of  Spring 
(%) 

22 

0  ^ 

8 

5  X  10® 

11 

7.5  X  10^ 

Failed 

39 

0  , 

19 

5  X  10^ 

16 

(75%  CW,  Spring  Dia.  =  .4",  Wire  Dia.  =  0.025"  and  Number 

1 

of  Active  Coils  =  13) 

It  is,  therefore,  important 
to  consider  the  low  cycle  fatigue  char¬ 
acteristics  of  the  composite  material. 
Naturally,  a  device  that  requires  con¬ 
tinuous  maximum  damping  would  be  shor¬ 
ter  lived  than  one  that  requires  maxi¬ 
mum  damping  intermittently.  Some  typi¬ 
cal  fatigue  curves  are  shown  in  figure 
7  which  illustrate  the  decrease  in  fati¬ 
gue  life  at  increased  damping  levels. 

It  can  be  seen  that  relatively  low  plas¬ 
tic  strains  can  be  tolerated  for  fati¬ 
gue  life  in  excess  of  10^  cycles.  Al¬ 
though  these  data  give  a  better  under¬ 
standing  of  the  low  cycle  fatigue  limi¬ 
tations,  it  should  be  noted  that  they 
are  for  bulk  metals  and  may  be  on  the 
conservative  side  when  applies  to  com¬ 
posites  . 

The  relatively  good  fatigue 
life  of  a  composite,  Cb/Monel/Cu,  is 
shown  in  Table  III . 

Relatively  high  damping  levels 


were  achieved  with  this  composite  with¬ 
out  failure  for  up  to  5  x  10^  cycles. 

In  the  one  case  where  failure  did  occur, 
7.5  X  10^  cycles  were  performed.  It 
should  be  noted  that  the  stresses  shown 
are  quite  high  for  copper  to  sustain 
without  failing  even  under  static  load¬ 
ing  conditions.  Because  of  this,  the 
wire  surface  had  to  experience  favor¬ 
able  residual  stresses  in  order  to  tol¬ 
erate  these  applied  shear  stresses. 

Examination  of  the  failed 
springs  revealed  that  cracks  developed 
in  the  spring  wire  at  40,000  cycles  and 
extended  well  into  the  fiber  reinforced 
Monel  matrix  at  80,000  cycles.  This 
later  fact  indicates  that  the  copper 
would  have  failed  in  this  range  of  cyc¬ 
les  if  it  were  not  for  the  composite 
core  of  colxxmbium  fiber  reinforced 
Monel  400  matrix.  This  is  an  important 
factor  to  consider  in  the  design  of  any 
energy  absorbing  composite  where  long 
life  and  high  damping  are  desired. 


31 


ANNEALED  METALS 


FAILURE  CURVE  FOR 
AL,  Cu,  STAINLESS  STEEL 
AND  MILD  STEEL 


REF.  10 


The  fatigue  life  of  compos¬ 
ites  appear  to  be  primarily  controlled 
by  the  elastic  components,  particularly 
when  a  ductile  matrix  material  is  pre¬ 
sent.  This  is  borne  out  by  other  fati¬ 
gue  results  on  composites  containing 
silver  reinforced  with  tungsten  or 
stainless  steel  (11)  and  aluminum  rein¬ 
forced  with  beryllium  or  boron  (12) . 

The  controlling  fatigue  failure  behav¬ 
ior  of  the  elastic  component  may  be 
either  low  cycle,  high  stress  fatigue 
(less  than  10^  cycles),  or  high  cycle, 
low  stress  fatigue  (greater  than  10^ 
cycles) ,  depending  on  the  stresses 
ultimately  experienced.  For  example, 
once  the  plastic  component  has  failed 
and  is  no  longer  capable  of  carrying  a 
load,  the  elastic  component  may  yield 
causing  it  to  immediately  fail  or  to 
fail  by  low  cycle  fatigue.  However,  if 
it  is  properly  designed  to  carry  the 
increased  load,  it  will  remain  elastic 
avoiding  abrupt  structural  failure  and 
fail  by  high  cycle  fatigue. 

DAMPING  RELATIONSHIPS 

The  static  damping  coeffic¬ 
ient,  Cg,  is  determined  differently 
than  other  measures  of  damping  referred 
to  in  the  literature  (2,13).  Most 
other  measures  of  damping  are  defined 
as  a  ratio  of  the  energy  dissipated  per 
cycle  to  the  maximum  potential  energy 
stored  at  the  beginning  of  the  cycle  to 
the  maximum  potential  energy  stored  at 
the  beginning  of  the  cycle  and  are  dy¬ 
namically  measured  on  a  forced  or  free¬ 
ly  decaying  vibrating  system  at  reson¬ 
ance.  Three  of  the  most  commonly  used 
coefficients  are  as  follows: 


A^  =  Initial  amplitude 

An  =  Amplitude  at  the  Nth  cycle 

N  =  Total  no.  of  cycles 

However,  the  static  damping 
coefficient  is  defined,  here,  as  the 
ratio  of  energy  dissipated  to  the  ener¬ 
gy  stored  at  a  maximum  strain  amplitude 
obtained  under  static  loading  condi¬ 
tions.  As  shown  earlier,  the  ratio  of 
the  energy  damped,  Uq,  to  the  stored 
energy,  Ug,  is  the  static  damping  co¬ 
efficient,  Cg.  The  relationship  be¬ 
tween  the  static  damping  coefficient 
and  the  specific  damping  coefficient, 

can  be  easily  obtained.  Once  this 
is  done,  all  the  other  measures  of 
damping  may  also  be  related  to  Cg. 

The  maximum  potential  energy, 
Upot>  ^3.y  be  related  to  the  static 
energy  storage  as  follows: 

u  ^  Uc  (9) 

‘Jpot  -  ZT  ■ 

Dividing  through  by  Uc  to  ob¬ 
tain  the  damping  coefficients  results 
in  the  following  relationship  after  re¬ 
arranging  terms. 

ij;  =  8Cs  /  (2-Cs)  (10) 

The  more  common  damping  co¬ 
efficients  that  can  be  related  to  each 
other  (13)  can  now  also  be  related  to 
Cg  as  follows: 


Where:  ^  =  fraction  of  critical 

damping  from  ratio  of 
viscous  to  critical 
damping  coefficient. 

Some  of  these  terms  will  be¬ 
come  more  meaningful  once  damping  at 
resonant  frequencies  is  discussed, 
prior  to  doing  this ,  however ,  it  would 
be  quite  informative  to  compare  repre¬ 
sentative  materials  and  structures  pos¬ 
sessing  high  and  low  damping  to  that  of 
the  energy  absorbing  composites  studied. 

Listed  in  Table  IV  are  some 
typical  loss  factors  obtained  from  sev¬ 
eral  sources  for  metallic  and  non-metal- 
lic  systems  and  materials.  No  attempt 
has  been  made  to  identify  the  mechan¬ 
isms  associated  with  a  given  loss  fac¬ 
tor.  However,  several  factors  are  im¬ 
mediately  evident  for  these  data  on 
comparing  energy  absorbing  composites. 
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TABLE  IV 


Typical  Room  Temperature  Loss  Factors  for  Various  Materials 


1)  No  other  metal  system  exhibits 
higher  values  of  damping. 

2)  Shock  absorbing  or  air  damping 
systems  appear  to  be  one  of  the  few 
systems  possessing  higher  damping. 

3)  Most  of  the  elastomers  appear  to 
be  equivalent  or  less  in  their  damping 
capacities . 

It  can  be  seen  that  loss  fac¬ 
tors  spanning  equivalent  Cg  values  of^ 
from  1  to  67  percent  are  represented  in 
Table  IV.  (Loss  factors,  for  Cg  values 
of  less  than  1  percent,  are  not  shown, 
included  glasses  and  most  cold  rolled 
metals.)  Assuming  these  data  are  reas¬ 
onably  accurate  and  representative, 
they  forecast  a  rather  promising  future 
for  an  energy  absorbing  composite  mat¬ 
erial,  particularly  when  one  considers 
their  greater  design  flexibility  for 
increased  strength,  temperature  and  en¬ 
vironmental  resistance. 

CONTROLLING  MECHANICAL  VIBRATIONS 

Figure  8  illustrates  a  highly 
damped  and  a  slightly  damped  transmissi- 
bility  curve  for  a  simple  linear  system 


having  a  single  degree  of  freedom,  ex¬ 
cited  by  a  force  of  constant  magnitude 
and  variable  frequency.  The  mass, 
spring  and  damping  components  shown  can 
be  considered  as  elements  of  a  unitary 
material  as  well  as  separate  parts  of  a 
system.  As  the  frequency  increases  and 
approaches  resonance,  it  can  be  seen 
that  the  transmitted  force  and  ampli¬ 
tude  increase  reaching  maximum  peak 
values  at  resonance.  For  example,  val¬ 
ues  of  up  to  480  times  the  input  force 
and  deflection  have  been  recorded  at 
resonance  on  an  airplane  propeller  (2) . 
Beyond  resonance,  the  transmitted  for¬ 
ces  and  amplitudes  decrease  rapidly. 

One  unique  feature  of  composite  energy 
absorbers  and  pure  spring  materials  is 
that  at  these  higher  frequencies  the 
transmitted  forces  are  about  the  same. 
This  is  also  illustrated  in  the  figure. 
The  physical  meaning  of  the  transmissi- 
bility  curve  is  as  follows: 

1)  At  frequencies  in  the  amplifi¬ 
cation  region,  the  mass  is  de¬ 
flected  by  a  force  equal  to  or 
greater  than  the  static  input 
deflection.  At  resonance,  the 
amplitude  can  become  infinitely 
larger. 
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2)  At  frequencies  greater  than  re¬ 
sonance  in  the  isolation  region, 
the  force  moves  so  rapidly  that 
the  mass  does  not  have  time  to 
follow  and  the  resultant  ampli¬ 
tude  is  small.  (This  usually 
occurs  at  frequency  ratios 
greater  than  /2) . 

Some  of  the  equations  (13) 
describing  transmissibility  effects 
with  and  without  damping  are  as  follows. 

Transmissibility  (without  damping) 

T  =  1/  £l  -  (a)/wn)^7 

Where:  T  =  Transmissibility,  absol¬ 

ute  ratio  of  output  to 
input  force  or  diaplace- 
ment . 

0)  ==  Forcing  frequency 
03^=  Resonant  frequency 


sions  and  materials.  In  addition, 
xnetals  also  have  the  advantage  of  being 
most  resistant  to  temperature  changes 
and  many  deleterious  environments  as 
well  as  being  capable  of  supporting 
heavy  loads.  Their  greatest  disadvan¬ 
tage  is  their  lack  of  inherent  damping 
sufficient  to  allow  for  operation  at 
resonant  frequencies  for  reasonable 
periods  of  time.  Becuase  of  this  lack 
of  damping,  it  has  always  been  neces¬ 
sary  to  incorporate  some  other  compon¬ 
ent  or  system  to  give  damping;  such  as 
wire  mesh  for  frictional  damping,  rub¬ 
ber  pads  for  hysteresic  damping  or  a 
dash  pot  for  viscous  damping.  Natural¬ 
ly  energy  absorbing  composites  would 
appear  to  be  an  ideal  spring-isolator 
material . 

To  evaluate  this,  helical 
compression  springs  were  made  from  var¬ 
ious  composite  materials  and  tested  as 
vibration  isolators  by  determining 
their  transmissibility  as  a  function  of 
frequency.  In  some  cases  the  fatigue 
life  at  resonance  was  also  determined. 


Transmissibility  (with  hysteresic 
dampingy 


T  = 


Where : 


1  +  q' 


|jl-e2)2  + 

q  =  Loss  factor 


1/2 


(12) 


3  =  a)/a3n 


In  equation  12,  damping  ef¬ 
fects  on  the  resonance  transmissibility 
can  be  related  to  the  static  damping 
coefficd.ent,  Cg,  by  using  the  relation¬ 
ship  shown  earlier.  Rearranging  terms 
results  in  the  following  expression  for 


Cs  at  resonance. 


^s  ” 


27r 


TT  +  4(1^  - 


(13) 


Or  in  terms 
ity  at  resonance: 


of  transmissibil- 

1/2 


1  + 


2 

TT 

IE 


(14) 


At  frequencies  beyond  reson¬ 
ance,  both  equation  12  and  13  can  be 
closely  approximated  by  equation  11. 


Typical  frequency  versus 
transmissibility  curves  are  shown  in 

9  and  10  for  various  composites 
and  a  bulk  stainless  steel  spring  mat¬ 
erial.  In  figure  9,  transmissibility 
curves  are  shown  for  a  constant  input 
displacement  of  .01  inches  double  ampli¬ 
tude.  Here  a  comparison  is  made  with 
spring  steel  (T  =  38)  and  some  selected 
composites  (T  =  23  to  11) . 

Figure  10  illustrates  the  ef¬ 
fect  of  increasing  the  input  amplitude 
on  lowering  the  resonant  transmissibi¬ 
lity  due  to  the  increased  amount  of  hy¬ 
steresic  damping  associated  with  the 
larger  input  strains.  Fatigue  cycles 
in  excess  of  100,000  cycles  at  reson¬ 
ance  and  transmis sibilities  as  low  as 
3.0  were  obtained  for  this  spring. 

A  comparison  of  this  experi¬ 
mental  transmissibility  data  versus  the 
theoretically  predicted  transmissibi¬ 
lity  as  a  function  of  the  static  damp¬ 
ing  coefficient  is  shown  in  figure  11. 
It  can  be  seen  that  a  good  correlation 
between  the  predicted  and  measured  val¬ 
ues  is  obtained.  In  those  cases  where 
the  data  points  didn’t  fit  the  theore¬ 
tical  curve,  it  can  be  shown  that  they 
were  not  being  stressed  to  their  maxi¬ 
mum  damping  levels. 


EXPERIMENTAL  RESULTS  FOR  HELICAL  SPRING 
ISOLATORS 

Metal  springs  are  most  often 
used  in  the  design  of  vibration  isol¬ 
ation  systems  because  they  can  be  ideaL 
ly  fitted  to  a  broad  range  of  resonant 
frequencies  simply  by  changing  dimen - 


The  experimental  confimation 
of  the  theoretical  relationship  is  sig¬ 
nificant  as  it  makes  possible  the  de¬ 
sign  of  a  helical  spring  isolator  using 
a  relatively  simple  damping  measurement 
obtained  either  in  a  static  tension 
test  or  on  a  statically  loaded  spring. 
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Figure  9.  Typical  Frequency  Versus  Transmissibility  Curves  of  Various 
Materials  for  an  Input  Amplitude  of  oOl  in.  D.  A. 
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Figure  11.  Comparison  Between  Theoretical  and  Experimental  Transmissi- 

bilities  for  Some  Composite  Material  Helical  Spring  Isolators 
Versus  Their  Static  Damping  Coefficients. 


In  either  case,  the  measured  static 
damping  coefficient  can  be  directly  re¬ 
lated  to  a  given  transmissibility . 

Also,  because  the  static  damping  coeffi¬ 
cient  can  be  derived  from  the  theoreti¬ 
cal  uniform  stress  model,  it  is  possible 
to  design  a  composite  for  a  given  trans¬ 
missibility. 

Because  the  amount  of  energy 
dissipated  is  a  function  of  the  softer 
component’s  plastic  strain  for  a  given ^ 
composite  there  should  be  a  relationship 
between  the  input  amplitude  and  the 
measured  resonant  transmissibility.  Al¬ 
though  this  relationship  has  not  yet 
been  analytically  derived,  an  empirical 
relationship  has  been  obtained  which  is 
illustrated  in  figure  12  for  a  SS/Cu/SS 
composite. 

The  effect  of  the  input  ampli¬ 
tude  on  the  resonant  transmissibility  is 


an  exponential  function  that  varies  as 
the  reciprocal  square  root  of  the  ampli¬ 
tude.  The  relative  effectiveness  on 
lowering  the  resonant  transmissibility 
is  given  by  comparing  the  transraissibi- 
lity  at  a  double  amplitude  input  of  1 
inch.  The  empirical  relationship  is  as 
follows : 

T  = 

Although  the  end  points  of 
this  relationship  are  not  defined  by  the 
equation,  they  would  appear  to  be  con¬ 
trolled  by  the  strains  experienced  by 
the  damping  component.  For  example,  at 
the  lower  inputs,  a  strain  will  be 
reached  where  both  components  deform 
elastically  resulting  in  little  or  no 
damping  where  the  transmissibility  would 
theoretically  rise  quite  rapidly.  At 
the  larger  amplitude,  a  maximum  amount 
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Figure  12.  Effect  of  the  Input  Double  Amplitude  Displacement  on  Transmissi- 
bility  for  SS/Cu/SS  Composite  Helical  Spring  Isolators. 


of  energy  dissipation  would  be  experi¬ 
enced  where  further  increases  would 
either  result  in  failure  or  no  change 
in  the  transmissibility .  Past  exper¬ 
ience  has  shown  that  failure  of  the 
component  is  the  most  likely  thing  to 
occur  here. 

From  the  preceding,  it  can  be 
concluded  that  with  our  currently  avail¬ 
able  composites  relatively  efficient 
helical  springs  can  be  designed  and 
fabricated  for  vibration  isolation  ap¬ 
plications  . 

SUMMARY 

Some  of  the  more  significant 
developments  and  observations  that  have 
resulted  from  these  and  subsequent  in¬ 
vestigations  into  the  design  and  behav¬ 
ior  of  energy  absorbing  composite  mat¬ 
erial  are  as  follows: 

(1)  A  uniformly  stressed  composite 
model  system  has  been  formulat¬ 
ed  to  facilitate  the  design  and 
analysis  of  potentially  high 
high  damping  capacity  combina¬ 
tions  of  materials.  Using  this 
type  of  analysis,  composite 


materials  capable  of  damping  up 
to  40  percent  of  input  mechan¬ 
ical  energy  can  be  fabricated. 

(2)  Superior  damping  characteris¬ 
tics  have  been  retained  for 
test  temperatures  up  to  550°F. 
This  coupled  with  the  naturally 
high  load  bearing  capacities  of 
metallic  composite  materials 
makes  them  competitive  with 
conventional  elastomeric  mater¬ 
ials  . 

(3)  Fatigue  lives  of  up  to  7.5  mil¬ 
lion  cycles  have  been  measured 
where  relatively  low  strains 
and  damping  (15  percent)  capa¬ 
cities  were  experienced.  At 
resonant  frequencies  (which  is 
the  most  severe  fatigue  condi¬ 
tion)  cyclic  lives  of  100,000 
cycles  have  been  obtained  with 
damping  capacities  up  to  40  per¬ 
cent  . 

(4)  Composites  for  vibration  isola¬ 
tion  were  developed  by  employ¬ 
ing  relationships  that  have 
been  theoretically  and  experi¬ 
mentally  established  between 
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resonant  frequency  transmissi- 
bility,  input  displacement, 
static  damping  coefficient  and 
various  other  mechanical  pro¬ 
perties  . 

Using  these  composites,  helical 
spring  isolators  have  been  de¬ 
signed  and  developed  with  re¬ 
sonant  frequency  transmissibil- 
ities  as  low  as  3  for  an  input 
displacement  of  0.1  inches 
double  amplitude. 
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DISCUSSION 

Mr.  Gertel  (Kinetic  Systems) ;  In  your  curve 
of  the  static  damping  value  versus  transmis- 
sibility  it  would  appear  that  if  all  those 
systems  had  the  same  weight  you  could  make 
that  kind  of  a  comparison  and  get  an  effective 
damping  to  critical  damping  ratio  for  the 
vibrating  system,  but  the  mass  of  the  system 
that  was  being  vibrated  seems  to  be  missing. 
Were  all  those  tests  performed  with  the  same 
weight  systems? 

Mr .  Nunes :  I  think  they  were. 

Mr.  Gertel;  In  that  case  the  curve  that  you 
presented  was  probable  relatively  appropriate 
if  all  of  the  masses  of  the  system  were 
essentially  the  same. 

Mr.  Nunes:  I  think  in  most  cases  they  were. 

If  you  will  notice  most  of  the  values  reported 
had  a  double  input  amplitude  of  0.1  inch  and 
there  were  a  few  that  had  a  double  input  of 
amplitude  of  0.01  inch.  I  think  most  of  those 
had  the  same  mass. 

Hr.  Gertel:  I  should  say  stiffness  as  well  as 


Mr.  Nunes;  That  is  true.  We  are  changing 
stiffness  since  we  have  different  composite 
systems.  The  purpose  of  that  curve  is  really 
to  show  that  we  have  an  analytical  tool  for 
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predicting  the  transmissibility  of  a  model  metal 
system;  that  is  we  can  design  a  metallic  com¬ 
posite  that  will  give  a  certain  transmissibility 
that  is  the  beauty  of  it. 

Mr.  Gertel;  What  is  the  long  term  vibration 
effect  on  the  composite  that  is  undergoing 
plastic  deformation?  Perhaps  it  has  a  rela¬ 
tively  short  life. 

Mr .  Nunes ;  We  are  taking  advantage  of  a  damage 
mechanism,  low  cycle  fatigue,  by  plastically 
deforming  our  plastic  component  out  to  these 
relatively  high  strain  amplitudes.  We  have  a 
*  fairly  good  handle  on  the  fatigue  life  of  such 
a  material.  We  know  that  if  we  cycle  the 
material  at  a  strain  of  .001,  on  the  plastic 
component,  that  we  would  expect  a  fatigue  life 
of  100,000  cycles  and  this  is  in  bulk  material. 

We  think  we  can  do  something  to  even  optimize 
a  sort  of  negative  aspect  of  this;  we  have 
measured  fatigue  life  on  the  order  of  7  1/2 
million  on  a  copper  Columbium  monel  composite 
and,  the  copper,  at  those  strain  amplitudes, 
should  have  failed  at  40  to  50  to  100,000  cycles, 
no  more  than  that.  The  reason  we  were  able  to  go 
to  7  1/2  million  cycles  was  because  the  copper 
was  not  the  stress  bearing  element,  it  was 
simply  put  there  for  damping;  the  other  elements 
were  put  there  to  hold  the  composite  together 
and  to  give  it  its  structural  integrety.  The 
copper  itself  was  severely  cracked  and  deformed 
in  that  particular  case  but  it  did  nothing  to 
degrade  the  performance  of  the  vibrating  spring. 
It  is  a  problem  that  you  have  to  be  aware  of 
when  you  design  the  material,  you  have  to  design 
around  those  limitations,  and  it  would  depend 
on  you  application  as  well.  You  would  trade  off 
a  damaging  mechanism  for  a  superiority  in  damp¬ 
ing  performance. 

Mr.  Eshleman  (IIT  Research  Institute) :  I 
noticed  that  you  dropped  of f  at  50  Hz.  Did  you 
explore  the  damping  at  higher  frequencies  or 
were  you  at  the  surge  wave  frequency  of  the 
spring? 

Mr .  Nunes :  No,  do  you  mean  forced  vibration 
of  the  springs  at  100,  200  or  300  Hz?  Perhaps 
we  have  in  that  the  fatigue  tests  may  have  been 
run  at  a  faster  rate. 

Mr .  Eshleman :  That  curve  you  showed  is  a 
simplistic  curve  because  it  doesn’t  come  down 
to  one. 

Mr.  Nunes;  We  may  have  cycled  at  higher 
frequencies  in  our  fatigue  tests  but  we  never 
measured  the  transmissibilities  at  those 
higher  frequencies. 
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A  zero  torsional  stiffness  coupling  transmits  torque  which  is 
nonlinear ly  dependent  on  the  angle  of  twist  across  the  coupling.  The 
coupling  can  be  designed  so  that  the  slope  of  the  torque  vs.  twist 
angle  curve  is  zero  at  a  preselected  condition  of  design  speed  and 
transmitted  torque.  A  study  was  performed  which  showed  the  feasibility 
of  designing  a  ZTS  coupling  to  effectively  suppress  torsional  resonance 
and  vibration  in  a  turboshaft  powered  helicopter  drive  train. 


INTRODUCTION 

Rotating  machinery  is  inevitably  subjected 
to  exciting  forces  which  set  up  torsional  vibra¬ 
tions  throughout  the  system.  If  a  system  is 
excited  at  or  near  its  critical  frequency,  the 
system  energy  will  increase  with  each  successive 
cycle.  The  limiting  factor  for  the  energy  build¬ 
up  is  internal  or  external  damping  which  dissi¬ 
pates  energy  in  the  form  of  heat.  Without  suf¬ 
ficient  damping  it  is  of  utmost  importance  that 
the  exciting  frequency  be  different  from  the 
critical  frequency  of  the  system. 

Excitation  at  the  critical  frequency,  of  a 
system  normally  designed  to  operate  away  from 
the  critical,  can  come  about  through: 

1)  Start  up  or  shut  down 

2)  Operation  at  other  than  design  speeds 

3)  Unexpected  exciting  forces 

4)  Unexpected  critical  frequencies 

Figure  la  is  an  example  of  an  open- loop 
system  where  the  torque  input  is  independent  of 
the  system  response.  Open- loop  systems  of  this 
type  will  not  become  torsionally  divergent  but 
can  experience  severe  oscillation  when  exter¬ 
nally  excited  at,  or  near,  a  critical  frequency. 
For  a  closed-loop  system  (Figure  lb)  where  con¬ 
trol  action  is  dependent  upon  system  response, 
instabilities  can  be  caused  by  internal  or  ex¬ 
ternal  excitation.  Turbo -powered  machinery 
such  as  helicopters  and  electrical  generators 


are  closed- loop  systems  where  the  operating 
speed  is  controlled  by  a  governor.  The  speed 
governor  causes  a  dependence  between  driving 
torque  and  output  speed.  Swick  and  Skarvan  [1] , 
Peczkowski  [2] ,  Canale  and  MaCabe  [3]  and  others 
describe  governor  systems  for  free  turbine  en¬ 
gines.  This  paper  considers  only  the  open- loop 
characteristics  of  torsional  systems,  such  as 
free  turbine  helicopter  systems,  which  are  sub¬ 
jected  to  external  excitation. 


(a) 


Fig.  1  -  Torsional  Systems 
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Removing  critical  speeds  from  the  operating 
region  in  the  open- loop  system  will  generally 
improve  closed- loop  stability.  In  addition,  fa¬ 
tigue  failure  due  to  cyclic  torque  variation 
from  external  excitation  will  be  lessened. 


DESIGN  CONSIDERATIONS 

Critical  design  parameters  such  as  strength, 
weight,  material  and  size  often  dictate  the  mass 
distribution  of  a  system.  It  may  be  difficult 
to  change  the  mass  or  inertia  profile  of  a  sys¬ 
tem  without  adversely  affecting  machine  perfor¬ 
mance,  Therefore,  the  designer  may  only  be 
left  with  shaft  stiffness  and  damping  as  free 
parameters  with  which  to  ensure  safe  operation 
at  all  expected  operating  speeds. 

With  proper  damping,  passage  through  cri¬ 
tical  frequencies  during  start-up  or  shut-down 
is  usually  not  a  problem.  This  is  due  to  the 
short  time  duration  that  the  machine  is  driven 
at  a  critical  speed.  However,  large  amounts  of 
damping  are  needed  when  there  is  continuous  ex¬ 
citation  at  or  near  a  critical  frequency.  The 
damping  will  prevent  the  system  from  becoming 
divergent  and  magnifying  the  exciting  force  out 
of  safe  bounds.  Unfortunately,  this  type  of 
damping  is  generally  hard  to  achieve  and  waste¬ 
ful  (heat  dissipation) .  In  addition,  a  highly 
damped  system  will  transmit  more  exciting  force 
than  a  lesser  damped  system  when  operation  is 
above  critical  speed. 

If  the  exciting  frequency  is  known,  it  may 
be  possible  to  design  a  shaft  that  has  a  stiff¬ 
ness  which  gives  the  system  a  critical  frequency 
much  higher  or  lower  that  the  frequency  of  exci¬ 
tation.  However,  it  may  often  be  difficult  to 
design  a  shaft  with  the  desired  stiffness  and 
still  have  acceptable  strength,  weight  and  de¬ 
flection  characteristics. 


NON-LINEAR  COUPLINGS 

A  low  stiffness  shaft  coupling  may  be  used 
to  solve  the  problem  of  excitation  at  a  criti¬ 
cal  frequency.  This  is  done  by  lowering  the 
critical  frequencies  of  a  system  to  nearly  zero, 
idiile  at  the  same  time  transmitting  the  system 
torque  requirements.  Figures  2  and  3  show  the 
characteristics  of  some  linear  and  non-linear 
couplings.  Figure  2  shows  transmitted  torque 
versus  twist  across  the  coupling,  and  the  slope 
of  the  curve  is  the  coupling  stiffness.  It  is 
apparent  from  Figure  2  that  a  linear  torsional 
spring  with  near  zero  stiffness  would  require 
large  amounts  of  twist  in  order  to  transmit  the 
design  torque.  The  non-linear  spring,  however, 
can  transmit  design  torque  with  zero  stiffness 
at  a  small  angle  of  twist.  Present  designs  of 
non-linear  couplings  which  have  zero  or  low 
stiffness  for  certain  operating  conditions  are 
described  below. 

For  linear  systems  the  resonant  frequencies 
are  inherent  to  the  system  and  are  not  functions 


of  the  exciting  forces.  The  resonant  frequen¬ 
cies  of  non-linear  systems  are  functions  of  the 
amplitude  and  period  of  the  exciting  force,  as 
well  as  the  system  state  when  excitation  occurs 
As  can  be  seen  in  Figure  3,  if  the  twist  is  va¬ 
ried  over  a  large  range,  the  non-linear  spring 
stiffness  increases  on  either  side  of  the  low 
stiffness  operating  region.  In  order  to  obtain 
an  ’’average”  stiffness  over  a  cycle,  considera¬ 
tion  must  be  given  to  the  time  variation  of  the 
torque . 


Twist  Angle 


Fig.  2  -  Coupling  characteristics 


Fig.  3  -  Coupling  stiffness 


THE  HELICOPTER  PROBLEM 

A  feasibility  investigation  was  made  for 
the  U.S.  Army  (USAAMRDL  -  Eustis  Directorate, 
Propulsion  Division)  to  determine  if  a  zero 
torsional  stiffness  (henceforth  ”ZTS”)  coupling 
could  be  designed  for  a  turboshaft  powered  heli¬ 
copter  drive  train,  and  if  it  would  effectively 
suppress  torsional  vibration  and  instability. 

It  was  found  that  the  typical  operating  speeds 
and  torques  found  in  modem  helicopter  drive 
trains  make  the  ZTS  coupling  ideal  for  this  ap¬ 
plication,  especially  from  the  standpoint  of 
minimizing  coupling  weight.  The  design  analy¬ 
sis,  detail  design,  and  design  optimization  of 
the  various  types  of  ZTS  couplings  is  an  exten¬ 
sive  subject  which  will  be  covered  in  another 
paper  at  a  later  date.  A  descriptive  summary 
of  the  various  types  of  couplings  found  suita¬ 
ble  for  helicopter  applications  is  given  in  a 
section  below. 

The  values  used  to  represent  the  dynamic 
characteristics  of  the  helicopter  drive  train 
were  obtained  from  a  helicopter  stability  analy¬ 
sis  by  Swick  and  Skarvan  [1] .  Figure  4  shows 
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Control 


Fig.  4  -  Closed" loop  helicopter  drive  train 


the  basic  helicopter  drive  system. 

It  has  been  found  in  past  helicopter  designs 
that  the  closed- loop  system  (system  with  an  auto¬ 
matic  speed  governor)  can  become  unstable  in 
certain  flight  configurations.  When  this  hap¬ 
pens,  self- excitation  from  a  small  perturbation 
can  quickly  cause  destructive  vibrations.  The 
major  incentive  for  the  Army- supported  study 
originally  was  provided  by  a  desire  to  suppress 
these  instabilities  without  resort  to  a  compro¬ 
mise  of  fuel  control  characteristics. 

The  problem  of  fatigue  failure  of  elastic 
members  can  also  be  reduced  by  lowering  the  am¬ 
plitude  and  frequency  of  self- excited  vibrations 
as  well  as  the  amplitude  of  vibration  caused  by 
external  excitation.  The  major  external  sources 
or  torsional  excitation  are: 

1)  Pilot  excitation  of  control  parameters 

a)  collective  pitch 

b)  engine  speed  setting 

2)  Aerodynamic  excitation  of  rotor  blades 

As  helicopter  ground  speeds  increase  the  whip 
effect  from  aerodynamic  excitation  of  the  rotor 
blades  can  be  expected  to  increase.  This  is  due 
to  the  changing  relative  air  velocities  the  ro¬ 
tor  blade  sees  as  it  enters  and  leaves  the  direc¬ 
tion  of  flight.  Figure  5  shows  that  the  maximum 
velocity  the  rotor  blades  see  during  each  revolu¬ 
tion  is 


\ax 


rw 


and  the  minimum  velocity  is 


This  effect  combined  with  the  cyclic  variation 
of  the  rotor  blades  to  achieve  forward  motion 
causes  substantial  torque  variations  on  the  ro¬ 
tor  and  drive  train. 

An  added  incentive  for  the  development  of  a 


Fig.  5  -  Rotor  blade  velocities 

versatile  coupling  for  helicopters  comes  from 
the  nature  of  helicopter  design  and  development. 
Nearly  every  major  component  of  a  helicopter 
drive  train  is  made  by  a  different  company.  It 
is  usually  the  responsibility  of  the  air  frame 
manufacturer  to  couple  all  the  drive  train  com¬ 
ponents  together.  Thus  it  is  very  possible,  un¬ 
less  there  is  exceptional  coordination  during 
the  component  design  state,  that  the  assembled 
system  will  have  critical  frequencies  which  are 
unacceptable. 


ZERO  TORSIONAL  STIFFNESS  COUPLINGS 

ZTS  couplings  can  employ  rigid  or  elastic 
linkages,  as  well  as  a  variety  of  torsional  and 
linear  springs.  Centrifugal  force  caused  by  the 
rotating  links  plays  an  important  role  in  deter¬ 
mining  the  stiffness  characteristics  of  many  of 
the  couplings. 

The  geometry  of  the  coupling  (arrangement 
of  components)  is  the  dominant  factor  in  deter¬ 
mining  the  torque  resulting  from  either  the  cen¬ 
trifugal  force  of  the  links  or  the  force  due  to 
the  elastic  deformation  of  the  links  or  springs. 

This  section  briefly  describes  various  cou¬ 
pling  designs  which,  for  certain  operating  con¬ 
ditions,  have  zero,  or  very  low,  torsional  stiff¬ 
ness  and  the  capability  of  transmitting  high 
torque . 

Elastic  Link  Designs 


The  elastic  materials  used  in  coupling  de¬ 
signs  range  from  rubber  to  steel.  For  systems 
with  low  torque  requirements,  a  rubber  or  elas¬ 
tomeric  material  may  be  used  successfully  to 
achieve  low  stiffness.  For  the  more  common  high 
torque  systems,  steel  links  have  been  employed 
to  achieve  low  torsional  stiffness. 

The  most  notable  of  the  high  torque  elastic 
link  designs  is  the  half  moon  coupling 

developed  by  C.  W.  Chapman  [14] .  Figure  6  is  a 
diagram  of  the  H.M.  coupling  showing  the  elastic 
(steel)  links.  Pins  X.  and  X^  are  equally  spaced 
about  0  and  connected  to  the  driving  flange. 
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Pins  Y,  and  are  also  equally  spaced  about  0 
but  are  connected  to  the  driven  flange.  When 
one  flange  is  rotated  relative  to  the  other 
about  point  0,  torque  can  be  transmitted  across 
the  coupling  through  the  mechanism  of  elastic 
deformation  of  the  steel  links.  The  zero  speed 
torque -deflection  curve  of  the  H.M.  coupling  is 
shown  is  Figure  7.  At  other  than  zero  speed, 
the  centrifugal  force  of  the  links  enables  addi¬ 
tional  torque  to  be  transmitted  across  the  coup¬ 
ling.  The  additional  torque  is  proportional  to 
the  square  of  the  coupling  speed.  Figure  6 
shows  that  the  center  of  gravity  of  each  link 
moves  toward  0  as  the  twist  angle,  6,  of  the 
coupling  is  increased.  As  a  result  of  the  path 
of  the  center  of  gravity,  the  amount  of  addi¬ 
tional  torque  transmitted  across  the  coupling^ 
resulting  from  centrifugal  force  is  reduced  with 
increasing  twist  angle.  If,  at  a  given  speed, 
the  decrease  in  torque  resulting  from  centri¬ 
fugal  force  is  larger  in  magnitude  th^  the  in¬ 
crease  in  torque  resulting  from  elastic  link 
deformation,  a  negative  torsional  stiffness  will 
result.  Chapman  overcomes  the  negative  stiff¬ 
ness  problem  and  the  resulting  instability  for 
operation  up  to  a  maximum  design  speed,  by  in¬ 
cluding  some  torsional  rigidity  in  the  bushings 
at  pins  Xi,  X2,  Y^  and  Y2.  The  H.M.  coupling 
has  been  quite  successful  in  low  speed-high 
power  applications. 

A  modified  arrangement  of  the  elastic 
links  in  the  coupling  is  shown  in  Figure  8, 
where  the  pins  Xi,  X2,  Y]^  and  Y2  are  not  neces¬ 
sarily  colinear  in  the  unstrained  position. 

The  X  and  Y  pins  are  the  same  distance  from  0, 
as  opposed  to  Chapman’s  staggered  pin  design. 


Fig.  6  -  Half-moon  coupling  [4] 


Fig.  7  -  Stiffness  Characteristic 
of  H.M.'COupling  [4] 


Fig.  8  -  Elastic  link  coupling 


Pinned  Link  Designs 

Two  pinned  link,  coupling  designs  are  known 
to  have  been  developed.  One  is  the  toggle  link 
or  "T.L.”  coupling  designed  by  C.  W.  Chapman 

[4]  .  The  other  is  a  design  of  Russian  origin 

[5] .  An  illustration  of  the  "T.L.”  coupling  is 
shown  in  Figure  9.  The  torsional  stiffness  of 
this  coupling  is  effectively  zero  at  zero  speed 
but  increases  as  the  speed  increases.  Chapman 
has  been  able  to  produce  "T.L.”  couplings  with 
torsional  stiffness  to  mean  torque  ratios  of  4 
or  less  for  low  speed,  high  power  applications. 
This  ratio  is  a  measure  of  relative  stiffness 
which  Chapman  uses  as  criteria  for  effectively 
eliminating  torsional  vibrations.  The  "T.L.” 
coupling  like  the  "H.M."  coupling  has  some  tor¬ 
sional  rigidity  in  the  bushings  to  overcome 
negative  stiffness  at  operating  speed.  The 
Russian  pinned  link  design,  shown  in  Figure  10, 
consists  of  a  mass  connected  by  two  links,  one 
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to  the  driving  flange  and  the  other  to  the  dri¬ 
ven  flange.  The  stiffness  properties  of  this 
coupling  are  dependent  upon  the  mass,  weights 
of  the  links,  speed  of  rotation,  link  length, 
and  pin  location  on  the  flanges. 


Fig.  10  -  Russian  coupling 


Low  stiffness  couplings  up  to  now  have  been 
designed  for  low  speed  operation  (500-3,000  RPM) 
as  would  be  found  in  diesel  engine  systems.  For 
turbine  engine  applications,  such  as  found  in 
many  helicopter  drive  trains,  drive  shaft  speeds 
of  10,000  to  20,000  RPM  are  not  uncommon. 

A  new  pinned  link  design  was  developed  in 
this  study,  which  is  similar  to  the  design  of 
Figure  10,  but  which  incorporates  new  features 
to  eliminate  shocks  at  startup  and  to  provide 
significant  amounts  of  torsional  damping.  This 
coupling  has  zero  torsional  stiffness  at  high 
speeds  without  the  aid  of  bushing  stiffness  or 
other  added  torsional  stiffness  correctors  which 
are  used  to  avoid  negative  stiffness. 

Figure  11  shows  the  stiffness  characteris¬ 
tics  of  this  coupling  for  several  different  va¬ 
lues  of  a  geometry  parameter  which  can  be  chosen 
by  the  designer.  It  can  be  seen  that  the  stiff¬ 
ness  is  practically  zero  over  a  range  of  at  least 
ten  degrees  of  twist.  For  a  given  amount  of 
twist,  the  transmitted  torque  is  proportional  to 
the  square  of  the  shaft  speed.  If  the  load  is 
also  proportional  to  the  square  of  the  shaft 
speed  (approximately  true  for  helicopters) ,  then 
the  zero  stiffness  characteristic  of  the  coupling 
is  independent  of  the  shaft  speed. 

Using  the  helicopter  drive  train  of  Refe¬ 
rence  [1]  as  an  example,  a  version  of  this  cou¬ 
pling  was  designed  to  transmit  5270  horsepower 
with  zero  stiffness  at  13,820  RPM.  Three  views 
of  the  coupling  are  shown  in  Figures  12,  13  and 
14. 


IFig.  11  -  Characteristic  curves  of 
pinned  link  coupling 


Fig.  13  -  ZTS  coupling  (side) 
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Fig.  14  -  ZTS  coupling  (back) 


The  various  components  o£  the  coupling  are: 

A  driving  flange  F  connecting  tubes 

B  driven  flange  G  deformable  stops 

C  link  H  link  pin  and 

V  connecting  pin  fastener 

E  alignment  shaft  I  torsion  bar 

(not  shown) 

The  connecting  tubes  are  part  of  the  flanges  and 
are  designed  to  fit  inside  the  drive  shaft  of 
the  helicopter.  A  free  running  alignment  shaft 
is  used  to  prevent  lateral  motion  of  the  flanges 
A  soft  torsion  bar  is  inserted  through  the  cen¬ 
ter  of  the  alignment  shaft  which  closes  the  cou¬ 
pling  against  the  stops  during  initial  startup. 
The  stiffness  of  the  torsion  bar  is  easily  com¬ 
pensated  for  by  adjustment  of  the  3  parameter  in 
Figure  11. 


Fig.  15  -  View  of  proposed  ZTS  coupling 
dampener  configuration 


Additionally,  the  torsion  bar  has  been 
specially  designed  with  an  annular  sleeve  of 
elastomeric  material  to  dissipate  energy  for 
damping.  An  important  feature  of  this  design 
is  the  sliding  friction  induced  at  both  the  in¬ 
ner  and  outer  surfaces  of  the  elastomeric  mater¬ 
ial,  as  shorn  in  Figures  15  and  16. 


Fig.  16  -  Section  view  of  proposed  ZTS 

coupling  dampener  configuration 


COMPUTER  SIMULATION  OF  DRIVE  TRAIN  DYNAMICS 

The  helicopter  drive  train  shown  in  Figure 
4,  but  without  the  feedback  speed  control,  can 
be  modeled  with  the  following  parameters: 

Rotor  inertia  I^ 

Engine  inertia  le 

Speed  reducer  inertia  Iq 

Nfest  shaft  stiffness  Ks 

Drive  shaft  stiffness 
Rotor  damping  Cl 

Engine  damping  C^ 

Mast  shaft  damping  C^ 

(see  Figure  17) 

For  systems  with  speed  reducers  it  is  com¬ 
mon  practice  to  reference  all  springs  and  iner¬ 
tias  to  one  side  of  the  gear  box.  For  this  ana¬ 
lysis  the  engine  side  will  be  used. 

Numerical  values  for  the  above  inertias  and 
spring  constants  taken  from  Swick  and  Skarvan 
[1]  are: 

Ip^  =  3.888  slug-£t^ 

Iq  =  0.500  slug-£t^ 

Ir;  =  0.144  slug-ft^ 
kJ  =  212.1  ft-lb/rad 
Kp  =  21,417  ft-lb/rad 
(all  values  references  to  engine  side  of 
gear  box) 

It  will  be  assumed  that  the  aerodynamic  rotor 
drag  and  engine  drag  are  proportional  to  angular 
velocity  squared  [1] .  Nearly  all  of  the  shaft 
horsepower  of  the  engine  is  dissipated  in  the 
aerodynamic  drag  of  the  rotor,  v\rhere 

’^DRAG  " 
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For  steady  state  operation  with  T  =  2004  ft- lb 
and  0r  ^  rad/sec 

=  9.564  X  lO'^^ft-lb-sec^ 

A  value  for  the  engine  damping  coefficient 
Cg  is  determined  by  assuming  a  25-30%  total  po¬ 
wer  loss  due  to  turbine  drag,  thus  total  Hp  = 
7400  Hp. 

An  engine  drag  torque  of  about  800  ft- lb 
is  calculated,  giving 

Cjj  ^  800  £t-lb 
e  e 


or 


=  3.82  X  10“‘*ft-lb-sec2 

The  speed  reducer  inertia  is  small  compared 
to  the  engine  inertia  and  the  drive  shaft  stiff¬ 
ness  is  much  larger  than  the  mast  shaft  stiff¬ 
ness  which  is  effectively  reduced  by  the  speed 
reduction  ratio. 


Fig.  17  -  Helicopter  drive  train  parameters 


Since  the  investigation  of  torsional  vibra¬ 
tions  is  not  directly  concerned  with  very  high 
frequency  vibrations,  the  drive  shaft  can  be 
assumed  to  be  rigid,  allowing  the  speed  reducer 
inertia  to  be  combined  with  the  engine  inertia 
giving  a  new  value 


The  model  for  the  helicopter  drive  train 
with  “  and  1^=1^+!^  reduces  to  the  two 

degree  of  freedom  system  as  shown  in  Figure  18 
(System  1) . 

The  mast  shaft  damping  is  assumed  to  be  10% 
of  critical  damping. 

=  W  (2  Ksleff)  =  2.24 


where 


I’  I 


eff 


R 

R 


The  drive  train  model  of  Figure  18,  with 
the  zero  torsional  stiffness  coupling  installed 
in  the  drive  shaft,  has  an  additional  degree  of 
freedom.  The  inertia  of  the  driving  flange  of 
the  coupling  is  combined  with  the  engine  inertia 
since  K-j-  is  assumed  to  be  infinite,  giving 
Ig  ^  ^fe*  driven  flange  of  the  coupling 
is  combined  with  the  speed  reducer  inertia  to 
give  =  Ig  ^fr*  Coupling  damping  is  not 
included  in  the  simulation. 

Figure  19  shows  the  resulting  three  degree 
of  freedom  system  with  the  coupling  (System  2) . 

The  open-loop  helicopter  drive  train  model 
without  a  zero -torsional  stiffness  coupling  can 
be  dynamically  described  by  the  following  two 
differential  equations  of  motion: 

=  i;e,  XTr  =  Ir-9r  (1) 

or  by  inspection 

le^e  =  -Ks(ee-9R)-CeSe"-Cs(ee-0R)^T(t) 

The  equations  of  motion  for  the  helicopter 
drive  train  with  a  zero  torsional  stiffness 
coupling  are  much  more  complex  than  the  above. 
They  can  be  derived  from  Lagrange's  equation, 
but  this  involves  some  extremely  lengthy  expres¬ 
sions  from  the  time  derivative  and  requires  nu¬ 
merical  re -integration  of  these  derivatives  for 
a  solution.  Both  of  these  disadvantages  are 
circumvented  by  the  use  of  the  method  of  refe¬ 
rences  [6]  and  [7] .  Derivation  of  the  equations 
of  motion  by  this  method,  and  their  solution, 
are  described  in  Appendix  A. 


Fig.  18  -  System  1  —  Helicopter  drive  train 
(no  coupling) 


Nfodes  of  Excitation 


System  1  (Figure  18)  and  System  2  (Figure 
19)  were  subjected  to  the  following  external 
excitation  in  the  computer  simulation: 

Test  1- -Variation  of  Cl 
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This  test  models  the  cyclic  change  o£  the 
aerodynamic  rotor  drag  caused  by  the  rotor 
blades  entering  and  leaving  the  direction 
of  flight  as  well  as  cyclic  variations 
caused  by  pilot  excitation  of  collective 
pitch.  The  lift  coefficient  of  the  rotor, 
Cl,  is  sinusoidally  varied  +10%  about  its 
average  value. 

CL(t)  =  Cl (1+0.1  sinmt) 

w  =  2.5  ^  lOHz 

Test  2- -Variation  of  T^ 

Pilot  adjustment  of  engine  speed  as  well  as 
possible  feedback  excitation  is  represented 
by  sinusoidally  varying  the  engine  torque 
+10%  about  normal  operating  input  torque, 

Tg  (2804  ft- lb). 

Te(t)  =  Tg (1+0.1  sinwt) 
w  =  2,5  -  lOHz 
Test  3-Tg(t) 

System  start-up  is  modeled  by  increasing  en¬ 
gine  torque  parabolically  from  0  to  2800 
ft- lb  in  3  seconds.  System  shut-down  is 
modeled  by  cutting  the  engine  torque  to  zero 
when  system  is  operating  at  steady  state. 

Te(t)  =  l/3t  Tg(2-t/3)  0  <  t  <  3  sec 

Te(t)  =  Tg  3  <  t  <  20  sec 

Tg(t)  =0  t  >  20  sec 


Fig.  19  -  System  2  -  Helicopter  drive  train 
(with  coupling) 


Measuring  System  Response 

A  helicopter  control  system  compares  the 
engine  speed  with  a  desired  speed  and  alters  the 
various  engine  torque  producing  parameters  accor¬ 
dingly.  If  external  excitations  cause  large 
variations  of  the  engine  speed,  controlling  sys¬ 
tem  stability  may  prove  to  be  difficult.  A  bene¬ 
ficial  effect  of  the  ZTS  coupling  is  to  effective¬ 
ly  isolate  the  engine  inertia  from  the  rest  of 


the  system,  resulting  in  a  reduction  of  the  en¬ 
gine  speed  variation  due  to  external  excitation. 
The  first  measure  of  system  response  is  Ae  , 
the  engine  speed  variation  about  the  noimal  oper¬ 
ating  speed  (1447  rad/sec) .  The  second  measure 
of  system  response  is  ATg,  the  variation  of  the 
torque  transmitted  by  the  mast  shaft  about  the 
normal  operating  torque  (2004  ft- lb) .  The  quan¬ 
tity  AT  indicates  the  torque  overload  experien¬ 
ced  by  the  mast  shaft,  gearbox,  engine  turbine, 
and  rotor. 

The  speed  variation,  AO^,  has  units  of  rad/ 
sec  and  the  torque  overload,  ATg,  is  in  percen¬ 
tage  of  operating  torque. 

System  Response 

The  results  of  Test  1  given  in ^Figure  20 
shows  the  engine  speed  variation,  A0g,  and  mass 
torque  variation,  ATg,  as  a  function  of  the  ex¬ 
citing  frequency  oj.  Above  5  Hz,  A6g  and  ATs  are 
virtually  unaffected  by  the  excitirig  force.  At 
slightly  above  3  Hz,  System  1  experiences  a  cri¬ 
tical  frequency.  System  2  has  a  critical  region 
below  2.5  Hz  where  the  coupling  hits  against  the 
stops  during  each  cycle  of  excitation,  with  no 
coupling  damper  acting. 

It  should  be  noted  that  the  "critical  fre¬ 
quencies"  referred  to  here  are  actually  the 
speeds  at  which  maximum  response  is  observed  for 
the  non-linear  system.  These  critical  frequen¬ 
cies  are  therefore  amplitude  dependent.  In  fact, 
the  systems  with  ZTS  couplings  would  show  no  vi¬ 
bratory  response  at  ail  for  very  small  amplitudes 
of  excitation  or  from  a  linear  analysis. 

Due  to  the  non-linearity  of  the  coupling  in 
System  2  the  values  of  A0g  and  ATs  depend  not 
only  on  the  exciting  frequency  but  on  the  state 
(position  and  velocity)  the  system  is  in  when 
excitation  occurs.  If  either  System  1  or  2  is 
excited  at  very  low  frequencies  w  <  .5  Hz  then 
the  values  of  0^  and  6r  will  be  nearly  the  same. 
For  this  type  of  excitation  the  coupling  in  Sys¬ 
tem  2  may  close  against  the  stops  causing  the 
system  to  assume  the  stiffness  of  the  mast  shaft. 


Figure  21  shows  the  results  from  Test  2. 

The  engine  inertia  is  directly  excited  in  this 
test  causing  severe  oscillations  of  engine  speed 
and  mast  shaft  torque  when  excitation  occurs  at 
or  near  the  critical  frequency. 

•  # 

A  time  response  curve  of  0g  and  Qj;.  during 
5tart“up  and  shut-down  is  shown  in  Figure  22. 

Og  and  0R  of  System  1  and  System  2  closely  fol¬ 
low  curve  1  for  the  first  20  seconds  (start-up 
and  steady  state) .  During  initial  start-up 
leads  Gt.  while  the  mast  shaft/’winds  up"  and  then 
small  oscillations  of  Bg  and  Gr  about  curve  1 

ter  20  seconds,  when  Tg  is 
of  System  1  closely  follow 
ations  again  occur  as  the 
mast  shaft  unwinds.  0r  in  System  2  closely  fol¬ 
lows  curve  2  but  L  experiences  severe  oscilla¬ 
tions  for  the  first  one -half  second  when  the 


slowly  dampen^ out.  ^ 
set  to  zero,  0  and  0^ 
7.  Small  oscilX 
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system  is  shut  dovmi.  This  is  due  to  the  coup¬ 
ling  mass  traveling  radially  outward  causing  the 
coupling  to  quickly  close  against  the  reverse 
stops . 


Fig.  20  -  Variation  o£ 


Fig.  21  -  Variation  of 
Other  Systems 

Swick  and  Skarvan  [1]  point  out  that  the 
difference  in  the  natural  frequencies  of  heli¬ 
copter  drive  trains  depends  primarily  on  mast 
shaft  stiffness.  A  common  range  for  the  natural 
frequencies  is  2-6  Hz.  The  basic  helicopter  de- 
si^  presented  thus  far  has  a  critical  frequency 
slightly  above  3  Hz.  Increasing  the  mast  shaft 
stiffness  of  the  helicopter  design  by  a  factor 
of  four  gives  the  system  a  natural  frequency  of 
approxhnately  6  Hz.  Figure  23  shows  the  res¬ 
ponse  of  Systems  1  and  2  with  increased  mast 
shaft  stiffness  to  the  excitation  of  Test  1.  At 
the  critical  frequency  of  System  1  (6  Hz)  the 
torque  variation  is  over  22^  while  the  speed 
variation  is  over  11  rad/sec.  With  the  use  of  a 


t  (Sec) 


Fig.  22  -  Time  response  of  helicopter 
drive  train 


ZTS  coupling  (System  2)  the  critical  frequency 
of  the  system  is  shifted  below  4  Hz. 

The  time  response  of  Og,  and  mast  shaft 
torque  to  a  6  Hz  excitation  of  the  system  of 
Figure  23  is  shown  in  Figure  24.  The  zero  refe¬ 
rence  speed  in  Figure  24  is  1447  rad/sec  and  the 
zero  reference  torque  is  2004  ft-lb. 

The  rotor  speed  varies  +^2.2  rad/sec  for  Sys¬ 
tem  1  and  +1.3  rad/sec  for  System  2.  The  engine 
varies  +12  rad/sec  for  System  1  while  the  engine 


Fig,  23  -  Variation  of 


Torque  (ft-lb) 


variation  for  System  2  is  less  than  ^0.5  rad/sec. 
Variation  of  the  mast  shaft  torque  is  +23%  for 
System  1  and  less  than  1%  for  System  2. 


Fig.  24  -  System  time  response  to  excitation 


Systems  which  have  higher  shaft  stiffness 
may  represent  other  turbine  applications  such  as 
pump  or  generator  systems.  The  final  investiga¬ 
tion  of  system  response  to  external  excitation  is 
with  mast  shaft  stiffness  eight  times  that  of 
the  original  helicopter  design.  Figure  25  shows 
the  system  response  from  Test  1.  The  critical 
frequency  of  System  1  is  slightly  under  7.5  Hz. 
Using  a  ZTS  coupling  shifts  the  critical  frequency 
of  the  system  below  4  Hz. 


CONCLUSIONS 

1.  Torsional  vibrations  can  be  reduced  or 
eliminated  with  a  ZTS  coupling.  The  factors  which 
can  limit  coupling  effectiveness  are: 

a)  very  low  frequency  excitation 


b)  very  large  torque  variations 

c)  new  critical  frequencies  in  the  range 
of  excitation. 

2.  ZTS  .ouplings  can  be  designed  for  high¬ 
speed  turbo -powered  machinery,  and  are  ideally 
suited  for  the  drive  shaft  speeds  found  in  modem 
helicopters . 

3.  For  systems  where  the  drag  torque  is 
proportional  to  the  angular  velocity  squared 
(helicopter  system)  the  ZTS  coupling  becomes 
speed  independent  (see  Figure  11) . 

4.  Since  the  coupling  damper  of  Figures  15 
and  16  was  not  included  in  the  simulations,  the 
responses  obtained  can  be  considered  to  be  ''worst 
case",  and  were  controlled  entirely  by  the  low 
stiffness  characteristics  of  the  coupling. 

5.  Since  a  ZTS  coupling  can  twist  through 
relatively  large  angles  without  failure,  the  pos¬ 
sibility  exists  to  dissipate  large  amounts  of 
energy  in  an  integral  damper,  thus  further  impro¬ 
ving  (reducing)  the  response  to  vibratory  excita¬ 
tion.  Actual  damping  coefficients  must  be  deter¬ 
mined  by  testing. 
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APPENDIX  A:  EQUATIONS  OF  MOTION  FOR  SYSTEM  2 

The  generalized  coordinates  are  6^,  0  and  6|^. 
In  order  to  find  an  expression  for  the  Lagrangian 
of  the  three  degree  of  freedom  system,  the  linear 
and  angular  velocities  of  each  mass  and  inertia 
must  be  determined.  For  the  engine  and  rotor 
inertias  1^  and  I^,  the  angular  velocities  are 
Qq  and  respectively.  The  velocities, of  the 
coupling  links  are  functions  of  0^  and  0  as  well 
as  0g  and  0.  Referring  to  Figure  A- I  the  kinetic 
and  potential  energies  are: 

+V2N  Ij,  • 

v=  y2Kg(ee-e-9R)' 

where 

N  =  number  of  link  pairs 
V  =  linear  velocity  of  C.G.  of  link  1. 

0)^^  =  angular  velocity  of  link  1. 

Vj  =  linear  velocity  of  C.G.  of  link  2. 
ojp  =  angular  velocity  of  link  2. 

^  (see  Figure  A- I) 

For  the  static  analysis  of  the  coupling  it 
was  shown  that  m^  and  mg  can  be  combined,  but 
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when  0  is  not  constant  the  mass  distribution  of 
the  links  will  have  some  effect  on  the  system 
response.  A  significant  effect  would  only  be 
expected  when  the  links  are  massive  (low  speed- 
high  power)  but  will  be  left  in  the  analysis  for 
generality. 


Fig.  A- I  -  Coupling  velocities 


The  expressions  for  the  v's  and  03 ’s  in  the 
kinetic  energy  equation  are  given  below. 

=  R^+R^(6g-e/2)^ 

=  V.{rH9/-eee^eV2) 

-r  R  e(sine/2)+R^+2rR(6g-e/2)^cos9/2 

+R^C9e-®/2)^}  (A- 2) 

"  |^^'^'(ee^-e36H-9V2) 

+r  R  e(sine./2)+R2-2rR(eg-0/2)2cos0/2 

+R2(0g-0/2)"} 


where  R  is  the  time  derivative  of  R  in 


R  =  -V20[r(sin0/2)- 


2^2 -r2  (sin0/2' 


The  Lagrangian  can  now  be  written  in  terms 
of  the  generalized  coordinates  as 


L  =  y2lRV"'/2r'§/-V2l|j^(9^-9)^ 

+V2N  Mj^[R2+R2(0^-e/2)2]  -V2N 
-2rR(0g-e/2)^cos9/2] 

+ V2N  Mj  [r^  (9g^ -9g9+e  V2)  ]  -Ks(9g-e-e^)  2 

(A-4) 

where  2 

Ml  =  mg+m£/2+2I^/i 

Mg  =  m^/2+21^/i' 


The  potential  forces,  9L/8q^,  are: 

§=  V2NM^[2R§.2r||(9^-9/2)^] 

-  y2NM2  [re|~(sin0/2)  +  y2rR0  (cos 0/2) 

•  •  •  *  2 

-  2r~(0^-0/2)2cos0/2+rR(0e-0/2)  sin0/2] 

+K2(0e"0"0R)  for  0 
ly  =  -K3Ce^-9-9g)  for  06 


=  K3(e^-6-9j^^  forej^ 


The  momenta,  P^,  are: 

^  "  IfR(ee-0)  +  V2NM^[2R^  -R(9g-9/2)] 
90  ^  90  ^ 

-  y2NM„  [r0~(sin0/2)+rR(sin0/2) 

90 


+2rR(0  -0/2)cos0/2]  +  y2NM^r2(0-0  )  for  0 


P 

®  90, 


:”+IfR(ee-0)^y2NMi  [2R2  (0^-0/2)  ] 


+  y2NM^[2r2(0g-e/2)] 


The  expressions  for  the  partial  derivatives 
of  R  and  R  used  in  equations  (A- 5)  in  terms  of 
the  generalized  coordinate  are: 

f  =  -Va[r(sin9/2)+— ] 

2/£^-r2(sin^0/2) 

i  =  -'Ae[r(cos9/2]. - - 

/£2-r^(sin20/2) 

^  r'^5in^0 _  , 

4  [£^-r^  (sin^0/2)  ]  ^ ^  -* 

9ft  ^  ^ 

95  30 

The  generalized  forces  F.  determined  from  the 
principle  of  virtual  worft  are: 

m  =  F  60 
e  e  e 

Fe  =  T3(t)-C^(V®-®R^Ce®eleel 

where  Tg(t)  is  any  time  function  of  the  input 
torque . 

"  ^R®®R 

'^R  =  ^sf®e'®'V'^L‘^^^®Rl®Rl  ®R 

where  C. (t)  is  any  time  function  of  the  rotor 
lift  coefficient. 


6W^  =  F,j.60 
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where  is  viscous  hinge  friction  in  the  coup¬ 
ling  ana  (0)  represents  any  additional  sprii^gs 
that  might^De  added  to  the  coupling.  and 
are  the  shaft  and  engine  damping  coefficients 
respectively. 


Using  equations  (A- 5)  and  (A- 8),  Lagrange’s 
equations  can  be  expressed  in  canonical  form, 
which  eliminates  the  necessity  to  take  time  deri¬ 
vatives  of  equations  CA-6)* 


where  the  elements  of  the  A  matrix  are: 

•  • 

=  V2N{M^(2R||  +  '/2R')+M2(-r^Csine/2) 
-  rll(sin0/2)  +rR(cos0/ 2)  +M^r^ 
a^2  =  -y2N(M^R^+2M2rR(cos0/2)+M2r^)-I^ 


with  equations  (A- 10)  to  produce  Pg^, 

,  and  Pr  ) 

2)  finding  values  for  0^,  0  and  0r  from 
equations  (A-11) 

3)  finding  values  for  P^,  P^  and  from 
equations  (A- 9) 

4)  numerically  integrating  Pg,  Pr^,  Pj^,  0g, 


Using  Euler  integration 


)  =0  +  0  At 

^n+1  ^n  ®n 

'n^l  =  ®n  "  ^n""" 


0  =00+  0D  At 

Vl  ^n  \ 

P  =  P  +  P  At 

^n+1  ®n  % 

P  =  P„  +  Pry  At 

n+1  V  n 

Vl  *^11  *^n 

t  .  T  =  t  +  At 
n+1  n 


5)  Using  the  n+1  values  from  step  4,  return 
to  step  2  and  repeat  procedure  for  de¬ 
sired  length  of  time. 


^21  =  ^12 

^22  °  ^e“^k‘^^12 

and 

5  -  K/9  =  If 

Upon  inversion  of  equations  (A- 10)  the  following 
expressions  for  the  three  generalized  velocities 
result: 

®  "  *^®22V^12V^’^®ll'‘22‘^21^12^ 

®e  "  f®lA'^2lV^*-®11^22‘^2A2^ 

Br  =  Pr/Ir  (A-11) 

Equations  (A- 9)  and  (A-11)  form  a  set  of  six 
first-order  differential  equations  in  coordinates: 

Pe 

Pr 

Pr 

These  equations  can  be  numerically  solved  by 

1)  specifying  initial  conditions  for  P^  , 
%>  %>  9g^,6(,and0RQ(iiitial  cond§- 
tions  for  OgQ,  Oq,  and  can  be  used 
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VIBRATION  TESTING  AND  ANALYSIS 


DEVELOPMENT  OF  SAM-D  MISSILE  RANDOM 
VIBRATION  RESPONSE  LOADS 


Paul  G.  Hahn 

Martin  Marietta  Aerospace 
Orlando,  Florida  32805 


An  investigation  was  performed  to  obtain  the  random  vibration 
response  loads  for  inclusion  in  the  design  of  the  SAM-D  Engi¬ 
neering  Development  (ED)  flight  vehicle.  The  response  loads  are 
assumed  to  be  the  summation  of  the  individual  responses  of  the 
lightly  damped  lateral  bending  vibration  modes  of  the  vehicle 
when  subjected  to  the  excitation  of  the  random  aerodynamic 
pressures  generated  in  flight. 


I .  SUMMARY 

The  characteristic  lateral  bending  vibra¬ 
tion  modes  are  a  function  of  the  flight  vehicle 
structural  stiffness  and  mass  distribution. 

The  higher  lateral  response  accelerations  occur 
for  the  lighter  mass  condition;  hence,  the  burn¬ 
out  condition  was  assumed  for  the  principal  in¬ 
vestigation.  The  eleven  modes  having  character¬ 
istic  frequencies  up  to  500  Hz  were  included  in 
the  evaluation  of  the  random  loads. 

The  excitation  force  associated  with  the 
random  aerodynamic  pressure  distribution  acting 
on  the  external  surface  of  the  vehicle  in  flight 
was  evaluated  from  data  obtained  during  flight 
tests  of  the  SAM-D  Control  Test  Vehicle ,  (CTV) 
which  are  described  in  references  1  to  3.  This 
external  force  spectral  density  was  assirmed  to 
have  an  amplitude-versus-frequency  distribution 
similar  and  proportional  to  measurement  distri¬ 
butions  obtained  from  several  accelerometers  on 
each  flight  test  vehicle.  The  energy  contained 
in  the  measured  lateral  acceleration  frequency 
band  of  0-2000  Hz  was  assumed  to  be  effective 
within  a  reduced  frequency  band  of  0-1000  Hz, 
thereby  developing  a  conservative  magnitude  for 
this  external  force  input  to  determine  the  ran¬ 
dom  response  of  the  structural  modes. 

Using  the  flight  vehicle  characteristic 
and  aerodynamic  force  data  described  above,  the 
random  response  loads  acting  in  the  vehicle 
structure  were  obtained.  These  design  data  are 
the  lateral  bending  moment ,  shear  force ,  and 
lateral  acceleration  distributions  along  the 
length  of  the  vehicle. 

II.  INTRODUCTION 

Design  loads  acting  within  the  primary 
structure  of  the  SAM-D  flight  vehicle  are  a 
function  of  the  vehicle  translational  load 
factors  and  angular  accelerations,  plus  the 


loads  resulting  from  transient  excitation  of 
the  vehicle  by  fluctuating'  aerodynamic  pressure 
generated  by  vehicle  boundary  layer,  base  and 
cross  flow,  and  control  surface  motion. 

The  vehicle  loads  generated  are  limited  to 
the  lateral  bending  moment  and  shear  force  dis¬ 
tributions  resulting  in  the  vehicle  in  response 
to  random  loading  of  the  vehicle  by  the  fluc¬ 
tuating  aerodynamic  pressures.  The  effect  of 
aerodynamic  control  surface  motion  is  included 
by  assuming  the  vehicle  to  have  an  airload  dis¬ 
tribution  including  a  control  surface  rotation 
consistent  with  the  maximum  angle  of  attack  ob¬ 
tainable  by  the  vehicle  in  its  burnout  flight 
configuration.  The  associated  random  vibration 
lateral  acceleration  distribution  is  also  gen¬ 
erated. 

III.  RANDOM  LOADS  IN  STRUCTURE 

A  number  of  approaches  to  the  evaluation  of 
the  random  loads  acting  on  and  within  structure 
are  considered  in  reference  7  and  8.  The  ap¬ 
proach  selected  for  evaluation  of  the  SAM~D  ED 
flight  vehicle  random  vibration  response  loads 
is  based  upon  the  displacement  of  a  linear 
structure  being  expressed  in  terms  of  the  prin¬ 
cipal  modes  of  motion  as 

y(X,t)  =  Z  q^(t)h^(X)  (1) 

where  the  structure  is  considered  a  beam,  sym¬ 
metric  about  the  X,  y  plane,  extending  in  length 
along  the  longitudinal  X  axis,  and  deflecting 
laterally  in  the  y  direction;  q  (t)  is  the  gen¬ 
eralized  lateral  bending  coordinate  in  the  n^^ 
normal  mode;  h  (X)  is  the  associated  nth  normal 
mode  lateral  bending  deflection  mode  shape ;  t 
is ,  as  usual ,  the  independent  variable ,  time . 

Assuming  the  existence  of  the  positive 
structural  damping  that  is  in  phase  with  the 
modal  velocity  and  proportional  to  the  general- 
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ized  displacement  of  each  mode,  the  Lagrangian 
equations  of  motion  have  the  following  form: 


q^(t)  +  (1  +  q^(t) 


where  co  is  the  n  mode  frequency;  is 

the  generalized  force;  and  the  generalized 
mass  associated  with  the  nth  mode. 

M  are  evaluated  as  follows : 
n 

rx=i 

Q  (t)  =  f  (x,t)  h  (X)  dx  (; 

^'n  n 

J  x=o 


M  =lh  (X)  M(X)  dX 

n  In 


In  the  above,  f(X,t)  is  the  applied  force,  which 
can  be  assumed  harmonic,  or 

f(X,t)  =  F(X)  e^^^  (5) 

where  o)  is  the  force  excitation  frequency.  Sub¬ 
stituting  equation  (5)  in  equation  (3)  yields 
an  expression  for  the  generalized  force 


F(X)  h  (X)dX 


(10)  yields,  upon  integration  over  the  charac¬ 
teristic  time  T  of  the  applied  force,  the  fol¬ 
lowing  expression  for  the  mean  square  response 
in  terms  of  the  power  spectral  density  of  the 


excitation : 


"  "  LV  “n  /  J 

For  small  damping,  g  ,  all  the  contributions  to 
the  response  are  small  except  near  resonance , 
and  the  generalized  impedance  of  the  structure, 
Z(u)),  will  undergo  a  large  change  near  the  re¬ 
sonant  frequency,  oj  .  If  the  variation  of  the 
power  spectral  density,  f(w),  is  of  lesser  ex¬ 
tent  in  proximity  to  oj  (see  Figure  1.},  equa¬ 
tion  (12)  can  be  reasonably  approximated  by  the 
following: 

/to  +A(o 

^  _  Inn 


y  (X)  =  (X)f(tJ  ) 

n  n  n 


(0  -Ato  _  ,  . 
n  n  Z(w) 


which  can  be  rewritten 


2  2 

.  V  h  (X) 

Z  f  ((0  )w  n 

n  n _ 

^  2  3 

\  “n 


F  (X) dX  =  amplitude  of  total 
!:=o  applied  force  on 

structure 


F(X)  h  (X)dX 
n 

x=o 


mode  participa-  (9) 
tion  of  load. 


Now  let  the/lfiban  squared  response  be  de¬ 
fined  by  , _ ^ 


y^(X)  =  -  y^ (X,t)dt. 
t=o 


Assuming  a  spectrum  of  excitation  frequen¬ 
cies,  we  can  define  a  power  spectral  density, 
f((o),  of  the  excitation  force  such  that  its 
mean  square  value  is  given  by 

2  . 

W  /  to='» 

~  =1  f((jo)dto.  (11) 

^  J  (0=0 

Substitution  of  the  steady-state  solution 
for  each  q  of  equation  (2)  into  equation  (1) 
yields  the^corresponding  displacement,  y(x,t). 

Substitution  of  both  the  displacement 
function  and  the  mean  square  value  of  the  exci¬ 
tation  force  from  equation  (11)  into  equation 


Figure  1.  Mean  Squared  Response  Evaluation 

From  equation  (11)  it  is  seen  that  the  con¬ 
tribution  to  the  mean  square  value  of  excitation 
in  the  range  Ao)  is 

AF^  =  f(a3)  Aw  (15) 

Now  if  F  consists  of  spectral  frequency  content 

of  Ato  =  W  -0,  then 
c 


-2  -2 

F _  ^  F _  ^  1  f  (f^) 

(0  2'fTf  27T 


where  f (f  )  =  — 
n  f 


and  CO  =  2trf 
n  < 
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Now,  letting  A  be  any  random  variable  such 
as  lateral  displacement,  bending  moment,  or 
shear  force  in  the  beam  structure  and  ri  its 
corresponding  variable  modal  displacement, 
modal  bending  moment ,  or  modal  shear  force , 
equation  (14)  can  be  rewritten,  with  (16)  and 
(17)  as  follows: 

'T  W  \  ^ 


(X)  =  — 


(X)f(f  ) 
n 


(18) 


32tt^  n 


M  ^f  ^gd 


which  expresses  the  mean  square  of  the  random 
variable  in  terms  of  the  spectral  density  of 
the  excitation  and  the  principal  modes  of  the 
structure. 


reference  5  and  analyzed  by  means  of  these  ex¬ 
pressions  .  Data  were  obtained  for  the  case  of 
missile  lateral  vibration  excited  by  an  elec¬ 
trodynamic  shaker  attached  at  the  control  sur¬ 
face  shaft  with  a  lateral  random  force  of  148 
pounds  rms .  The  force  gage  installation  is 
shown  in  Figure  3.  The  spectral  content  of  this 
force  is  illustrated  in  Figure  4.  This  force 
was  applied  at  missile  station  19.  An  accelerom¬ 
eter  mounted  externally  to  the  missile  to  mea¬ 
sure  lateral  acceleration  at  station  7  indicated 
0.95g  rms  response  to  this  force.  Pertinent 
data  measured  on  and  calculated  for  the  CTV  mis¬ 
sile  are  shown  in  Table  I.  Nine  lateral  bending 
modes  were  considered  in  the  evaluation.  These 
included  all  modes  up  to  250  Hz. 


Since  both  the  excitation  force  and  the 
structural  response  have  been  assumed  to  be 
harmonic,  we  have,  from  the  steady-state  solu¬ 
tion  of  equation  (2) ,  q  =  -  w  ^q  ,  and  hence 
from  equation  (1)  the  lateral  acce?eration  of 
the  structure  is 


y(x,t). 


-I 


2 

(A)  q 
n 


(t)  h  (X)  . 
n 


(19) 


Letting  ^  be  any  random  variable  accelera¬ 
tion  and  n  again  its  corresponding  variable 
modal  displacement,  it  can  be  shown  in  a  similar 
manner  that 

.y.  (20) 

2  n  2 

M  g, 
n  ^d 


In  order  to  bolster  confidence  in  the 
validity  of  these  expressions  for  application 
to  design  of  the  SAM-D  ED  flight  vehicle,  data 
from  ground  test  of  the  SAM-D  AD  control  test 
vehicle  shown  in  Figure  2  were  obtained  from 


An  estimate  of  the  effective  rms  force  act¬ 
ing  on  the  missile  structure  was  made  by  utiliz¬ 
ing  equation  (15)  in  which  Af  was  evaluated  at 
each  modal  half-power  point.  Thus,  we  have  the 
following : 


1/2 

-2 

AF 

= 

F  = 


n  n 


/ .  n  n 


1/2 


(21) 


1/2 


from  which  we  see  that  the  effective  force  driv¬ 
ing  the  bending  modes  is  F  =  52.1  pounds  rms, 
which  is  about  35  percent  of  the  shaker  input 
force  of  148  pomds  rms .  The  remainder  of  the 
force  goes  into  overcoming  structural  joint 
damping  and  exciting  shell,  support  structure 
and  equipment  responses.  Substitution  of  data 
from  Table  I  into  equation  (20)  yields  a  value 
of  lateral  response  acceleration  of  1.19g  rms  at 
station  7  which  is  about  25  percent  greater  than 
the  corresponding  measured  value  of  0.95g  rms. 


SAM-D  WITH  LATERAL  FORCE  GAUGE 


Figure  4.  Lateral  Force  Spectral  Density 

Figure  3.  SAM-D  With  Lateral  Force  Gauge  for  SAM-D  Burnout  Missile 

TABLE  I 


SAM-D  CTV  DATA 


n.  Mode 

fn,HZ 

M  ,  in. 

n 

1  ^  1 

1  n  I  in. 

in . 

h  in. 
n 

non 

9a 

n 

1 

50.1 

0.14495 

0.165 

0.335 

0.022 

34,0 

2 

83.6 

0.11218 

0.025 

0.500 

0.006 

44.0 

3 

115.8 

0.18065 

0.140 

0.160 

0.019 

350.0 

4 

133.2 

0.10658 

0.040 

0 

0.025 

140.0 

5 

152.0 

0,60881 

0.045 

0.010 

0.020 

315.0 

6 

168.9 

0,08598 

0.265 

0.065 

. 0.016 

104.0 

7 

187.8 

0.23803 

0.180 

0,485 

0.022 

34.0 

8 

208.1 

_ 

0.235 

0.120 

0.024 

6.3 

9 

249  ..5 

0.31570 

0.364 

0.250 

0.026 

1.05 

IV.  ED  FLIGHT  VEHICLE  LATERAL  BENDING  VIBRATION 
ANALYSIS 

The  ED  flight  vehicle  was  analyzed  to  de¬ 
termine  its  lateral  bending  dynamic  characteris¬ 
tics.  The  lengthwise  distributed  mass  and  lat¬ 
eral  bending  stiffness  properties  were  input  in¬ 
to  digital  program.  W-59,  currently  in  the  library 
of  Orlando  Division  of  Martin  Marietta  Aero¬ 
space  to  obtain  the  fundamental  series  of  lat¬ 
eral  bending  frequencies  and  associated  modal 
deflections.  One  feature  of  this  program  is  the 
allowance  for  inclusion  of  the  elastic  attach¬ 
ment  of  large  discrete  mass  items  in  both  rela¬ 
tive  translation  and  rotation  in  the  plane  of 
bending.  The  solution  of  this  program  was  per¬ 
formed  by  the  IBM  360/65  digital  computer.  The 
results  computed  for  the  burnout  configuration 
of  the  flight  vehicle  are  obtained  from  refer¬ 
ence  4.  The  first  three  lateral  bending  mode 
displacements  are  illustrated  in  Figure  5.  Typi¬ 
cal  modal  data  for  the  first  of  11  fundamental 
modes  are  shown  in  Table  II.  These  data  are  the 


RELATIVE  ^  FIRST  MODE  51  Hz 


missile  station  -  INCHES 


Figure  5.  Computed  SAM-D  ED  Bending  Modes 
at  Burnout 

modal  lateral  normalized  displacement,  h  in/in; 
bending  slope  angle,  (j)  rad/in;  bending  moment, 

M  in-lb/in;  and  lateral  shear  force,  S  Ib/in/ 
for  each  station  of  the  primary  structure  indi¬ 
cated.  For  the  four  discrete  cantilevered  mass 
items  considered  at  stations  4,5,7  and  20, 
similar  deflection  data  are  shown  in  Table  III. 
The  equivalent  spring  rates  and  sprung  item 
moment  arms  are  as  follows : 
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TABLE  II 


ED  Flight  Vehicle  First  Bending  Mode  Data 


1  BENDING 

MODE  FREQUENCY 

=  51.051  CPS 

STA 

DISP 

SLOPE 

MOMENT 

1.000 

1.0000000 

-0.027647276 

0.26382D  02 

2.000 

0.6362837 

-0.020312178 

0.26057D  05 

3.000 

0.3672699 

-0.016322664 

0.10147D  06 

4.000 

0.2520017 

-0.015702592 

0.15517D  06 

5.000 

0.0713454 

-0.014663572 

0.32275D  06 

6.000 

-0.1114213 

-0.012525975 

0.52276D  06 

7.000 

-0.2412224 

-0.008110927 

0.62407D  06 

8.000 

-0.2894027 

-0.005350599 

0.64721D  06 

9.000 

-0.3365693 

-0.003189833 

0.65334D  06 

10.000 

-0.3583258 

-0.001233453 

0,64466D  06 

11.000 

-0.3603924 

0.000674254 

0.62080D  06 

12.000 

-0.3434797 

0.002487382 

0.58167D  06 

13.000 

-0.3087746 

0.004160995 

0.52802D  06 

14.000 

-0.2579173 

0.005653456 

0.46130D  06 

15.000 

-0.1929559 

0.006928574 

0.38367D  06 

16.00n 

-0.1162798 

0.007957519 

0.29785D  06 

17.000 

-0.0305358 

0.008720455 

0.20710D  06 

18.000 

0.0614720 

0.009207854 

0.11106D  06 

19.000 

0.1620578 

0.009424992 

0.14639D  05 

20.000 

0.2446726 

0.009448615 

-0.10544D-05 

TABLE  III 

ED  Cantilevered  Mass  Modal  Deflection 

Data 

BENDING  MODE/ STA 

4c  5C 

7C 

> 

Displacement 

1 

.2664112 

.0715593 

-.2492535 

2 

-.0507115 

-.0180083 

.0052505 

3 

.1543123 

-.1894167 

-.3192940 

4 

-.1908481 

-.0802425 

.0522461 

5 

.0265485 

.0120407 

.0200239 

6 

.1901998 

.3109173 

.3962824 

7 

.4403296 

-.1191182 

-.0433514 

8 

-.2075007 

.6335782 

-.1013015 

9 

-.2387571 

1.0 

.2231806 

10 

-.1982759 

1.0 

-.4411623 

11 

.0297708 

-.0908317 

.2427368 

Slope 

1 

-.0149284 

-.0149694 

-.0074986 

2 

-.0580482 

-.0033288 

.0046477 

3 

.1257542 

-.0076159 

.0325590 

4 

.0312643 

.0035978 

-.0020407 

5 

-.0033354 

.0024768 

.0091895 

6 

-.0248345 

.1222160 

.0945152 

7 

-.0421655 

.0494687 

-.0077972 

8 

.0171710 

1.0 

-.0072559 

9 

.0166345 

-.1979521 

.0443066 

10 

.0148797 

-.1103484 

-.0458553 

11 

-.0025143 

.0053451 

.0274145 

SHEAR 

0,17358D  04 
0.50489D  04 
0.82363D  04 
0.15040D  05 
0.15503D  05 
0.14598D  05 
0.30881D  04 
0.51968D  03 
-0.88836D  03 
-0.23874D  04 
-0.38951D  04 
-0.53321D  04 
-0.66238D  04 
-0.77028D  04 
-0.85101D  04 
-0.89965D  04 
-0.91243D  04 
-0.80474D  04 
-0.17424D  04 
-0,11031D-07 


20C 


.2608517 

-.1752760 

-.7934515 

.0805572 

1.0 

-.8483407 

.0369284 

.0612099 

-.0693570 

.1671393 

1.0 


.0093022 

-.0076105 

-.0330026 

.0023180 

-.0145308 

.1044287 

-.0127030 

-.0241646 

-.1216919 

.1138917 

.4980790 
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Station 

-6 

Spring  Rate  x  10 

Moment  Arm,  in. 

Lateral,  lb/ in. 

Rotational,  in-lb/rad 

CG  plus  Aft  of  Attach  Sta 

4C 

0.4555 

7.010 

3.04 

5C 

0.1319 

2.108 

1.76 

7C 

2.587 

115.040 

-7.75 

20C 

0.07037 

0.8061 

-1.71 

V.  ED  FLIGHT  VEHICLE  RANDOM  AERODYNAMIC  FORCES 

The  estimation  of  the  random  aerodynamic 
excitation  force  must  be  made  with  three  aspects 
of  the  force  in  mind.  As  shown  in  Section  III, 
an  evaluation  of  the  maximum  amplitude  of  the 
applied  force,  W  ,  is  required  as  well  as  the 
frequency  spectrum  distribution  of  the  applied 
force  spectral  density,  f(f  ).  The  portion  of 
the  total  load  that  acts  to  drive  each  of  the 
normal  lateral  bending  modes  is  evaluated 
through  the  mode  participation  factor,  W^. 


An  evaluation  was  made  to  determine  the 
airload  distribution  that  would  tend  to  max¬ 
imize  the  excitation  of  the  structural  modes. 
Since  normal  modes  were  utilized  in  the  evalua¬ 
tion  of  the  structural  dynamic  characteristics 
of  the  flight  vehicle,  the  integrated  lateral 
forces  and  moments  over  the  length  of  the 
vehicle  are  zero  for  each  mode.  A  simple  beam 
of  uniform  mass  and  bending  stiffness  is  as¬ 
sumed  for  illustration.  A  lateral  bending  de¬ 
flection  function,  y  =  cos  2ttX/L,  satisfied  the 
condition  of  zero  integrated  lateral  shear  force, 

rx  =  L 

I  ydm  =  o  for  the  illustrative  beam  with  con- 

J  X  =  o 

stcint  mass  distribution.  In  the  above,  y  is  the 
lateral  deflection  at  any  station  X  on  the  beam 
of  length,  L.  Similarly,  a  uniform  normal  air¬ 
load  distribution,  9CN/DX,  results  in  a  zero  in¬ 
tegrated  lateral  shear  force.  The  lateral  air¬ 
load  distribution  per  length  of  missile  body 
shown  in  Figure  6  includes  the  distribution  due 
to  maximum  nominal  angle  of  attack,  30  degrees, 
and  control  vane  rotational  deflection  including 
carryover  distributions  between  body  and  vanes. 

It  is  noted  that  a  peak  value  of  occurs  at 
the  nose  due  to  angle  of  attack,  and  at  the  tail 
due  to  vane  rotation.  Hence,  the  simple  model 
was  checked  for  a  uniform  distribution  over  the 
total  vehicle  length  plus  a  superposed  additional 
uniform  distribution  of  the  same  magnitude  over 
both  the  first  and  last  quarters  of  beam  length. 
The  integrated  lateral  force  for  this  case. 


yCN  dx,  found  to  be  C  L/tt .  Thus, 
o  X 


the  airload  distribution  associated  with  an  angle 
of  attack  and  appropriate  vane  rotation  will  re¬ 
sult  in  the  maximum  excitation  of  the  normal 
lateral  bending  modes  of  the  vehicle.  The  same 
result  can  also  be  shown  from  the  beam  bending 
moment  considerations. 


The  modal  participation  factor  associated 
with  each  of  n  modes  can  be  evaluated  with  the 
airload  distribution  data  of  Figure  6  and  the 
lateral  deflection  data  of  Table  II,  as  follows: 


c„  -  6.W3  XCf>  ■  104  6 

NbOOV 


DISTANCE  from  NOSE  '  X 
lINCKES) 


Figure  6.  Normal  ED  Airload  Coefficient 
Distribution 


(22) 


which  yields  the  values  shown  in  Table  IV  for 
each  of  the  n  bending  modes. 


The  maximum  value  of  the  applied  aerodynam¬ 
ic  force,  W  ,  is  found  from  the  product  of 
either  the  vehicle  weight  times  lateral  load 
factor  or  of  the  normal  airload  coefficient 
times  the  flight  dynamic  pressure  times  the 
vehicle  reference  area.  The  value  of  F,  the 
root  mean  square  force  driving  the  vehicle 
lateral  bending  modes,  is  found  as  a  proportional 
portion  of  W  .  This  proportionality  factor  is 
the  ratio  of°the  general  root  mean  square  lateral 
vibration  acceleration  in  g  units  to  the  total 
lateral  load  factor.  From  the  data  obtained  on 
lateral  accelerometer  No.  10204,  shown  in  Refer¬ 
ences  1  to  3,  the  maximiom  root  mean  square  ac¬ 
celeration  was  found  to  be  in  g  units;  grms  — 

0.32  for  the  maximum  dynamic  pressure  flight, 
grms  =  0.30  for  the  maximum  Mach  niamber  flight. 
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and  grms  -  0,30  for  the  maximum  angle  of  attack 
flight.  The  spectral  distribution  of  these 
data  are  shown  in  Figure  7.  Hence_,  a  value  of 
grms  =  0.30  was  used  to  determine  F  to  be  264.78 
pounds  force.  These  root  mean  square  lateral 
acceleration  values  were  obtained  by  integrat¬ 
ing  the  acceleration  spectral  densities  over 
the  full  instrumentation  range  of  frequency 
from  0  to  2000  Hz.  The  frequency  distribution 
of  this  acceleration  spectral  density  data  was 
essentially  the  same  shape  for  the  three  flight 
conditions  and,  hence,  assumed  to  be  the  same 
for  the  airload  spectral  density  as  well.  An 
additional  conservatism  was  introduced  by  as-_ 
suming  that  the  full  root  mean  square  force,  F, 
would  be  effective  within  the  reduced  frequency 
band  of  0  to  1000  Hz  within  which  the  11  bending 
mode  frequencies  are  located.  Assuming  the  air¬ 
load  force  spectral  density,  lbs  /HZ,  to 

have  the  same  linear  distribution  of  “ 

0  at  zero  Hz  to  f (f  )  =  F  at  1000  Hz,  the 
following  relation  was  derived  to  obtain  the 
force  spectral  density  components  within  the 
ha If -power  bandwidth  at  the  bending  mode 
frequencies,  n,  which  are  shown  in  Table  V 

below:  2  6 

f{f  )  =  2F  f  lO’  =  (23) 

n  n 

0.140217  f  Ibs^HZ  . 


random  aerodynamic  excitation  forces  in  Section 
V.  In  addition,  the  required  equivalent  modal 
structural  damping  coefficients,  g^  ,  assumed 

for  this  study  are  essentially  those  developed 
from  experimental  data  obtained  during  the  ground 
vibration  survey  of  the  CTV  flight  vehicle  des¬ 
cribed  in  reference  5 .  Values  for  the  higher 
Modes  were  assumed  the  same  as  for  the  sixth 
Mode.  These  coefficients  are  shown  in  Table  VI 
for  each  mode  n. 

The  aerodynamic  force  magnitude  was  not  ex¬ 
trapolated  beyond  that  associated  with  the  maxi- 
.  mum  dynamic  pressure  flight  of  the  CTV .  For 
flight  at  higher  dynamic  pressure  conditions ,  the 
frequency  content  of  the  random  force  excitation 
would  shift  upwards  such  that  much  more  of  the 
energy  would  appear  at  frequencies  above  2000  Hz 
and  hence  would  be  less  effective  in  the  gener¬ 
ation  of  primary  structural  bending  moments , 
shear  forces ,  and  modal  accelerations .  This 
higher- frequency  content  would  affect  such 
things  as  insulation  bond  and  joint  fatigue  life, 
which  is  not  a  product  of  this  random  loads 
analysis,. 


Modal  Structural  Damping  Coefficients 


Figure  7.  Nose  Accelerometer,  Radial  Accelera¬ 
tion  Spectral  Density,  Burnout 


Force  Spectral  Density 


f  ,  HZ  f(f  ),  lbs  /HZ 

n  n 


51.08 

109.9 

117.3 
152.0 

200.4 

250.5 

288.7 
293,3 
371.6/ 

433.7 

510.8 


7.162 

15.410 

16.447 

21.313 

28.099 

35.124 

40,481 

41.126 

52.105 

60.812 

71.623 


VI.  ED  FLIGHT  VEHICLE  RANDOM  VIBRATION  RESPONSE 
LOADS 

The  appropriate  equations  of  Section  III 
were  programmed  for  solution  on  a  Wang  model  370 
desk-top  calculator.  Appropriate  input  data 
were  obtained  from  those  presented  for  the  lat¬ 
eral  vibration  modes  in  Section  IV,  and  for  the 


Consideration  was  also  given  to  the  possi¬ 
bility  of  higher  random  loadings  occurring  coin¬ 
cident  with  the  maximxjm  lateral  loading  during 
the  flight  vehicle  boost  phase.  At  this  time, 
the  vehicle  weight  (W^)  would  be  about  twice 
that  at  burnout  (W  ) ,  and  hence  the  modal  root 
mean  square  lateraI°acceleration  (g  )  would  be 
anticipated  to  be  one-half  that  at  burnout  (g^  ) 
The  flight  dynamic  pressure  (q^)  would  be  abou? 
4/3  that  of  the  condition  analyzed  above  • 

For  flight  condition  401  of  reference  6,  the 
total  normal  airload  coefficient  C^  =  9.286,  or 

about  3/2  that  of  the  condition  ana?yzed  above 
(C  ) .  To  evaluate  the  lateral  load  factor  for 
^B 

boos?  (rig)  with  respect  to  burnout  /  we 

have  the  following: 


'N  ^Bo  ^Bo 
Bo 
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Hence ,  the  random  vibration  loads  estimated  in 
this  analysis  for  the  flight  vehicle  burnout  con 
dition  can  be  considered  the  maximum  attained 


throughout  the  ED  flight  vehicle  operational 
range.  Computations  were  performed  to  yield 
the  root  mean  square  magnitudes  of  the  response 
loads  acting  in  the  vehicle  primary  structure. 
These  magnitudes  were  then  multiplied  by  a 
factor  of  three  to  obtain  the  expected  peak 
magnitudes  presented  in  Table  VII  and  shown  in 
Figures  8,  9,  and  10.  These  loads  are  incre¬ 
mental  loads  and  are  to  be  added  to  the  basic 
structural  design  loads. 


100  120  140  160  180  200  220  240  260  280  300  320 


MISSILE  STATION  --  INCHES 


MOMENT 
~  IN/LBS 


100  120  140  160  180  200  220  240  260  280  30O  320 
MISSILE  STATION  ~  INCHES 


Figure  9.  Lateral  Bending  Moments 


Figure  8.  Lateral  Shear  Force 


Figure  10.  Lateral  Acceleration 


TABLE  VII 

Peak  Random  Vibration  Loads 


Shear 

Bending 

Lateral 

Force 

(lbs) 

Moment  (in-lbs) 

Acceleration  .(g) 

Station  (in.) 

Body 

Item 

Body 

Item 

Body 

Item 

107.113 

43.6 

4.4 

6.69 

121.340 

95.6 

588.1 

5.96 

135.567 

140,6 

1485.9 

2.84 

142.680 

117.7 

220.6 

3088.2 

1357.1 

2.65 

1.98 

153.620 

95.8 

9.0 

2781.7 

82.5 

3.53 

3.83 

166.310 

95.2 

2342.8 

4.72 

178.000 

100.9 

306.3 

1874.6 

1562.6 

1.18 

0.75 

185.000 

103.0 

1550,0 

1.60 

195.979 

100.7 

1114.7 

1.29 

205.937 

88,7 

1395.6 

1.32 

215.895 

67.0 

2017.9 

1.89 

225.853 

45.7 

2545.9 

2.40 

235.811 

45.1 

2827.5 

2.46 

245.769 

59.6 

2859.5 

2.05 

255.727 

69.0 

2729.5 

1.52 

265.685 

69.5 

2535.1 

1.41 

275.643 

66.5 

2306,4 

2.41 

285.080 

86.6 

1880.6 

1.16 

295.600 

31.8 

384.7 

0.46 

304.300 

27.9 

21.7 

178,8 

18.1 

1,81 

1.59 
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EVALUATION  OF  BLOCKED  ACOUSTIC  PRESSURE 
ON  STIFFENED  CYLINDRICAL  SHELLS 


V*  M.  Conticelli 
Aeritaiia  S.p.A. 
Naples,  Italy 

and 

G  •  C  *  Kao 
Wyle  Laboratories 
Huntsville,  Alabama 


Integrity  and  performance  of  critical  component  packages  mounted 
inside  rocket  vehicles  must  be  assured  for  the  entire  flight  mission. 
These  packages,  which  are  subjected  to  dynamic  loads  caused  by 
random  acoustic  excitations  and  transmitted  by  the  external  shroud 
through  the  connecting  structural  members,  must  therefore  be  tested 
on  the  ground  with  simulated  in-flight  environments. 

Recently  a  new  technique  has  been  developed  to  determine  inter¬ 
action  forces  between  a  component  and  its  support  structure,  and 
then  the  component  is  tested  under  the  force  controlled  environ¬ 
ments,  The  interaction  forces  (force  spectrum)  are  predicted  by  a 
one-dimensional  equation  which  utilizes  four  types  of  data  measured 
at  equipment  mounting  locations.  These  data  consist  of:  Input 
impedance  of  support  structure;  acoustic  mobility  of  support  structure; 
input  impedance  of  component  package;  and  blocked  pressure 
spectrum. 

Analytical  methods  are  described  in  this  paper  for  computing 
blocked  pressure  spectra  of  cylindrical  structures.  These  methods 
can  be  used  when  the  far-field  pressure  or  the  pressure  on  the  surface 
of  a  flexible  structure  is  known. 

Also,  an  experimental  program  which  was  used  to  assess  the  accur¬ 
acy  of  the  analytical  methods  is  discussed  in  this  paper.  During 
these  experiments,  a  stiffened  aluminum  cylinder  with  the  dimen¬ 
sions  of  3  ft  (diameter)  x  3  ft  (height)  x  0.02  in  (skin  thickness)  and 
a  rigid  dummy  concrete  cylinder  with  the  same  diameter  were 
employed.  The  aluminum  cylinder  was  used  in  acquiring  input 
impedances  and  acoustic  mobilities  and  the  concrete  cylinder  was 
used  for  measuring  the  blocked  pressure  spectra. 
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Comparisons  between  theory  and  experiments  indicate  that,  for  the 
structure  considered  In  this  study,  the  maximum  deviation  in  data  is 
within  1  dB.  A  comparison  is  also  made  between  pressure  measure¬ 
ments  obtained  with  flush-mounted  and  external -mounted  micro¬ 
phones.  No  significant  differences  are  detected  between  these  two 
types  of  measurements , and  this  leads  to  the  conclusion  that  both 
mounting  configurations  are  acceptable. 


INTRODUCTION 


A  new  approach  to  predict 
localized  vibratory  environments  of  space 
vehicles  subjected  to  broad-band  random 
acoustic  excitations  has  been  recently  re¬ 
ported  in  Reference  1.  This  approach  allows 
vibratory  environments  at  component  mount¬ 
ing  locations  being  specified  in  terms  of 
either  a  force  spectrum  representing  inter¬ 
action  force  between  the  component  and 
the  primary  support  structure  or  a  response 
spectrum  of  the  loaded  primary  structure. 

The  force-spectrum  method  is  briefly  described 
below. 

A  structural  system  (component 
and  support  structure)  can  be  represented  by 
a  one-dimensional  impedance  model  as  shown 
in  Figure  1.  In  this  figure,  the  basic  un¬ 
loaded  structure  is  replaced  by  an  equivalent 
structural  "black  box";  external  loads  are 
applied  at  Terminals  1,  2  and  component 
packages  which  are  treated  as  load  imped¬ 
ances,  attached  to  Terminals  3, 

4.  The  corresponding  velocities  and  inter¬ 
action  forces  at  the  attachment  points  are 


indicated  by  and  respectively. 

The  dynamic  characteristics  of  the  attach¬ 
ment  points  (Terminals  3,  4)  are  represented 
by  Z^{U))  which  is  defined  as  the  support- 
structure  impedance,  or  source  impedance, 
i.e.,  the  impedance  looking  back  to  the 
left  of  Terminals  3,  4  without  any  loads 
attached. 

The  component-structure  inter¬ 
action  force  spectra,  ^|^(w),  can  be  ex¬ 
pressed  by  the  following  equation: 


z  z, 

Wwf- 

s  L 

Z  +Z, 
s  L 

L  J 

l2 


(1) 


where 

$  ,  (a))=  Power  spectral  density  (PSD) 

°  of  blocked  sound  pressure 

which  is  assumed  to  be  con¬ 
stant  over  the  surface  of  the 
component  attachment 
locations. 


EXTERNAL  FORCE 


SUPPORT 

STRUCTURE 


LOAD 

ATTACHMENT 

POINT 


COMPONENT 

PACKAGE 
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0- 

UNLOADED 
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-O  (Z3) 

0- 

\  ^ 

♦  l(“) 

ATTACHMENT 

EQUIPMENT 

(Zl) 

J 

Figure  1:  ONE-DIMENSIONAL  IMPEDANCE  MODEL  OF  A  STRUCTURAL  SYSTEM 
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a(a))  =  Acoustic  mobility  at  compon- 

^  ent  mounting  locations,  and 

is  defined  by  the  ratio  of  the 
rms  velocity  response  of  a 
support  structure  and  its 
corresponding  rms  sound 
pressure* 

The  accuracy  of  the  interaction 
force  spectrum  computed  in  the  above 
manner  depends  on  the  ability  of  assessing 
accurately  the  blocked  pressure  spectra 
which  is  used  in  Equation  (1),  In  the 
program  described  in  Reference  1,  a  con¬ 
crete  pipe  was  used  to  determine  the  spectra 
of  the  blocked  acoustic  pressure. 

The  work  presented  in  this  paper 
had  the  following  objectives;  (i)  to  assess 
the  validity  of  using  a  concrete  pipe  as  a 
rigid  dummy  to  measure  the  blocked  pressure 
spectrum  which  is  required  to  compute  the 
force  spectra  relative  to  any  flexible  shell 
of  the  same  size;  (ii)  to  develop  a  method 
for  converting  sound  pressure  levels  measured 
on  flexible  structures  into  blocked  pressure 
spectra;  (iii)  to  determine  the  difference 
between  sound  pressure  levels  measured  on 
the  surface  of  a  cylinder  when  using  two 
different  microphone  mounting  configura¬ 
tions,  such  as  flush  mounting  and  external 
mounting  at  a  small  distance  from  the  shell 
wall.  The  data  obtained  from  two  sets  of 
experiments,  referred  to  as  alpha  and 
gamma  runs,  were  used  to  perform  this  study 
A  brief  description  of  the  entire  experi¬ 
mental  program  is  also  presented  for  clarity 
and  completeness  purposes. 

EXPERIMENTAL  PROGRAM 

Three  groups  of  experiments  were 
conducted  during  the  entire  force -spectrum 
experimental  program  whose  principal 
characteristics  and  objectives  are  here 
briefly  described. 


ALPHA  RUNS:  These  experiments 
consisted  of  exposing  an  aluminum  stiffened 
cylindrical  shell  (36  in.  long,  36  in,  dia¬ 
meter,  0.02  in.  thick)  and  a  concrete  pipe 
of  the  same  diameter  to  a  reverberant 
acoustic  field  in  Wyle  Laboratories' 

100,000  cu.  ft.  reverberation  room  (Figure 
2).  Measurements  of  the  acoustic  field 
were  taken  far  from  the  test  specimens  (far- 
field  sound  pressure  level)  and  at  the  sur¬ 
face  of  the  two  cylinders.  For  the  latter 
measurements,  the  microphones  were 
mounted  on  a  fixture  and  held  at  about 
0.25  inches  from  the  shell  wall.  Also/ 
the  acceleration  response  of  the  aluminum 
shell  was  measured  at  different  locations 
such  as  skin,  stringer  and  ring  locations. 
During  these  experiments  three  different 
overall  sound  pressure  levels  (OASPL)  were 
used  and  a  classification  of  the  experiments 
according  to  these  OASPL  and  to  the 
measurement  locations  is  presented  in 
Table  I .  The  purpose  of  these  experiments 
was  to  determine  experimentally  the 
acoustic  mobility  of  the  stiffened  shell  at 
points  with  different  local  structural 
characteristics. 


Table  1:  CLASSIFICATION  OF 

a- experiments 


TEST 

SERIES 

OASPL -dB 

MEASUREMENT 

LOCAnON 

a  11 

133.3 

Skin 

a  12 

136.8 

Skin 

a  21 

136.8 

Ring 

a  22 

142.4 

Ring 

a  31 

136.4 

Stringer 

a  32 

142.8 

Stringer 
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BETA  RUNS:  During  fhese 
experiments,  a  component  (plate  supported 
by  four  springs)  was  mounted  on  the  alumi¬ 
num  shell  through  four  load  cells  and  the 
whole  structure  was  subjected  to  a  rever¬ 
berant  acoustic  field.  The  purpose  of  these 
tests  was  to  measure  the  component-shell 
Interaction  loads  and  compare  them  with 
those  determined  analytically  by  using  the 
acoustic  mobility  values  obtained  from  the 
alpha  runs. 

gamma  RUNS:  These  experi¬ 
ments  are  similar  to  the  alpha  runs  except 
for  the  mounting  of  the  microphones  which. 
In  this  case,  were  flush-mounted  mlrco- 
phones  of  0.5  Inches  In  diameter.  The 
purpose  of  the  gamma  experiments  was  to 


determine  the  variation  of  the  pressure 
level  at  the  surface  of  the  shell  wall  for 
two  different  mounting  configurations  of 
the  microphones. 

Data  were  acquired  on-line  by 
digital  computer  and  stored  permanently  on 
magnetic  tapes.  A  thorough  discussion  of 
these  experiments  on  the  alpha  and  beta 
series  and  presentation  of  experimental  data 
Is  found  In  Reference  1  • 

For  the  purpose  of  this  study,  only 
data  from  the  alpha  and  gamma  runs  were 
used  In  the  manner  that  Is  described  In  the 
following  sections. 


CONTROL 

;  :  ;:i  microphone 


TEST  CYLINDER 
MICROPHONE 
POSITIONS  - 


BLOCKED-PRESSURE 

MICROPHONE 

POSITIONS 


ALUMINUM  CYLINDER 


RIGID  CONCRETE 
CYLINDER 


Figure  2:  POSITIONAL  CONFIGURATION  OF  ALUMINUM  AND  CONCRETE 
CYLINDERS  INSIDE  WYLE  LABORATORIES*  100,000  CU. FT. 
REVERBERATION  ROOM  DURING  VIBRO-ACOUSTIC  EXPERIMENTS 
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EVALUATION  OF  BLOCKED 
PRESSURE  MEASUREMENTS 

A  concrete  pipe  of  the  same  dia¬ 
meter  as  the  aluminum  shell  was  used  to 
measure  the  blocked  pressure  to  be  used  to 
compute  the  force  spectra  relative  to  the 
flexible  cylinder.  The  concrete  pipe  was 
chosen  on  the  assumption  that  It  was  rigid 
enough  to  be  employed  as  the  rigid  dummy 
of  the  aluminum  cylinder.  It  Is  the  purpose 
of  this  study  to  assess  the  validity  of  this 
assumption  and  determine  the  magnitude 
of  the  errors  that  might  have  been  Introduced 
In  the  final  computations. 

Toward  this  end,  the  sound  pressure 
spectra  measured  at  the  surface  of  the  con¬ 
crete  cylinder  (Pconcrete)  during  the  a  — 
runs  were,  first,  normalized  by  far-field 
pressure  measured  by  the  control  micro¬ 
phone  (Pcontrol)  • 

compared  with  the  theoretical  value  as 
derived  In  Reference  2.  As  to  ^concrete' 
four  microphones  were  employed  for  each 
a  -  experiment  to  make  a  total  of  24 
measurements,  whose  normalized  spectra 
fall  within  the  band  shown  In  Figure  3. 

This  figure  contains  also  the  theoretical 
curve  for  the  mean  squared  pressure  on  the 
surface,  of  a  rigid  cylinder  In  a  reverberant 
sound  field  divided  by  the  mean  squared 
pressure  existing  In  the  far  field. 

Figure  3  Indicates  that  the  agree¬ 
ment  between  the  theoretical  blocked  pres¬ 
sure  spectrum  and  the  pressure  spectrum 
measured  on  the  “dummy"  cylinder  Is  quite 
satisfactory  for  frequencies  above  100  Hz. 
Discrepancies  below  this  frequency  are 
probably  due  to  the  lack  of  perfect  dif¬ 
fuseness  of  acoustic  field  which  affects 
the  measurements  of  the  only  control  micro¬ 
phone  used  for  the  experiments. 


ONE-THIRD  OCTAVE 
BAND  CENTER  FREQUENCIES  -  Hz 


Figure  3:AVERAGE  NORMALIZED  PRESSURE 
MEASURED  ON  CONCRETE  PIPE  DURING 
a  -  runs  AND  THEORETICAL  BLOCKED 
PRESSURE  SPECTRUM 


THEORETICAL  EVALUATION  OF 
BLOCKED  PRESSURE 

The  exact  blocked  pressure,  which 
Is  the  true  acoustic  pressure  load  acting  on 
a  flexible  structure,  can  be  determined 
most  accurately  only  by  using  a  rigid 
dummy  structure.  However,  In  many  cases, 
the  construction  of  the  rigid  dummy  Is  not 
practical  and  It  Is  desirable  to  determine 
the  blocked  pressure  from  the  pressure 
measured  at  the  surface  of  the  flexible 
structure. 

An  approximate  formula  for  con¬ 
verting  sound  pressure  levels  measured  on 
flexible  structures  Into  blocked  sound 
pressure  levels  can  be  obtained  as  shown 
below.  Consider  an  Incident  sound  wave 
to  Impinge  on  a  flat  flexible  panel  at  any 
angle,  0  ,  relative  to  a  normal  to  the  panel. 
Reference  3  shows  that: 
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(2) 


where : 

z  =  specific  transmission  impedance  of 
^  wall  (mechanical  impedance  per  unit 
area) 

z  =  specific  acoustic  impedance  of  trans¬ 
mitted  sound  wave 

X  =  distance  normal  to  panel  on  the  source 
side  where  x  =  0  is  the  panel  surface 

0  =  angle  of  incident  wave  relative  to 
normal  to  panel 

X  =  acoustic  wavelength  of  incident  wave 


blocl^  hemisph 


where:  dw  =  solid  angle 
The  integral  of  expression  (4)  gives:- 


Pri  (^/0)  “  value  of  pressure  at  a  dis- 
tancex 


block 


rms  value  of  pressure  at  the 
surface  of  a  rigid  panel 


At  the  surface  (x  =  0)  of  a  flexible 
panel,  Equation  (2)  becomes: 


P,!  (0) 

flex 

\lock 


A  similar  expression  can  be  obtained 
for  the  case  of  reverberant  acoustic  field 
impinging  on  a  flat  flexible  panel.  This  is 
obtained  by  averaging  Equation  (3)  over  a 
hemispherical  surface.  The  hemispherical 
average  is  given  by: 
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The  sum  >oc  +  is  the  total 

impedance  equal  to  the  inverse  of  the  acous¬ 
tic  mobility,  Ol  .  Also,  the  acoustic  imped¬ 
ance, /Oc,  is  usually  much  smaller  than  the 
structural  impedance  and  Equation  (5)  can, 
therefore,  be  written  as: 


block 


1  +Oca  log  (pea)  (6) 
6 


_ _ flex 

block  1  +  pc  a  log  (pea) 


Expression  (6)  has  been  derived 
for  an  infinite  flat  panel  and  does  not 
aeeount  for  diffraetion  effeets  that  oeeur 


when  the  strueture  is  not  infinite  or  planar. 
However,  above  eertain  frequencies  this 
expression  should  give  an  aeeurate  estimate 
of  the  blocked  pressure  for  finite  panels  and 
other  structures  such  as  cylinders. 

To  determine  the  accuracy  of 
expression  (6)  the  values  of  the  ratio 
^flex  /*^block  evaluated  by  using  this 

expression  and  the  values  of  the  acoustic 
mobilities  that  were  obtained  from  the  a  - 
experiments.  The  values  of  these  acoustic 
mobilities  and  the  theoretically  evaluated 

^flex  /^block  listed  in  Table  II.  A 
comparison  of  these  theoretical,  Pflex/ 
Pblock/  l^sed  on  expression  (6),  with  the 
measured  values  of  the  same  ratio  is  illus¬ 
trated  in  Figures  4,  5  and  6  for  skin,  ring 
and  stringer  locations,  respectively. 


Table  II:  VALUES  OF  MEASURED  ACOUSTIC  MOBILITY 
AND  THEORETICAL  Pfig/Pblock 


a- ACOUSTIC  MOBILITY 

-  inVlb  sec 


1  ■’^pca^log  (pea) 


MEASUREMENT  LOCATION 


RING 

STRINGER 

0.907 

0.902 

0.917 

0.916 

0.922 

0.919 

0.928 

0.924 

0.933 

0.930 

0.935 

0.937 

0.943 

0.943 

0.940 

0.942 

0.939 

0.939 

0.928 

0.920 

0.917 

0.917 

0.884 

0.876 

0.904 

0.889 

0.906 

0.886 

0.903 

0.842 

0.887 

0.844 

0.886 

0.844 

0.879 

0.873 

0.885 

0.888 

*  pc  =  0.0015  LB  sec/ IN' 
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FREQUENCY  IN  HERTZ 


Figure  4:  MEASURED  AND  EXPERIMENTALLY  EVALUATED  BLOCKED 
ACOUSTIC  PRESSURE  AT  PANEL  LOCATION 


FREQUENCY  IN  HERTZ 


Figure  5:  MEASURED  AND  EXPERIMENTALLY  EVALUATED  BLOCKED 
ACOUSTIC  PRESSURE  AT  STRINGER  LOCATION 


FREQUENCY  IN  HERTZ 

Figure  6:  MEASURED  AND  EXPERIMENTALLY  EVALUATED  BLOCKED 
ACOUSTIC  PRESSURE  AT  RING  LOCATION 
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Figure  4  shows  that  theoretical 
ratio  is  significantly  lower  than  the  meas¬ 
ured  values  which,  for  one  band  center 
frequency,  are  higher  than  1 .0(0  dB).  This 
leads  to  questioning  of  the  experimental 
data  because  theoretically  the  pressure  on  a 
flexible  surface  is  never  expected  to  be 
higher  than  the  pressure  on  a  rigid  surface. 

Figures  5  and  6  also  show  experi¬ 
mental  data  higher  than  the  theory  but  at  a 
lesser  degree  than  the  case  of  the  panel 
location.  It  must  be  noted,  however,  that 
discrepancies  between  theory  and  experi¬ 
ments  are  only  of  the  order  of  10  percent 
or  -<  1  dB.  Furthermore,  since  the  theo¬ 
retical  ratio  Pflex/^block  lower  than  the 
experimental  values,  the  use  of  Equation 
(7)  will  produce  values  of  blocked  pressure 
higher  than  the  actual  levels  thus  leading 
to  conservative  estimates  of  the  force  spectra. 

COMPARISON  OF  DATA  FOR 
DIFFERENT  MICROPHONE 
MOUNTING  CONFIGURATIONS 


During  the  a -experiments,  micro¬ 
phones  were  mounted  at  a  distance  of  about 
0,25  inches  from  the  surface  of  the  alumi¬ 
num  and  concrete  cylinders.  This  type  of 
microphone  set-up  could  introduce  errors  in 
the  pressure  measurements  because  of  the 
possible  presence  of  standing  waves  between 
the  microphone  and  the  wall  of  the  test 
specimen. 

To  determine  whether  errors  were 
introduced  in  the  a -runs  and  to  assess  their 
magnitude,  another  set  of  experiments, 
referred  to  as  Y  -runs,  were  conducted. 

During  these  experiments,  the  microphones 
were  flush-mounted  so  that  they  measured 
exactly  the  total  pressure  existing  at  the 
surface  of  the  cylinders. 

In  order  to  make  a  comparison  be¬ 
tween  the  data  of  the  Ot  -runs  and  those  of 
the  Y  -runs,  the  third  octave  pressure  levels 
were  normalized  by  the  pressure  levels 
measured  by  the  control  microphone 

(  ^control)  located  far  from  the  test  specimens 
and  compared  graphically  as  shown  in  Fig¬ 
ure  7. 


RELATIVE  ONE-THIRD 
OaAVE  SPL 

20LOG,opPNCRETEl 

L ’’control  J 


(  DECIBELS ) 


Figure  7:  COAAPARISON  BETWEEN  PRESSURE  MEASUREMENTS 

TAKEN  ON  CONCRETE  CYLINDER  WITH  FLUSH  MOUNTED 
AND  EXTERNALLY  MOUNTED  MICROPHONES 
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In  this  Rgure  data  relative  to  the 
concrete  cylinder  are  presented;  namely,  the 
average  of  all  the  pressure  levels  measured 
during  the  a  -experiments  (average  of  band 
shown  in  Figure  3)  and  a  band  within  which 
the  pressure  data  from  Y  -runs  fall.  This 
figure  clearly  indicates  that  no  significant 
difference  exists  between  the  experimental 
data  of  the  two  series  of  experiments,  that 
is  the  a  -  and  the  Y  -experiments.  There¬ 
fore,  it  can  be  concluded  that  the  distance 
between  the  surface  of  the  cylinders  and  the 
microphones  employed  during  the  (X  - 
experiments  was  sufficiently  small  so  that  no 
standing  wave  conditions  affected  the  exper¬ 
imental  data  within  the  frequency  range  of 
testing. 

CONCLUSIONS 

The  most  significant  conclusions, 
which  can  be  drawn  as  a  result  of  this  study 
are: 

•  The  concrete  cylinder  used  to 
measure  the  blocked  pressure 
represents  a  good  rigid  "dummy" 
structure.  This  means  that  the 
pressure  measured  at  the  surface 
of  this  cylinder  can  be  considered, 
with  good  approximation,  as  the 
blocked  pressure  relative  to  any 
flexible  cylindrical  structure 
with  the  same  diameter. 

•  A  purely  theoretical  prediction 
of  the  blocked  pressure  can  be 
made  by  using  the  theory  dev¬ 
eloped  in  Reference  2. 

•  To  convert  measured  sound 
pressure  levels  on  flexible 
structures  Into  blocked  sound 
pressure  levels.  Equation  (7) 
can  be  used.  The  factor  within 
parentheses  depends  on  the  flexi¬ 
bility,  a  ,  of  the  structure.  For 


common  aerospace  structures  this 
factor  is  of  the  order  of  0.9  and 
consequently  the  rms  blocked 
pressure  Is  approximately  10 
percent  higher  than  the  pressure 
measured  on  these  structures. 

The  data  obtained  during  the 
experiments  reported  in  this  paper 
indicate  that  the  error  which  might* 
be  introduced  by  using  this  formula 
Is  in  the  order  of  1  dB  and  gen¬ 
erally  leads  to  conservative 
estimates  of  the  force  spectrum. 

•  When  measuring  sound  pressure 
levels  on  flight  hardware  for  the 
purpose  of  predicting  the  blocked 
acoustic  pressure,  good  data  also 
can  be  obtained  by  mounting 
the  microphones  externally  to 
avoid  drilling  holes  in  the 
structure.  It  is,  however, 
required  that  the  distance  be¬ 
tween  structure  and  micro¬ 
phones  be  sufficiently  small 
to  avoid  the  formation  of 
standing  waves  which  could 
alter  the  data. 
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REDUCTION  OF  HULL  NOISE  AND  VIBRATION  BY  CENTER 


OF  PERCUSSION  ROADARM  DESIGN 


Daniel  D.  Ustick 

U.  S,  Army  Tank-Automotive  Command 
Warren,  Michigan  48090 


.The  study  investigates  a  method  for  reducing  roadwheel  noise  and  shock 
loads  into  the  vehicle  hull  of  a  track-laying  vehicle.  This  reduction 
is  theoretically  possible  by  designing  the  center  of  percussion  of  the 
roadarm  to  coincide  with  the  roadwheel  spindle  axis.  In  this  manner 
dynamic  forces  applied  at  the  spindle,  normal  to  the  roadarm  length, 
will  not  be  transmitted  as  shock  to  the  center  of  arm  rotation,  i.  e. , 
the  point  of  assembly  to  the  vehicle  hull. 

The  design  contraint  is  given  as  a  function  for  application  in  the  de¬ 
sign  of  future  roadwheel  and  roadarm  assemblies.  It  is  modified  for 
application  of  design  changes  to  existing  assemblies.  A  brief  discus¬ 
sion  about  the  potential  magnitude  of  impihlse  energy  input  is  followed 
by  an  application  of  design  principle  to  the  M551,  Sheridan. 

It  is  concluded  that  by  application  of  the  ”center-of-percussion  prin¬ 
ciple  to  the  design  of  roadwheel  and  roadarm  assemblies,  components  of 
inpulse  normal  to  the  roadarm  length  will  transmit  energy  into  the  ve¬ 
hicle  suspension  system  rather  than  directly  to  the  vehicle  hull. 

Future  design  implications  are  briefly  discussed. 


INTRODUCTION 

A  variety  of  highly  sophisticated  systems 
designed  for  target  surveillance,  target  ac¬ 
quisition  and  ranging,  communications,  and 
various  servo  drives  are  housed  in  today's 
military  tracked  vehicles;  like  most  precision 
equipment,  they  are  sensitive  to  shock  and 
vibration.  Shock,  vibration,  and  noise  are 
not  only  detrimental  to  equipment,  but  also 
induce  fatigue  to  the  crew. 

Operation  of  a  vehicle  over  any  given 
terrain  and  track  profile  will  generate  an 
impulse  function  acting  on  the  vehicle.  The 
impulse  which  the  vehicle  suspension  system 
does  not  absorb  is  transmitted  directly  to  the 
vehicle  hull;  the  energy  of  this  impulse  is 
dissipated  as  hull  noise  and  vibration. 

DISCUSSION 

For  any  suspended  body  free  to  swing,  the 
point  at  which  an  impulsive  force  must  be  ap¬ 
plied  in  order  that  no  impulse  be  transmitted 
to  the  axis  of  rotation  is  called  the  center- 
of-percussion  relative  to  the  center  of  rota¬ 
tion.  To  take  advantage  of  this  principle , the 
combined  roadwheel  and  roadarm  assembly  should 
be  designed  such  that  the  roadarm  spindle  is 


located  at  the  center-of-percussion. 

Application  of  this  principle  imposes  a 
design  contraint  on  any  new  roadarm  assembly 
design.  The  design  constraint  is  not  so  re¬ 
stricting  that  it  cannot  be  used  to  modify  ex¬ 
isting  assembly  design  by  adding  or  subtracting 
mass  from  the  roadarm  or  adding  mass  to  the 
roadwheel. 

The  "roadarm"  is  meant  an  assembly  of  com¬ 
ponent  masses.  These  include  the  arm  itself, 
the  spindle,  half  the  mass  of  the  torsion  bar, 
a  fraction  of  the  bearing  assemblies  which  ro¬ 
tate  with  the  arm  (as  determined  by  the  ratio 
of  its  angular  displacement  to  the  angular  dis¬ 
placement  for  a  given  arm  rotation),  and  all 
other  components  rigidly  attached  to  the  arm 
and  rotating  with  it  with  the  exception  of  the 
roadwheel.  The  "roadwheel"  is  understood  to 
include  the  assembly  and  the  fraction  of  bear¬ 
ing  mass  which  rotates  with  the  roadwheel. 

To  arrive  at  the  correct  equation  of  de¬ 
sign  constraint,  we  must  find  the  total  moment 
of  inertia  about  the  roadarm  center  of  rotation 
(the  roadarm  axis  of  suspension  to  the  vehicle 
hull).  This  includes  all  components  of  roadarm 
and  roadwheel  assemblies  as  given  above. 


77 


The  roadwheel  mass,  although  carried 
with  the  arm,  is  not  subject  to  rigid  rotation 
with  it.  For  this  reason  the  roadwheel  can  be 
assumed  to  act  only  as  a  point  mass  in  contri¬ 
buting  to  the  total  moment  of  inertia. 

The  equations  which  follow  are  presented 
to  develop  the  design  constraint  which  would 
take  advantage  of  the  "center-of-  percussion 


principle".  For  this  discussion,  the  origin 
of  the  coordinate  system  is  placed  at  the 
center  of  roadarm  rotation  on  the  vehicle  hull. 
For  simplicity,  all  points  indentified,  incl¬ 
uding  the  center  of  mass  location  for  roadarm 
and  roadwheel  assemblies,  are  assumed  to  be  on 
the  line  joining  centers  of  rotation  and  per¬ 
cussion.  Refer  to  Figure  1. 


FIGURE  1 


d  =  the  distance  from  the  axis  of  roadarm 
rotation  to  the  roadwheel  axis  and 
center  of  mass. 

c  =  multiplication  factor  which  locates  the 
roadarm  center  of  mass  in  terms  of  the 
length  d. 

cd  ”  the  distance  from  the  axis  of  roadarm 

rotation  to  the  roadarm  center  of  mass. 

I  =  moment  of  inertia  for  the  roadarm  about 
^  an  axis  thru  its  center  of  mass  parallel 

to  the  roadarm  axis  of  rotation. 


I  =  moment  of  inertia  about  the  roadarm 
axis  of  rotation. 

M  =  mass  of  roadarm. 
a 

=  mass  of  roadwheel. 

h  -  the  distance  from  the  roadarm  axis  of 
rotation  to  the  roadarm  -  roadwheel 
assembly  -  center  of  mass. 
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The  location  of  the  roadarm  -  roadwheel  assem¬ 
bly  center  of  mass  is: 

h  *=  Mg  cd  +  d 

—  +  ■  ■ 
a  w 

The  moment  of  inertia  about  the  roadarm  axis 
of  rotation,  the  origin,  is: 

I  =  I  +  M  (cd)^  +  M  d^ 

o  a  a  w 


tion  (1)  above. 

Equation  (2)  can  be  modified  to  add  the  un¬ 
known  mass,  Mx  and  its  inertia,  1^^,  at  the 
roadwheel  axis.  This  is  accomplished  by  chang¬ 
ing  the  multiplication  factor,  c,  which  locates 
the  roadarm  center  of  mass  in  terms  of  the 
length  d.  The  new  factor  for  c  is: 

Ma  -Wx 


From  theory,  we  are  given  that  the  center-of- 
percussion  relative  to  the  center  of  rotation 
must  satisfy  the  following  condition: 

d  = _ lo  _ 

(Mg’  +  M  )  (M^  cd  +  d) 

(Ma  '  +  M„) 

Substituting  for  1^,  combining  and  factoring 
like  terms  yields: 

(1)  Ma  ^  (c-c^)  =  I  a 

Equation  (1)  is  the  design  constraint  for  new 
roadarm  designs.  It  will  be  found  not  to  hold 
true  for  present  roadarm  designs  where  the  e- 
quation  was  not  considered  as  one  of  the  design 
axioms.  To  modify  an  existing  design,  one  so¬ 
lution  is  to  find  an  additional  mass,  and 
its  moment  of  inertia  about  an  axis  thru  its 
center  of  mass,  I^,  and  attaching  this  body  at 
the  known  center  of  mass  for  the  roadarm.  This 
will  increase  the  total  roadarm  mass  and  its 
moment  of  inertia  about  the  axis  of  arm 
suspension  so  that  equation  (1)  is  satisfied. 
This  develops  as  follows. 

The  inertial  mass  is  introduced  with  appropri¬ 
ate  proportionality  constants  to  simplify  math¬ 
ematical  operations  which  follow.  Let  = 
k  Ma  d^,  where  k  is  the  proportionality  con¬ 
stant;  and  Ix  =  a  Mx  d^,  where  a  is  the  pro¬ 
portionality  constant. 


Substituting  the  new  factor  in  equation  (2) 
and  solving  for  Mx  yields  the  new  equation: 

(3)  =  M  (1-k-c-a)  =  (a+k+c-1)^  -4a(k-c+c^^ 

^  a 

-  - 


The  magnitude  of  shock  transmission  that  takes 
place  by  not  taking  full  advantage  of  the  cen- 
ter-of-percussion  principle  is  given  by  the 
equation*. 

hd 

(4)  ("^  -1)  J'  =  J 


h  =  distance  from  the  roadarm  center  of 
rotation  to  the  center  of  the  road¬ 
arm  -  roadwheel  assembly  mass 

d  =  distance  between  centers  of  rotation 
and  percussion 

kp  =  radius  of  gyration  for  the  roadarm  - 
roadwheel  assembly  moment  of  inertia 
about  the  roadarm  center  of  rotation 

k^  =  radius  of  gyration  for  the  roadarm- 
roadwheel  assembly  moment  of  inertia 
about  its  center  of  mass 


J’  =  impulse  delivered  at  the  center-of- 
percussion 

J  =  impulse  delivered  at  the  roadarm 
center  of  rotation 


Equation  (1)  is  now  modified  by  adding  and  sub¬ 
tracting  terms  as  follows: 

(Mg  +  Mjj)  (c-c2)  =  (k  Mg  +  a  d^ 

Rearranging  terms, 

(2)  Mjt  =  Mg  (k-c+c^) 

(e-cZ-a) 

The  terms  k,  c,  are  determined  from  exam¬ 
ination  of  the  designed  parts;  Mx  and  a  are 
chosen  for  convenience. 


It  follows  that; 
(5)  k 


+  h 


2 


Equation  (5)  defines  the  relationship  between 
ko,  kjj^,  and  h.  It  can  be  obtained  using  the 
parallel  axis  theorem  for  computing  moments  of 
inertia. 


Combining  equation  (4)  and  (5)  above  we  obtain. 


(6) 


.hd 


k^  +h^ 


-  1)  J’  =*  J 


An  examination  of  equation  (2)  and  the  varia¬ 
bles  Mx  and  a  reveals  that  the  added  mass  and 
its  moment  of  inertia  can  be  either  positive  or 
negative.  That  is,  one  can  add  or  subtract 
from  the  total  roadarm  mass  and  its  moment  of 
inertia  to  satisfy  the  design  constraint,  equa- 


We  now  investigate  the  condition  for  minimum 
impulse  transmission  as  a  function  of  the 
location  of  the  roadarm  -  roadwheel  assembly 
center  of  mass.  By  differentiating  terms  with 
respect  to  h,  and  solving  for  h  equal  to  zero, 

*K.  Symon,  Mechanics,  ;.  214. 
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in  equation  (6),  we  find  that  a  minimum  con¬ 
dition  exists  when  the  distance  from  the  road- 
arm  center  of  rotation  to  the  assembly  center 
of  mass  equals  the  radius  of  gyration  for  the 
mass  moment  of  inertia  about  the  assembly  cen¬ 
ter  of  mass. 


The  radius  of  gyration,  1%,  for  a  typical  M551 
roadarm  -  roadwheel  assembly  is  6,5  inches.  If 
we  assume  the  above  minima  condition  exists, 
then  the  minimum  transmission  to  the  hull  of 
force  components  normal  to  the  roadarm  of  the 
M551  is  7«7  percent.  (Values  quoted  for  physi¬ 
cal  parameters  of  the  M551  were  obtained  or  com¬ 
puted  from  assembly  drawings.) 

From  the  wheel  load  vs.  deflection  curves  for 
the  M551,  it  is  seen  that  a  maximum  potential 
energy  of  about  8,000  foot  pounds  can  be  stored 
by  the  suspension  system  before  the  wheel  hits 
the  bump  stop.  Considering  the  unsprung  mass 
of  the  roadwheel,  roadarm,  and  torsion  bar  as¬ 
sembly,  the  impulse  required  to  deliver  this 
energy  is  765  pounds -second.  For  an  estimated 
impulse  duration  of  about  100  milliseconds,  a 
peak  force  of  16,000  pounds  could  be  expected. 
The  magnitude  of  peak  force  transmission  that 
takes  place  is,  therefore,  1200  pounds. 

Vertical  force  inputs  like  that  due  to  the 
wheels  rolling  over  track  pads  have  components 
of  force  normal  to  the  arm  and  along  the  arm. 

The  normal  component  of  a  vertical  force  is 
found  to  be  the  vertical  force  magnitude  multi¬ 
plied  by  the  cosine  of  the  angle  between  the 
roadarm  and  hull.  For  the  M551  this  factor  is 
.84  under  static  conditions.  At  least  a  portion 
of  this  normal  force  will  be  transmitted  to  the 
vehicle  hull  if  the  assembly  design  does  not 
take  into  account  the  center-of -percussion 
principle. 

As  previously  stated,  for  the  M551,  a  calcula¬ 
ted  radius  of  gyration  for  the  roadarm  -  road¬ 
wheel  assembly  is  6.5  inches.  Assume  also 
that  this  is  the  distance  from  the  center  of 
rotation  to  the  center  of  mass,  a  minima  for 
shock  transmission.  The  length  between  centers 
of  rotation  and  percussion  is  designed  to  be 
12  inches.  Therefore,  k  =  .292,  c  =  .542, 
c2  =s  ,292.  Substituting  these  values  into 
equation  (3)  yields: 

(7)  Mx  =  Ma  (.166-a)+(a2  -  .5a+.0278)^ 

2a 

If  the  mass,  is  added  to  the  roadwheel, 
then  the  inertia  about  its  center  of  mass,  1^^, 
can  be  ignored  because  it  contributes  only  as  a 
point  mass  to  the  total  inertia  about  the  road¬ 
arm  center  of  rotation.  This  condition  is  ex¬ 
pressed  for  a  =  0.  Therefore, 

=  .25Ma 

Twenty-five  percent  of  the  roadarm  assembly 


mass  added  concentrically  to  the  roadwheel  will 
satisfy  the  constraint  equation  for  the  present 
design.  This  weight  is  approximately  38  pounds 
for  one  of  the  assemblies.  (These  values  were 
computed  for  discussion  purposes  only  and  are 
not  to  be  regarded  as  design  Information.  De¬ 
sign  data  should  be  obtained  directly  from  hard¬ 
ware  or  from  a  detailed  analysis  of  each  assem¬ 
bly  design.) 

FINDINGS 

An  ideal  suspension  system  is  one  that 
isolates  the  hull  body  from  all  external  ter¬ 
rain  and  track  loads.  The  component  of  im¬ 
pulse  that  the  suspension  system  does  not  ab¬ 
sorb  must  be  absorbed  by  the  vehicle  hull.  This 
energy  is  converted  into  hull  noise  and  vibra¬ 
tion.  As  a  minimum,  7.7  percent  of  impulse 
forces  is  not  absorbed  by  the  M551  suspension 
system.  If  this  7.7  percent  is  a  major  con¬ 
tributor  to  the  total  energy  absorbed  by  the 
vehicle  hull;  then,  reducing  its  source  would 
substantially  reduce  the  amount  of  hull  vib¬ 
ration  and  noise  experienced  inside  this  ve¬ 
hicle. 

CONCLUSION 

Application  of  the  percussion  principle 
can  minimize  the  transmission  into  the  vehicle 
hull  of  force  components  normal  to  the  roadarm. 

IMPLICATIONS 

To  reduce  to  a  minimum  the  vehicle  noise 
and  vibration  transmitted  to  the  hull  from 
track  and  terrain  profiles,  it  might  be  de¬ 
sirable  to  incorporate  a  mechanism  that  would 
insure  that  at  least  most  of  the  forces  are 
normal  to  the  roadarm.  The  suspension  system 
would  have  the  capacity  to  adjust  itself, 
changing  the  angle  between  roadarm  and  hull,  to 
an  optimum  value  of  minimum  force  transmission. 

Although  not  specifically  addressed  in  the 
discussion,  another  source  of  noise  and  vib¬ 
ration  is  the  idler  wheel  for  the  track  assem¬ 
bly.  It  is  caused  by  a  phenomenon  commonly  call¬ 
ed  ‘'chordal  action"  to  those  familiar  with 
track  laying  vehicles.  Possibly  a  pendulus 
idler  wheel  designed  using  the  center-of-per- 
cussion  principle  could  reduce  this  source  of 
noise  and  vibration,  as  well. 
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DISCUSSION 


Mr.  Forkois  (Naval  Research  Laboratory) :  I 
think  the  center  of  percussion  is  another  term 
for  the  location  of  the  distance  of  the  radius 
of  gyration. 

Mr.  Us tick;  Yes. 

Mr.  Forkois;  That  goes  way  back  to  the  mechanics 
I  had  in  1932,  I  believe. 

Mr.  Balke  (Bell  Helicopter) :  I  think  you  are  to 
be  congratulated  for  moving  so  quickly  from 
experience  into  application.  Sometimes  we  tend 
to  lag  in  bringing  our  ideas  forth.  We  have 
used  similar  techniques  in  the  helicopter  to 
isolate  rotor  forces  from  the  fuselage  using 
the  center  percussion  technique  and  found  it 
very  successful.  However  there  we  are  dealing 
primarily  with  a  single  sinusoid  of  essentially 
fixed  frequency.  You  have  quite  another  task 
in  the  road  terrain.  We  find  a  requirement  for 
a  spring  about  the  point  of  rotation  for  static 
requirements.  I  suspect  that  you  would  find 
a  similar  requirement.  When  we  apply  this 
spring  to  the  system,  the  effective  point  of 
rotation  moves  as  a  function  of  frequency  of 
application.  Considering  the  random  vibrations 
from  the  road,  I  think  you  might  have  quite  a 
problem  in  optimizing  is  this  correct?  Do  you 
have  a  requirement  for  spring  restraint? 


Mr.  Ustick;  I  really  haven't  analyzed  that 
problem  at  all,  and  I  thank  you  bringing  it 
up.  I  can  consider  it. 

Mr.  Askin:  Has  anything  been  done  at  your 
agency  to  implement  this  idea? 

Mr.  Ustick:  I  submitted  the  idea  to  our  track 
and  suspension  laboratory.  They  reviewed  it 
and  like  the  idea.  However,  at  the  time  they 
said  there  just  weren't  sufficient  funds  to  do 
any  development  work  on  it. 
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SYNCHRONIZATION  AND  PHASE  ANGLE 
OF  TWO  UNBALANCED  ROTORS 


Mario  Paz 

University  of  Louisville 
Louisville,  Kentucky 

and 

P.  H.  Schrader  and  R.  L.  Blackmon 
Vibrating  Equipment  Div. ,  Rexnord  Inc. 
Louisville,  Kentucky 


The  problem  of  predicting  the  phase  angle  of  two- 
synchronized  unbalanced  rotors  is  presented.  It  is 
shown  that  the  use  of  Hamilton's  Principle  permits  the 
determination  of  the  magnitude  of  this  angle  as  well  as 
the  necessary  condition  for  a  stable  solution.  The  the¬ 
oretical  results  for  self-synchronization  of  two  unbalanced 
rotors  are  applied  to  a  system  for  the  whole  range  of  the 
pertinent  parameters.  The  conclusions  of  this  analysis 
are  corroborated  by  experiments  conducted  on  a  test  unit 
in  the  study  of  this  problem. 


INTRODUCTION 

Rectilinear  vibration  required  in 
some  types  of  mechanical  equipment  such 
as  vibrating  feeders  and  conveyors  may 
be  produced  by  two  synchronized  motors 
having  eccentric  weights  rotating  in 
opposite  directions.  The  condition  for 
self-synchronization,  as  well  as  the 
phase  angle  maintained  by  the  rotors, 
has  been  investigated  for  simplified 
cases  by  Blekham  1  for  one  directional 
motion  and  by  Paz  2  for  two  direc¬ 
tional  motion.  These  developments  gave 
solutions  prescribing  the  conditions 
for  self-synchronization  but  did  not 
analytically  predict  the  stable  phase 
angle  or  the  resultant  direction  of 
motion . 

The  purpose  of  this  paper  is  to 
extend  the  scope  of  the  previous  work 
to  include  the  general  case  of  plane 
motion  of  any  mechanical  system  sub¬ 
jected  to  the  driving  action  of  two 
unbalanced  rotors.  With  this  extension 
it  is  possible  to  predict  analytically 
the  stable  phase  angle  and  the  direc¬ 
tion  of  the  resultant  force  of  any 
two  rotors  with  parallel  axes  of 
rotation.  Development  of  the  general 
solution  for  plane  motion  of  two 


unbalanced  rotors  permits  further  ex¬ 
tension  of  the  scope  of  the  theory  to 
incorporate  the  following  factors:  (1) 
systems  with  more  than  two  unbalanced 
rotors,  (2)  systems  with  rotors  in  any 
orientation  in  space,  (3)  effect  of 
dissipative  forces  (damping)  in  the 
synchronization  of  rotors  and  stability 
of  the  phase  angle. 

These  extensions  have  applications 
in  mechanical  vibrators  which  are 
used  for  packing,  screening,  and  con¬ 
veying  materials  and  in  similar  opera¬ 
tions.  Ability  to  determine  analyti¬ 
cally  the  conditions  for  self¬ 
synchronization  of  large  mechanical 
systems  would  produce  more  efficient 
designs.  Furthermore,  the  possibilities 
for  extensions  of  rotors  to  military 
craft,  such  as  torpedos,  constructed 
with  two  or  more  rotors  are  subjected 
to  the  principle  of  self-synchronizatioh . 
When  built,  rotating  parts  of  these 
crafts  contain  small  imperfections 
which  produce  mass  eccentricity  and 
cause  these  parts  to  act  as  unbalanced 
rotors . 
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EQOOTIONS  OF  MOTION 


MOO 


The  method  presented  herein  is 
general  and  may  be  applied  to  any  mech¬ 
anical  system  driven  by  the  unbalanced 
rotors.  However,  for  clarification  it 
is  is  expedient  to  refer  the  explanation 
to  a  specific  example.  Figure  1  shows 
the  diagram  of  a  rigid  body  of  mass  M, 
and  moment  of  inertia  I  constrained  to 
plane  motion  and  mounted  on  resilient 
elements.  As  shown  by  Thomson  (3) , 
the  two  unbalanced  rotors  rotating  in 
opposite  directions  produce  forces  of 
magnitude  equal  to 

F  =  m*  ew^ 
o 

where  m'  is  the  unbalanced  mass,  e  the 
eccentricity,  and  oj  the  angular  velocity 
of  the  rotors. 

The  problem  is  first,  to  demon¬ 
strate  that  the  rotors  maintain  a 
constant  phase  angle,  and  secondly,  to 
predict  the  value  of  this  angle.  The 
equations  of  motion  for  the  system  shown 
in  Fig.  1  are  obtained  by  applying 
Newton's  law  of  motion  in  terms  of  the 
coordinates  X,  Y  of  the  mass  center  and 
the  angle  of  rotation  a  and  are  given 
in  matrix  notation  by  Eq,  (1) . 

[M]  {X}  +  [K]  {X}  =  {Q}  (1) 

where 

{Q}  =  [F]  {T}  (2) 


Fig.  1.  Model  of  a  rigid  body  mounted  on  resilient 
elements  and  acted  upon  by  two  eccentric 
rotors . 
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X 


{X} 


(7) 


and  {x}  the  corresponding  acceleration 
vector. 

PRINCIPAL  COORDINATES 


In  Eq,  (13)F2;j  designates  the 
elements  of  the  matrix  given  by  Eq.  (5) 
The  modal  differential  equation  is  writ¬ 
ten  as 


M„Y  +  K  Y 
n  n  n  n 


(14) 


The  steady-state  solution  of  Eq.  (14) is 
given  by 


It  is  advantageous  to  transform  the 
generalized  coordinates  in  Eq.  (1)  to 
principal  coordinates.  It  is  well  known 
that  when  presented  in  terms  of  the 
latter  coordinates  the  equations  of 
motion  are  uncoupled;  that  is,  each 
equation  contains  only  one  of  the 
dependent  variables.  The  procedure  is 
to  set  the  second  member  in  Eq .  (1) 

equal  to  zero  and  to  solve  the  resulting 
eigenvalue  problem.  The  eigenvalues  are 
then  equal  to  the  square  of  the  natural 
frequencies  toi^,  and  0)3^.  The  cor¬ 

responding  eigenvectors  may  be  arranged 
in  the  columns  of  the  modal  matrix  as 


= 


Y  = 
n 


K  -M  oj 
n  n 


I  Pj^j^sinwt+P^^cosojt 


+'E>^^cos  (a)t+6)]  (15) 


Equation  (15)  presupposes  the  existence 
of  a  constant  phase  angle  between  the 
rotors.  In  order  to  determine  the 
value  of  this  angle  as  well  as  to 
ascertain  its  stable  condition,  use  is 
made  of  Hamilton's  principle.  This 
principle  states  that  a  conservative 
system  moves  from  time  ti  to  time  ta  in 
such  a  way  that  the  integral  of  the 


1 

(j)  1  2 

(p  1  3 

Lagrangian 

function 

4>2  1 

4>Z  2 

4>2  3 

(8) 

I  = 

3  1 

(p3  2 

(p  3  3_ 

^  Ldt 

t  1 

(16) 

The  eigenvalues  and  eigenvectors 
are  then  used  in  computing  the  modal 
masses,  spring  constants,  and  forces  as: 


'n=  I 


rn 


(9) 


has  a  stationary  value  which  is  a 
minimum  for  a  stable  condition.  This 
condition  is  expressed  mathematically 
as  the  variation  of  the  integral  in  Eq. 
(16)  equated  to  zero;  that  is. 
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and 


=  M  CO  ^ 
n  n  n 


^n  ^  ^r  ^rn 


(10) 


(11) 


(for  n  =  1,  2,  3) 


The  substitution  of  Q  from  Eqs.  (2) 
(5),  and  (6)  into  Eq.  (11)  results  in 
the  following  expression  for  modal 
forces 


r 


6Ldt 


(17) 


The  Lagrangian  function  in  terms  of  the 
principal  coordinates  is , 


L  =  21/2  M  J  1/2  (18) 

n=l  n=l 


Substituting  the  Lagrangian  func¬ 
tion  from  Eq.  (18)  into  Eq.  (17)  and 
taking  the  variation  during  a  cycle 
(ojt  =  2it)  with  respect  to  the  parameter. 
0  results  in 


Pi 

P2 

P3 


Pi  1  Pi  2  Pi  3 
P21  P22  P23 
_P31  P32  P33 


P  1  4 
P2  4 
P  3  4 


sinwt 
cosojt 
sin  {(jot+e) 
cos  (a)t+0 ) 


where 


ri 


(12) 


(13) 


2^ 


SI  =  /(O 

0 


9Y 

1 
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-60)dt  (19) 


Finally,  the  substitution  of  Yn  and 
its  derivative  Y^  from  Eq.  (15)  into  Eq. 
(19)  and  performing  the  integrations 
will  simplify  to  the  following  expres¬ 
sion 
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jj=l{Y^nl^n3'^^n2^n4 
36  K^  - 


_  y  ^n2^n3  ^nl^j  ^  0  (20) 

^  K  -M  w 
n  n  n 

From  Eq.  (20)  the  phase  angle  0  is  given 
by 


tan0= 


f  ^n2^n3  ^nl^n4 

Y  ^nl^n3'''^n2^n4 
n=l 


(21) 


Equation  (21)  provides  two  solu- 
tions  for  the  phase  angle  of  synchroni¬ 
zation  0.  To  ascertain  which  of  these 
solutions  minimizes  the  integral  I  in 
Eq.  (17)  it  is  necessary  to  examine 
the  second  derivative,  namely, 


COS0 


TT  ^nl^n3  ^n2^n4 

I  '  ^n:i^n4  j 

^  TC  -  M  (0^ 
n  n  n 


(22) 


iV  positive  result  for  the  second  deriva¬ 
tive,  evaluated  for  a  root  of  Eq.  (21) , 
indicates  a  minimum  value  of  the  inte¬ 
gral  I  in  Eq.  (17).  This  condition 
yields  a  stable  solution  for  the  system 
under  consideration. 


COMPUTER  PROGRAM!  ' 

The  flow  diagram  of  a  computer 
program  developed  to  calculate  the 
phase  angle  of  two  unbalanced  rotors 
mounted  on  an  elastic  system  is  as 
follows : 


Start 


EXPERIMENTAL  INVESTIGATION  OF  SELF- 
S  YN  CH  RON  I Z  AT  I  ON 

Experiments  on  self -synchronization 
were  conducted  by  Paz  [2]  on  a  system 
consisting  of  a  frame  supporting  two 
electric  motors  with  their  axes  hori¬ 
zontally  aligned.  The _ frame  itself, 
which  has  a  parallelopiped  external 
shape,  is  mounted  to  a  rigid  foundation 
through  airbag  springs  located  at  all 
four  sides  and  parallel  to  the  axes  of 
the  two  motors.  Equal  eccentric  masses 
are  attached  to  the  axes  of  the  two 
motors  which  are  connected  electrically 
to  run  in  opposite  directions.  The 
system  constructed  conforms  to  the  model 
represented  in  Fig.  1,  except  that 
the  two  motors  have  their  axes  aligned 
as  shown  in  Fig.  2.  This  arrangement 
avoids  the  development  of  a  couple  when 
the  rotor  phase  produces  a  horizontal 
motion. 


I 


d 

M 

^  %  - 
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Fig.  2.  Experimental  system  driven  by 
two  self-synchronized  rotors. 


By  changing  the  air  pressure  of 
the  airbag  springs  at  the  top  and 
bottom  (Ky)  or  at  the  sides  of  the 
frame  (Kx)  it  is  possible  to  tune  the 
system  to  frequencies  belov;  or  above  the 
resonant  condition  in  either  of  the  two 
directions . 

The  system  constructed  has  the  fol¬ 
lowing  characteristics :  weight  of 
supporting  frame  and  motors  (Mg=407#) , 
eccentricity  of  rotors  (mge=2 . 4  #-in) , 
airbag  springs  of  the  air  mount  type, 
having  a  total  spring  constant  for  a 
pair  of  opposite  springs  given  by 

K  =  2  (100. P  +  960.)  #/in  (23) 

where  P  =  pressure  of  the  airbags 
(p.s.i.) ,  electric  motors  are  1  HP  in¬ 
ductive  type. 

The  natural  frequencies  of  the  sys¬ 
tem,  in  radians  per  second,  in  the  X 
or  Y  directions  are  given  by  the 
following  relations : 
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TABLE  II 


Setting  the  natural  frequency 
equal  to  the  nominal  frequency  of  the 
motors  (900  RPM)  and  solving  Eq.  (24) 
for  the  spring  constant  result  in 
k  =  9300  #/in.  which,  when  replaced 
in  Eq.  (23) ,  gives  a  value  of  the 
resonant  pressure  =  41.70  psi. 

A  series  of  experiments  have  been 
run  at  different  pressures  in  the 
horizontal  and  vertical  airbag  springs, 
and  the  directions  of  the  motion  of  mass 
M  were  recorded.  It  was  observed  that 
the  rotors  maintain  a  definite  synchro¬ 
nization,  producing  either  a  vertical 
or  horizontal  motion,  and  that  the 
direction  depends  on  the  relative 
values  of  the  pressures  ,  P  and  the 
resonant  pressure  P^  =  41^7  pXi.  The 
experimental  observations  are  summar¬ 
ized  in  Table  I. 


TABLE  I. 

OBSERVED  SELF-SYNCHRONIZATION 
FOR  SYSTEM  IN  FIG.  2 


Case 

Relative  Values  for 
Pressures  in  the  Airbags 
and  Resonant  Pressure 

Observed 

Motion 

1 

P  <  P  <  P 

X  y  r 

Hori zontal 

2 

P  <  P  <  P 
y  X  r 

Vertical 

3 

P  <  P  <  P 
y  r  X 

Horizontal 

4 

P  <  P  <  P 

X  r  y 

Vertical 

5 

P  <  P  <  P 
r  X  y 

Horizontal 

A 

A 

Vertical 

From  Eqs.  (23)  and  (24)  it  is  seen 
that  pressures  Px^  Py  amd  P^-  in  the  in¬ 
equalities  of  Table  I  could  be  replaced 
by  corresponding  inequalities  in  the 
natural  frequencies  f  Wy  and  by  the 
resonant  frequency  w  =  94  rad/sec.  In 
Table  II  these  inequalities  are  shown 
after  dividing  the  expressions  by  the 
resonant  frequency  to. 


SELF-SYNCHRONIZATION  FOR  THE  SYSTEM  IN 
FIG.  (2)  IN  TERMS  OF 
RELATIVE  FREQUENCIES 


Case 

Frequency  Relations 

Observed 

Motion 

1 

W  /(iO  <  OJ  /w  <  1 

X  y 

Horizontal 

2 

(jO  /W  <  03  /W  <  1 

Vertical 

3 

03^/03  <  1  <  03^/03 

Horizontal 

4 

03^/03  <  1  <  03^/03 

Vertical 

5 

1  <  03^/03  <  03y/a3 

Horizontal 

6 

1  <  03^/03  <  03^/03 

Vertical 

The  observed  motion  of  mass  M,  as 
a  function  of  the  frequency  ratios 
Wx/o)  and  wy/o),  is  shown  graphically  in 
Fig.  3  where  the  corresponding  values 
of  the  phase  angle  0  are  also  indicated. 


Fig.  3.  Pictorial  representation  of 

the  phase  angle  between  rotors 
for  the  system  in  Figure  2 . 
(Horizontal  and  vertical 
arrows  indicate  direction  of 
resultant  motion.) 


These  experimental  results  agree 
entirely  with  the  theory  presented. 

The  system  shown  in  Fig.  2  has  two 
natural  frequencies  given  by  Eq.  (24) 
and  has  corresponding  eigenvectors  (1, 
0)  and  (0,  1).  In  this  case  the  modal 
forces  are 


sinwt 


coswt 
sin  (a3t+0 ) 
cos  ((jOt+0) 


(25) 
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When  the  appropriate  substitutions 
are  made  in  Eq.  (21) ,  it  is  found  that 
01  =0Oand  02  =  180°  are  the  roots  of 
this  equation.  For  this  example,  the 
second  derivative,  Eq,  (22),  reduces  to 
the  following  expression 


=  Spring  constants 

=  Spring  constant  in  the  x  direction 
=  Spring  constant  in  the  y  direction 
=  Mass  moment  of  inertia 


=  -  F  ‘ 
OJ  o 


- z^-2tv — 2 (26) 


since  for  the  root  0i  =  0°  the 
cosine  is  positive,  it  follows  that 
for  a  stable  phase  angle  the  other 
factor  in  Eq.  (26)  should  also  be  posi' 
tive;  that  is 


“v  •  < 


(o)  ^  -  10^  )  (u  ^ 

X  y 


For  the  second  root,  82  =  180  , 
the  cosine  is  negative  and  consequently 
a  stable  condition  requires 


Lagrangian's  function 
Mass  of  a  rotor 
Mass  of  body  in  Fig.  2 


Angular  velocity  rotors 


=  Natural  frequency  in  x  direction 

=  Natural  frequency  in  y  direction 

=  Horizontal  displacement  center  of 
mass 

=  Vertical  displacement  center  of 


(jO  ^  “  W  ^ 

y  X _ 

(OJ^^  -  w^)  (w^^  -  03^) 


=  Phase  angle 

=  Angular  displacement  of  M 


It  can  be  seen  that  conditions 
stated  by  Eqs.  (27)  and  (28)  for  a 
stable  phase  angle  of  0°  or  180°  are 
corroborated  by  the  results  observed  in 
the  experiments  and  are  shown  pictorial- 
ly  in  Fig.  3. 


CONCLUSIONS' 

The  general  case  of  self¬ 
synchronization  of  two  unbalanced  rotors 
has  been  presented.  It  has  been  shown 
that  the  application  of  Hamilton's 
principle  to  this  problem  permits  deter¬ 
mination  of  the  value  of  the  phase  angle 
and  the  stability  condition  for  synchro¬ 
nization.  Theoretical  results  have  been 
verified  by  experimental  work  conducted 
on  a  simplified  experimental  model. 
Further  investigation  both  theoretical 
and  experimental  is  required  to  extend 
the  scope  of  the  work  presented  to  in¬ 
clude  more  general  cases  of  self¬ 
synchronization  of  unbalanced  rotors. 


(j) .  .  =  Modal  displacement 
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NOMENCLATURE 

Symbols  are  defined  where  they  are 
first  introduced  in  the  text  and  are 
also  defined  here  for  convenience. 


e  =  Eccentricity  of  rotors 
g  =  Acceleration  of  gravity 
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An  experimental  study  of  the  natural  frequencies  and  mode  shapes  of 
glass-epoxy  composite,  plates  tested  in  a  cantilever  configuration  is 
presented.  The  experimental  data  has  been  compared  with  an  existing 
analytical  computer  solution  for  anisotropic  plates  considering  such 
variable  geometrical  parameters  as  aspect  ratio,  angle  ply  orientation, 
and  ply  thickness.  In  the  experimental  program  thirty  composite  mate¬ 
rial  plates  consisting  of  4,  8,  and  16  plies  of  glass  epoxy  material 
have  been  tested.  Natural  frequencies  and  corresponding  mode  shapes 
have  been  determined  for  each  of  the  plates.  Excellent  agreement  was 
found  between  experiment  and  analytical  predictions  within  a  controlled 
frequency  range. _ 


INTRODUCTION 


The  continued  widespread  use  of  filamentary 
composite  materials  as  structural  subsystems  and 
components  has  required  an  understanding  of  the 
response  characteristics  of  such  materials  to  a 
wide  spectrum  of  loading  conditions.  One  tech¬ 
nologically  important  area  being  considered  for 
introduction  of  such  types  of  laminated  struc¬ 
tural  composites  is  in  the  inlet  fan  stages  of 
air  breathing  propulsion  systems.  In  order  to 
establish  guidelines  for  examining  the  vibratory 
response  of  composite  fan.  blades,  information 
dealing  with  the  influence  of  various  geometri¬ 
cal  and  material  parameters  such  as  angle  ply 
orientation,  variable  aspect  ratio,  and  moduli 
mismatch  on  resultant  dynamic  characterization 
are  necessary. 

Some  previously  reported  studies  on  the  dy¬ 
namic  response  of  anisotropic  plates  have  been 
discussed  in  References  [l]  through  [5].  In 
Reference  [l],  an  analytical  model  for  predicting 
the  uncoupled  dynamic  response  of  laminated  com¬ 
posite  plates  based  upon  the  Ritz  energy  formu¬ 
lation  was  developed.  The  usual  assumptions  of 
classical  thin  plate  theory  considering  small  de¬ 
flections  were  used.  The  analytical  model  was 


compared  with  experimental  data  obtained  using  a 
mechanical  shaker  for  square  cantilever  plates 
fabricated  from  Scotchply^^^  1002  tape.  This 
analytical  model  was  also  used  by  the  authors  in 
References  [2-3]  to  examine  the  frequencies  and 
mode  shapes  of  plates  of  different  material  com¬ 
binations  and  for  different  boundary  conditions. 
Experimental  data  was  obtained  for  the  free  vi¬ 
bration  case  of  a  fully  clamped  edge  configur¬ 
ation  and  good  agreement  between  theory  and  ex¬ 
periment  was  observed.  In  Reference  [4]  the 
Ritz  method  was  extended  to  include  the  effects 
of  coupling,  and  an  analytical  solution  for  the 
case  of  a  fully-clamped  edge  plate  presented. 
Experimental  data  was  obtained  for  glass-epoxy 
composite  plates  using  a  mechanical  shaker  and 
good  agreement  was  noted  between  theory  and  ex¬ 
periment.  Most  recently  an  analytical  model 
based  upon  Galerkins  method  has  been  used  in 
Reference  [5]  to  study  the  characteristic  fre¬ 
quencies  and  mode  shapes  of  anisotropic  plates 
for  the  case  of  varying  edge  fixities.  The  ana¬ 
lytical  development  appears  to  omit  some  terms 
for  the  case  of  certain  boundary  conditions. 


/!  b  5 
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In  the  present  study  an  experimental  inves¬ 
tigation  of  the  natural  frequencies  and  mode 
shapes  of  thirty  cantilever  composite  plates 
with  varying  geometry  is  reported  on.  The 
plates  have  been  tested  over  a  frequency  range 
of  30  to  1000  Hertz  using  an  electro-mechanical 
shaker.  Plates  considered  in  the  current  inves¬ 
tigation  were  fabricated  at  the  Air  Force  Mate¬ 
rials  Laboratory  and  consisted  of  laminated 
plies  of  Scotchply(^)  1002  tape  material  with 
varying  thickness  and  aspect  ratios.  Since  the 
principal  axis  of  the  individual  plies  were  not 
geometrically  parallel  to  the  plate  edges,  the 
plates  were  anisotropic  in  varying  degrees.  An¬ 
alytical  data  on  the  characteristic  frequencies 
and  mode  shapes  in  the  present  investigation  was 
obtained  from  General  Dynamics  using  an  updated 
version  of  a  previously  reported  algorithm  based 
upon  the  Ritz  method  presented  in  References 
[1-3].  The  boundary  conditions  used  in  the  pre¬ 
sent  tests  are  those  of  a  clamped  free  plate 
which  analytically  represents  the  most  severe 
test  for  numerical  representation. 

The  natural  frequencies  and  mode  shapes 
were  calculated  for  each  of  the  plates  tested 
using  lamina  properties  determined  from  specifi¬ 
cation  sheets  furnished  by  the  fiberglass  manu¬ 
facturer  and  verified  by  experimental  data  ob¬ 
tained  for  controlled  material  samples  at  the 
Air  Force  Materials  Laboratory.  In  general, 
good  agreement  between  the  analytical  predict 
tions  and  experimental  results  were  observed 
over  a  finite  frequency  range  as  limited  by  lin¬ 
ear  plate  response  with  increasing  excitation. 

EXPERIMENTAL  INVESTIGATION 

Thirty  panels  were  tested  with  each  panel 
having  a  different  combination  of  lamina  orien¬ 
tations,  individual  thicknesses  and  varying  as¬ 
pect  ratios.  The  configurations  tested  are  in¬ 
dicated  in  Table  I  and  plate  geometry  data  pre¬ 
sented  in  Table  II.  Since  the  density  of 
ScotchplyW  1002  is  about  0.086  lb  per  cubic 
inch,  we  find  from  Table  II  that  the  mass  per 
unit  area  for  4-ply  laminate,  8-ply  laminate, 
and  16 -ply  laminate  are  respectively  8.540 
X  10"^,  1.708  X  lO"'^  and  3.416  X  lO*"^  slug  per 
square  inch. 

The  panels  were  fabricated  of  Scotchply(^) 
type  1002  tape  manufactured  by  Minnesota  Mining 
and  Manufacturing.  Since  the  individual  plate 
lamina  were  symmetrically  arranged  with  respect 
to  the  plate  center,  extensional-bending  coup¬ 
ling  was  eliminated.  The  particular  geometrical 
configurations  constructed,  however,  allowed  for 
combined  bending-twisting  interaction. 

Each  panel  was  clamped  into  a  rigid  frame 
fixture  which  was  attached  to  a  twelve  hundred 
pound  dynamic  shaker  manufactured  by  MB  Elec¬ 
tronics.  An  overview  of  the  test  equipment  is 
shown  in  Fig.  1  and  a  schematic  diagram  of  the 
equipment  used  in  Fig.  2,  The  holding  frame 
consisted  of  two  1-inch-square  by  9-inch-long 
clamping  bars  fastened  at  three  points  with 
3/8-inch  bolts  on  centers,  with  a  center  bolt 


TABLE  I 

Configurations  of  Tested  Plates 


Panel  Aspect 
Ratios 

Ply  * 

Orientations 

Total  Number 
of  Plies 

0° 

8 

1  15° 

4,  8,  16 

1,  3/4,  1/4 

+  30° 

4.  8,  16 

+  ^5° 

4,  8,  16 

*The  angle  of  ply  orientation  as  shown  in  Table 
I  is  the  angle  between  the  direction  of  fiber 
orientation  with  respect  to  a  line  prependicu- 
lar  to  the  clamped  edge. 

TABLE  II 

Plate  Geometry  Data 


Aspect 

Ratio  Panel  Dimensions 

1  7.75"  X  7,75"  X  .032",  .064",  .128" 

3/4  7.75"  X  5.82"  X  .032",  .064",  .128" 

1/4  7.75"  X  1.93"  X  .032",  .064",  .128" 


passing  through  the  clamped  edge  of  the  compos¬ 
ite  panel.  This  attachment  configuration  re¬ 
duced  the  unsupported  span  of  the  panels  to  a 
square  configuration  of  7-3/4  inches  for  the 
case  of  panels  having  an  aspect  ratio  of  one. 


Plate  excitation  was  generated  using  a  con¬ 
trolled  sweep  oscillator  with  signal  amplifica¬ 
tion;  and  response  was  monitored  on  an  adjacent 
oscilloscope.  Frequency  response  was  separately 
checked  using  a  graphic  level  recorder  synchro¬ 
nized  with  the  sweep  oscillator.  A  miniaturized 
accelerometer  was  positioned  on  each  of  the 
plate  specimens, usually  at  the  free  end  of  the 
plate,  to  locate  nodes  and  antinodes  for  the 
various  mode  shapes  recorded. 
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Figure  2  A  schematic  diagram  of  the  test  equipment 

When  the  plates  were  excited  at  a  resonant 
frequency*  the  panels  vibrated  in  a  characteris¬ 
tic  mode  shape.  This  shape  was  visually  identi¬ 
fied  using  limestone  ballast  granules  sprinkled 
on  the  surface  of  the  individual  panels.  The 
granular  material  bounced  off  the  moving  areas 
of  the  panels  and  identified  points  where  rela¬ 
tively  little  and  where  excessive  motion  could 
be  easily  observed.  At  resonant  frequencies* 
stationary  node  lines  were  formed  along  specific 
geometric  patterns.  The  granules  used  were  se¬ 
lected  for  their  visual  characteristics  against 
the  plate  background  and  for  their  weight  and 
resiliency.  When  a  resonant  frequency  was  ap¬ 
proached  having  been  identified  by  monitoring 
the  oscilloscope,  the  granules  were  sprinkled 
on  the  surface  of  the  plate,  the  power  was  then 
cut  off  and  the  resultant  mode  shape  photo¬ 
graphed.  The  frequency  sweep  was  then  advanced 
until  the  next  frequency  was  observed  and  the 
procedure  repeated.  In  some  cases  difficulties 
in  identifying  some  of  the  bending- twisting  mode 
shapes  were  noted  due  to  clamping  stiffness  of 
the  plate  in  the  vicinity  of  the  root  attach¬ 
ment  area.  This  can  be  observed  in  Figure  5 
where  a  greater  accumulation  of  granules  was 
noted  near  the  attached  end  of  the  plate. 

DISCUSSIONS  AND  RESULTS 


The  experimental  tests  reported  on  here 
were  conducted  in  order  to  obtain  information  on 
the  dynamic  response  characterization  of  compos¬ 
ite  plates  with  controlled  geometrical  parame¬ 
ters  for  use  in  conjunction  with  ongoing  plate 
impact  tests  at  the  Air  Force  Materials  Labora¬ 
tory.  Studies  based  on  the  above  results  are 
planned  to  obtain  dynamic  data  on  plates  having 
non-uniform  stiffness  properties,  thickness  var¬ 
iations,  and  varying  aspect  ratios. 


For  the  current  test  program,  a  fixed  lon¬ 
gitudinal  to  transverse  modulus  ratio  with  var¬ 
ying  aspect  ratios,  ply  thicknesses,  and  angle 
ply  orientations  was  tested.  The  reason  for 
selecting  a  variable  ply  thickness  was  as  a 
screening  procedure  for  use  in  examining  the  ex¬ 
tent  to  which  a  meaningful  response  character¬ 
ization  might  be  obtained  using  the  shaker  as¬ 
sembly  previously  described.  Some  previously 
reported  experimental  data,  indicated  in  Refer¬ 
ences  [1-3],  have  generally  been  taken  on  eight 
ply  plate  configurations.  Based  upon  present 
test  data  such  plate  thicknesses  appear  to  be 
most  suitable  for  mechanical  shaker  type  equip¬ 
ment.  This  appears  due  to  the  input  limitations 
for  which  an  essentially  linear  response,  over 
the  frequency  range  of  interest,  may  be  obtained, 
For  example,  consider  the  following  non-dimen¬ 
sional  parameter  used  in  quantifying  plate  re¬ 
sponse  data  of  the  form  phb^cu^/D,  where  o)  is  the 
response  frequency,  D  the  plate  flexural  rigid¬ 
ity,  p  the  material  density,  and  h,  b  represent 
the  plate  thickness  and  width,  respectively. 
Reference  [3].  If  we  now  consider  two  identical 
plates  of  similar  material  properties  with  only 
a  thickness  variation  and  examine  the  non-dimen¬ 
sional  parameter  ratios  with  respect  to  input- 
output  levels,  we  note  that  the  recorded  re¬ 
sponse  levels  are  proportional  to  the  square  of 
the  plate  thickness.  This  indeed  has  been  ob¬ 
served  experimentally  since  ply  thicknesses  of 
m  =  4  were  found  to  be  extremely  flexible  and 
difficult  to  obtain  experimental  data  on,  due  to 
the  large  deflections  occurring  at  or  near  a 
resonant  condition.  In  addition,  the  influence 
of  inplane  membrane  forces  and  of  any  added 
weight  to  the  plate  configuration  such  as  the 
granular  media  used  to  identify  the  mode  shapes 
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and  the  miniaturized  accelerometer  used  for  lo¬ 
cating  nodes  and  antinodes  appear  to  influence 
response  data  considerably.  On  the  other  hand, 
plates  having  ply  thickness  of  m  =  16  are  ex¬ 
tremely  stiff  and  require  considerable  input  to 
drive  at  a  resonant  condition.  In  order  to  do 
this,  one  must  overdrive  these  systems  necessi¬ 
tating  the  introduction  of  secondary  effects 
such  as  root  clamping  influences  and  frame  reso¬ 
nances  detrimental  to  obtaining  satisfactory 
mode  frequencies  and  identifying  mode  shapes. 
Therefore,  data  collected  in  the  present  test 
program  has  been  based  upon  an  eight  ply  plate 
configuration.  It  should  be  noted  that  the  non- 
dimensional  plate  parameter  previously  intro¬ 
duced  indicates  that  the  actual  frequency  varies 
linearly  with  plate  thickness  and  this  has  been 
shown  to  be  in  agreement  with  experimental  obser¬ 
vations  and  theoretical  predictions. 

The  selection  of  the  variable  angle  ply 
geometry  was  considered  to  examine  the  coupling 
influence  of  D]^5,  D25  terms  on  plate  response. 
Physically  the  presence  of  the  terms  and  D2g 

will  couple  twisting  curvature  to  normal  moment 
resultants  of  the  plate  [6].  The  bending  stiff¬ 
ness,  D^. ,  is  related  to  the  reduced  stiffness, 
Qii>  following  relation 

h/2 

“ij "  J 

-h/2 


where  the  superscript,  k,  indicates  the  of 
the  k^^  layer  of  the  laminate. 


The  values  of  for  0  degree  fiber  orien¬ 
tation  are  given  below 


[Q,j] 


5.63  0.512  0 

0.512  2.05  0 

0  0  0.8 


X  10^ 


psi 


The  values  of  for  the  cases  when  the  angle 
of  fiber  orientation  is  different  from  zero  de¬ 
gree  can  be  obtained  by  the  well-known  transfor¬ 
mation  formula  [7].  The  values  of  the  corre¬ 
sponding  bending  stiffness  D  can  then  be  ob¬ 
tained  from  Eq.  (1). 


For  a  0°  plate,  Dj^5  =  ^2^  -  0;  for  a  +  0° 
plate,  Di6  ^25  ^  0,  and  for  a  +  45°,  D15  =  025. 
The  selection  of  variable  aspect  ratios  was  con¬ 
sidered  to  examine  the  importance  of  plate  geo¬ 
metrical  shape  in  changing  frequencies  and  mode 
shapes  for  dynamic  response  calculations.  A 
tabulated  summary  of  results  for  the  first  five 
frequencies  excluding  the  fundamental  bending 
mode  and  considering  varying  aspect  ratio  and 
angle  ply  orientation  are  included  in  Table  III 
-  V  with  typical  experimental  data  for  the  cor¬ 
responding  mode  shapes  for  the  m  =  8,  +  45°  case 
shown  in  Figures  3-7.  It  should  be  noted  that 
experimental  data  has  been  included  for  the  m 
=  8  ply  configuration  only  since  for  this  case 
consistently  reproducible  data  was  collected  as 
previously  discussed.  Also,  Table  III  includes 
a  comparison  between  the  analytically  predicted 


frequencies  for  the  anisotropic  and  specially 
orthotropic  plate  configurations.  The  latter 
are  obtained  by  taking  D26  identically 

zero  for  all  angle  ply  configurations.  It  was 
observed  that  for  calculated  frequencies  up  to 
the  first  ten  values,  for  any  angle  ply  config¬ 
uration  and  plate  thickness,  the  upper  bound 
error  admitted  by  suppressing  D^g,  D26  was  less 
than  two  percent. 


Figure  3  Experimental  result  of  mode  shape  and 
natural  frequency  of  the  second  mode 
for  m  =  8  and  +  45°  symmetric  angle 
ply  square  plate 


Figure  4  Experimental  result  of  mode  shape  and 
natural  frequency  of  the  third  mode 
for  ra  =  8  and  +  45°  S3nnmetric  angle 
ply  square  plate 
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Figure  5  Experimental  result  of  mode  shape  and 
natural  frequency  of  the  fourth  mode 
for  m  =  8  and  +  45®  symmetric  angle 
ply  square  plate 


Figure  6  Experimental  result  of  mode  shape  and 
natural  frequency  of  the  fifth  mode 
for  m  =  8  and  +  45®  symmetric  angle 
ply  square  plate 

Typical  plots  of  mode  shape  change  as  ob¬ 
tained  from  analytical  predictions  for  the  m  =  8, 
+  45°  case  with  varying  aspect  ratios  are  shown 
in  Figure  8  for  the  first  six  frequencies  ex** 
eluding  the  fundamental  mode.  For  an  aspect 
ratio  of  one,  these  results  can  be  compared  with 
the  experimental  data  shown  in  Figures  3-7. 

Also  included  for  comparison  in  these  data  are 
results  obtained  when  Dx6»  ^2^  coupling  are  sup¬ 
pressed.  Note  that  aspect  ratio  scaling  has  not 
been  preserved  in  Figure  8;  however,  the  mode 
shapes  have  been  drawn  to  scale.  It  can  be  ob¬ 


Figure  7  Experimental  result  of  mode  shape  and 
natural  frequency  of  the  sixth  mode 
for  m  =  8  and  +  45°  symmetric  angle 
ply  square  plate 

served  that  in  the  fundamental  mode  (See  Table 
III-V)  the  influence  of  change  in  aspect  ratio 
has  little  effect.  For  the  higher  modes  shown 
in  Figure  8  the  frequency  increases;  however ,  no 
general  rule  as  to  the  rate  of  increase  can  be 
formulated.  Also,  there  is  a  considerable  dif¬ 
ference  in  corresponding  mode  shape  change  with 
aspect  ratio  as  the  frequency  is  increased. 

This  is  also  observed  for  the  other  angle  ply 
cases  considered.  The  suppression  of  the 
^26  terms  appears  to  have  little  influ¬ 

ence  on  the  corresponding  frequencies  but  as  can 
be  observed  considerable  influence  on  the  resul¬ 
tant  mode  shapes.  This  trend  has  also  been 
noted  for  the  other  angle  ply  laminate  consid¬ 
ered. 


As  a  separate  graphical  illustration,  re¬ 
sults  are  shown  for  a  typical  variation  of  ply 
orientation  for  a  fixed  aspect  ratio  and  ply 
thickness,  (AR  =  1,  m  =  8)  with  data  for  the 
suppressed  case  of  1^26  coupling  included. 

These  data  are  shown  in  Figure  9  again  for  the 
case  of  the  first  six  frequencies.  There  ap-t 
pears  to  be  no  discernible  change  in  natural 
frequency  with  change  in  angle  ply  orientation; 
however,  there  are  considerable  changes  in  mode 
shapes.  The  most  significant  changes  in  mode 
shape  occur  for  the  higher  modes  between  the 
cases  where  ^  T>26  ^16  “  ^26*  ^°^  each 

change  in  aspect  ratio, 

CONCLUDING  REMARKS 

On  the  basis  of  results  obtained  here  the 
following  concluding  remarks  are  made: 

(a)  Experimental  limitation  of  electro¬ 
mechanical  shakers  for  determining 
frequencies  response  to  be  30-500  Hz. 

(b)  Plates  of  ply  thickness  m  «  8  appear 
most  suitable  for  test  purposes. 
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(C) 

(d) 

(e) 


The  influence  of  orthotropy,  that  is. 


suppression  of  appears  negli¬ 
gible  in  so  far  as  determining  charac¬ 
teristic  frequencies  but  influence 


mode  shapes . 

Both  frequency  and  mode  shape  change 
with  aspect  ratio,  with  aspect  ratio 
change  particularly  important  for  the 


higher  modes. 

For  a  fixed  aspect  ratio,  the  influence 
of  ply  orientation  appears  important 
for  determining  corresponding  frequency 
and  mode  shapes.  This  is  particularly 
important  at  higher  frequencies  for 
the  cases  where  4^  D25. 


m  =  8,  +45° 

AR  =  I  AR  =  I  "  AR  =  3/4 

Anisotropic  Orthotropic 


X3  =  132.3  X3  =  132.7 


AR  =  1/4 


Xj  =  130.2 


Xj  =  651.4 


X6  =727.2 


Figure  8  Theoretical  plots  of  mode  shapes  and  natural  frequencies  for  the  second  through  sixth 
modes  for  m  =  8  and  +  45<^  with  varying  aspect  ratios 
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Table  III 

Theoretical  and  Experimental  Results  for  the  Case  of  AR  =  1 


0° 

±  15° 

+  30° 

t  45° 

m  =  8 

m  =  4 

m  =  8 

m  =  16 

m  =  4 

m  =  8 

m  =  16 

m  =  4 

m  =  8 

m  =  16 

X^(a) 

31.3 

14.8 

29.9 

60.0 

12.8 

26.1 

52.5 

10.6 

21.7 

43.6 

X^(o) 

31.3 

15.0 

30.0 

60.0 

13.2 

26.3 

52.6 

10.9 

21.8 

43.7 

X^(e) 

32.0 

15.8 

31.1 

60.0 

12.1 

24 

48.1 

11.0 

22 

44.1 

X2(a) 

56.1 

29.0 

58.8 

118.0 

30.3 

62.9 

126.9 

30.1 

63.1 

127.6 

X2(o) 

56.1 

29.5 

59.1 

118.1 

31.8 

63.6 

127.2 

32.0 

64.0 

128.0 

X2(e) 

48.0 

29.7 

60 

119.2 

28.2 

57 

114.1 

29.3 

59 

118.0 

X3(a) 

140.6 

72.4 

146.1 

292.8 

74.7 

151.9 

304.9 

65.4 

132.3 

265.3 

X3(o) 

140.6 

73.3 

146.5 

293.0 

76.3 

152.6 

305.3 

66.4 

132.7 

265.5 

X3(e) 

143.7 

82.0 

163 

326.5 

67.5 

134 

270.5 

62.4 

124 

249.0 

197.0 

93.5 

188.5 

377.7 

84.1 

173.5 

349.4 

85.4 

181.5 

368.2 

197.0 

94.5 

189.0 

377.9 

87.6 

175.1 

350.3 

92.5 

184.9 

369.9 

X^Ce) 

205 

101.2 

202 

405.0 

96.2 

192 

385.0 

97.2 

194 

389.2 

X5(a) 

233.6 

115.4 

233.1 

467.3 

112.2 

229.6 

461.8 

108.4 

219.8 

441.0 

X5(o) 

233.6 

116.9 

233.8 

467.6 

115.6 

231.3 

462.6 

110.3 

220.7 

441.4 

CD 

231 

122.0 

243 

487.2 

106.4 

211 

422.5 

105.3 

210 

421.7 

=  ti)^/2TT  Unit  in  Hertz 


(a)  Anisotropic 
(o)  Orthotropic 
(e)  Experimental 
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Table  IV 

Theoretical  and  Experimental  Results  for  the  Case  of  AR  =  3/4 


0° 

±  15° 

±  30° 

±  ^5° 

ra  =  4 

m  =  8 

m  =  16 

m  =  4 

m  =  8 

m  =  16 

m  =  4 

m  =  8 

m  =  16 

X^(a) 

31.3 

14.9 

29.8 

59.6 

13.0 

25.9 

51.9 

10.8 

21.5 

43.1 

X^(e) 

32.9 

15.8 

31.6 

63.4 

11.9 

23.6 

47.3 

10.6 

21.3 

42.7 

68.2 

36.0 

72.2 

144.7 

39.4 

78.4 

157.0 

39.7 

79.5 

160.1 

X2(e) 

63.4 

35.5 

71.1 

142.5 

39.2 

78.4 

157.2 

41.0 

81.8 

163.0 

X3(a) 

194.5 

92.7 

185.0 

371.2 

80.6 

160.6 

321.5 

66.7 

133.0 

267.0 

X3(e) 

205.6 

98.2 

195.9 

392.1 

76.1 

150.5 

301.5 

65.4 

130.6 

262.0 

223.4 

116.2 

231.5 

463.5 

125.8 

251.3 

503.2 

129.7 

258.4 

517.2 

257.0 

120.5 

240.2 

481.7 

130.5 

260.1 

521.7 

132.9 

265.3 

531.7 

X5(a) 

259.7 

133.0 

264.6 

529.7 

137.0 

273.2 

547.2 

146.0 

290.5 

582.1 

X5(e) 

271.2 

140.9 

281.7 

564.7 

145.9 

290.6 

583.0 

155.9 

310.7 

622.5 

3 

11 

'i/2TT 

Unit  in  Hertz 

(a)  Anisotropic 

(e)  Experimental 

TABLE  V 

Theoretical  and  Experimental  Results  for  the  Case  of 

AR  =  1/4 

0° 

±  15° 

+  30° 

±  45° 

m  =  4 

m  =  8 

m  =  16 

m  =  4 

m  =  8 

m  =  16 

m  =  4 

m,=  8 

m  =  16 

X^(a) 

31.2 

14.7 

29.5 

59.7 

12.6 

25.3 

50.6 

10.6 

20.9 

41.9 

X^(e) 

32.1 

14.9 

29.8 

59.9 

12.8 

25.5 

51.0 

10.6 

21.2 

42.0 

X2(a) 

164.8 

88.3 

176.2 

352.7 

89.1 

157.8 

316.0 

65.2 

130.2 

260.9 

X2(e) 

167.0 

88.7 

177.6 

353.2 

79.9 

159.8 

320.1 

66.4 

132.9 

265.0 

X3(a) 

195.6 

93.2 

188.2 

376.9 

102.7 

205.0 

410.2 

106.7 

213.2 

426.5 

X3(e) 

200.7 

97.4 

195.2 

390.0 

105.4 

210.6 

422.0 

116.7 

223.2 

446.0 

X4(a) 

524.4 

256.7 

512.0 

1030.7 

221.7 

444.3 

889.7 

184.0 

367.4 

735.0 

535.7 

263.7 

527.0 

1055.0 

230.7 

460.4 

921.0 

190.2 

380.4 

761.0 

X5(a) 

548.1 

286.0 

570.9 

1143.0 

317.0 

632.4 

1249.7 

322.0 

651.4 

1304.0 

X5(e) 

567.1 

281.0 

590.9 

1181.0 

328.7 

657.2 

1320.1 

336.1 

679.1 

1360.2 

Unit  in  Hertz 
(a)  Anisotropic 
(e)  Experimental 
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SPACECRAFT  VIBRATION  TEST  LEVEL  COST 
OPTIMIZATION  STUDY 
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A  consideration  common  to  all  nondestructive  testing  of  hard¬ 
ware  to  provide  the  necessary  confidence  in  the  design  is  the 
question  regarding  the  proper  magnitude  of  the  test  level. 

The  objective  of  this  investigation  was  to  study  the  possi¬ 
bility  of  establishing  "optimum"  vibration  test  levels  con¬ 
sistent  with  minimizing  dollar  cost.  This  investigation 
was  based  on  studying  the  influence  of  test  level  on  a 
cost  of  error  cost  model  that  reflects  the  adverse  effects 
of  "undertesting"  and  "overtesting."  For  the  assumed 
conditions  of  normal  distribution  for  the  random  variables 
and  a  protoflight  spacecraft  case,  the  results  indicated  that 
the  limits  for  an  optimum  vibration  test  factor  can  range 
between  slightly  more  than  1.0  to  slightly  less  than  1.5. 


INTRODUCTION 

When  performing  any  "not  to  des¬ 
truction"  test  designed  to  demonstrate 
the  acceptability  of  flight  design 
hardware,  a  common  question  arises 
regarding  the  proper  magnitude  of  the 
test  level.  This  question  is  prompted 
by  the  desire  to  set  the  test  level  at 
a  point  that  is  high  enough  to  provide 
a  high  level  of  confidence  in  the 
strength  of  the  design  but  not  too 
high  so  as  to  cause  unreasonable  test 
failures.  Due  to  the  complex  statis¬ 
tical  nature  of  the  problem  and  the 
unique  characteristics  associated  with 
each  testing  situation,  little  progress 
has  been  made  toward  defining  a  uni¬ 
versal  "optimum"  test  level.  There¬ 
fore,  the  objective  of  this  investi¬ 
gation  was  to  study  the  possibility  of 
establishing  optimum  vibration  test 
levels  that  would  be  compatible  with 
reducing  the  dollar  cost  of  environmen¬ 
tal  testing. 


(Ref.  1).  Most  specifically,  this 
effort  has  dealt  only  with  the  cost 
model  and  test  level  optimization 
results  from  Reference  1  that  pertain 
directly  to  the  proto-flight  program 
case.  A  proto-flight  program  by 
definition  is  a  program  where  a 
specific  spacecraft  article  will  serve 
both  as  a  prototype  and  a  flight  model. 
In  addition,  all  the  random  variables 
were  assumed  to  be  normally  distributed. 

The  cost  model  from  Reference  1 
is  derived  from  the  cost  of  error  view¬ 
point.  That  is,  the  model  is  the  sum 
of  the  expected  cost  resulting  from  an 
overtest  and  the  expected  cost  resulting 
from  an  undertest.  This  cost  model  is 


C 


1  RT 


P  C 
2  F 


(1) 


where, 

C  =  total  expected  cost  for  both 
overtesting  and  undertesting 


The  basis  for  this  investigation 
was  a  cost  model  and  test  level  optim¬ 
ization  study  done  by  Piersol  &  Maurer 
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c 


RT 


cost  resulting  from  a  test 
failure 


C 


F 


cost  resulting  from  a  service 
failure 


P 


1 


probability  of  experiencing 
an  overtest 


P 


2 


probability  of  experiencing  a 
service  failure  (undertest) 


In  Reference  1,  the  above  cost  model 
was  minimized  with  respect  to  the  test 
level.  This  resulted  in  an  optimum  test 
level  expressed  in  terms  of  the  per¬ 
centile  of  the  environment  statistical 
distribution.  The  general  expression 
for  the  optimum  test  level  percentile 
was  derived  to  be 


X 

o 


100 


F 


(2) 


Figure  1  shown  below  presents  a  plot 
of  Equation  (2) . 


Crt  /  COST  OF  TEST  FAILURE  \ 
Cf  V  COST  OF  SERVICE  FAILURE  / 


Fig.  1  -  Optimal  Test  Level  vs.  Cost 
Ratio 


It  is  to  be  noted  that,  although 
the  expected  cost  expression  in 
Equation  (1)  is  a  function  of  both  the 
strength  and  environment  distributions 
and  the  relative  spread  between  the  two, 
the  derived  optimal  test  level  is  a 
function  of  only  the  environment  dis¬ 
tribution.  The  individual  minimized 
overtest  and  undertest  cost  relations 
are  functions  of  both  distributions 
and  their  separation,  but  when  added, 
the  strength  distribution  is  a  common 
term  that  is  eliminated . 

Several  other  observations  should 
be  noted  about  the  approach  used  in 
Reference  1  which  in  turn  applies  to 
this  study.  First,  the  results  are 
valid  for  any  type  of  environmental 
loading  condition  where  the  load  level 
is  the  only  essential  environment 
variable  and  where  it  can  be  expressed 
in  terms  of  a  statistical  distribution 
with  known  parameters.  Time  of  loading 
application  is  not  considered  as  a 
variable  due  to  assigning  that  either 
time  is  not  significant  or  that  the 
actual  service  exposure  duration  is 
being  simulated  in  real  time. 

Since  the  practice  for  establish¬ 
ing  qualification  environmental  test 
levels  is  often  to  multiply  the  maxi¬ 
mum  expected  flight  levels  by  a  test 
factor,  the  need  was  felt  to  study  the 
optimum  test  level  in  terms  of  this 
test  factor  procedure.  Additionally, 
it  was  considered  to  be  of  value  to 
investigate  the  sensitivity  of  the 
optimum  test  level  and  the  expected 
cost  to  parameter  variations.  The 
remainder  of  this  report  presents  the 
details  of  how  this  study  was  performed 
and  a  discussion  of  the  results. 

FORMULATION  OF  COST  MODEL  STUDY 

The  mathematical  relationship 
studied  was  the  cost  model  in  Equation 
(1)  rewritten  slightly  as  follows: 

^RT 

C/Cp  =  Pi  (Cp  )  +  ^2* 

The  investigation  considered  the 
effects  of  changes  in  the  parameters 
P_  (probability  of  overtest) , 
(probability  of  flight  failure) ,  and 

C  /C  (cost  ratio)  on  the  normalized 
RT  F 
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expected  cost  of  error  •  The  probahil- 
ities  and  are  defined  as. 


O 

P2  =  J  [1-Pg(s)]fg(s)ds 
L 

where, 


Fg{s)  =  j  f^(e)de  =  P  [E  <  s] 
o 

fg(e)  =  probability  density 

function  of  the  flight 
environment 


fg(s)  =  probability  density 

function  of  the  space¬ 
craft  strength 

L  =  test  level. 


Dealing  with  the  normalized  cost 
expression  in  Equation  (3)  is  particu¬ 
larly  attractive  because  knowledge  of 
absolute  costs  is  not  required ,  Only 
the  ratio  of  retest  cost  to  flight 
failure  cost  is  required  information. 

As  stated  earlier,  this  study 
assumed  the  environment  and  strength 
random  variables  to  be  normally  dis¬ 
tributed  .  With  this  assumption,  the 
statistical  variables  can  be  pictured 
as  shown  below. 


where, 

\jl  =  service  environment  mean 
El 

a  =  service  environment  standard 
deviation 

specimen  strength  mean 

specimen  strength  standard 
deviation 

n  =  factor  that  establishes  the 

flight  loads  probability  level 

D.F.  =  design  factor  that  multiplies 
the  flight  loads  to  establish 
the  specimen  strength  mean 

T.F.  =  test  factor  that  multiplies 

the  flight  loads  to  establish 
the  qualification  test  level 
(L)  . 

As  shown,  the  relationship  between 
the  test  level,  L,  and  the  test  factor, 
T.F.,  is 


L  =  T.F.  CHg  +  no^]  .  (4) 


Based  on  an  assumed  normal  dis¬ 
tribution  for  the  random  variables, 
the  solution  for  the  normalized 
expected  cost  of  error  in  Equation  (3) 
will  be  a  function  of  the  following 
nond ime  ns ion  a 1  terms : 


D.F.,  and  C/C„ 
'  RT  F 


As  stated  earlier,  Reference  1 
derived  an  optimum  test  level  percentile 
X  ,  that  produces  a  minimum  normalized 
expected  cost  C/C  =  (C  C  ) ,  To 
actually  compute  value  of 

X  ,  which  is  in  terms  of  percentile  of 
tBe  environmental  load  distribution 
(F^) ,  must  be  converted  into  the 
equivalent  number  of  standard  deviations 
k  .  The  optimum  test  level  can  then 
be  expressed  as  =  |a  +  k^  ,  The 
value  of  (C  /C^)  can  then  be  computed 
as  indicates  in  the  preceding  para¬ 
graphs  , 


One  can  now  form  the  ratio, 
(C/C  ) 

(C~7§  )  ®  function  of 
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n,  and  D.F. 


T.F.,  C  /C  , 

This  ratio  (C/C^) ,  represents  a  measure 
of  the  deviation  of  the  cost  of  error 
from  the  minimum  for  specific  values 
of  the  nondimens ional  parameters.  In 
addition,  the  quantities  P  (probability 
of  overtest)  and  P  (probability  of 
flight  failure)  and  the  normalized 


forms  P- 


and  P, 


can  be  studied 


'Vl.5 


(Vl.5 


The  terms  (P^) ^  ^  and  (P^) ^  ^  are 
the  respective  probabilities  corres¬ 
ponding  to  a  test  factor,  T.F.,  of  1.5. 


PARAMETRIC  STUDY  RESULTS 


The  results  obtained  emphasize 
both  the  effects  of  variation  in  the 
test  factor,  T.F.,  from  the  nominal 
1.5  value  and  the  magnitude  of  the 
optimized  test  factor,  (T.F.)^,  as  a 
function  of  the  cost  ratio,  Com/Cp/ 
and  the  other  pertinent  variables . 
Figures  3-7  present  plots  of  cost  of 
error  deviation,  (C/C^)  ,  vs.  test 
factor,  T.F.,  as  a  function  of  the 
nondimens  ional  variables  ij^/a  ,  ^  /a^, 

C  /C  ,  n,  and  D.F.  Figures  3-5 
illustrate  the  sensitivity  of  the 
optimum  test  factor,  (T.F.)^,  occurring 
at  the  minimum  points  on  the  curves,  to 
variations  in  C  /C  (Figure  3), 
fi  /CT  (Figure  4y,  and  n  (Figure  5)  . 
Figures  6  and  7  illustrate  the  total 
insensitivity  of  (T.F.)^  to  changes  in 
^  /a  and  D.F.  This  insensitivity  is 
not  at  all  unexpected  as  can  be  seen  by 
inspecting  Equations  (1)  and  (2)  .  In 
fact,  from  those  equations,  the 
following  expression  for  (T.F.)  can  be 
derived. 


(T.F.) 


o 


1  +  n  a  /|j 


E 

E 


(5) 


Figures  3-7  also  serve  the  purpose 
of  providing  a  picture  of  the  penalty 
paid  when  "off  optimum"  testing  is 
performed.  For  example.  Figure  3  shows 
that,  for  the  C  /C^  =  -0001  case,  a 
test  performed  with  T.F,  =  1.2  instead 
of  (T.F.)  =  1.4  will  result  in  an 

excessive°cost  factor  of  4. 

To  further  investigate  the  optimum 
test  factor.  Equation  (5)  was  plotted. 


as  shown  in  Figure  8  for  bounding 
values  of  the  pertinent  parameters. 

For  clarification,  the  factor  is 
directly  related  to  C  /C  and  hence. 
Figure  8  is  a  family  of  plots  of  (T.F.)^ 
vs .  C  /C  ,  If  one  accepts  the  values 
of  the^plotted  parameters  as  bounding 
values,  the  most  obvious  feature  of  this 
figure  is  that  a  (T.F.)  =1.5  lies  at 

an  upper  corner  of  the  bounded  area . 

It  is  recognized  that  a  test  factor  of 
1.5  has  been  used  quite  commonly  in  the 
development  of  unmanned  spacecraft . 

Additional  insight  into  the  degree 
of  reality  and  ultimate  value  of  the 
results  produced  by  this  total  cost  of 
error  model  can  possibly  be  gained  by 
studying  the  separate  behavior  of  the 
two  probability  terms  that  contribute 
to  the  total  cost  model.  Figure  9 
presents  a  plot  of  a  normalized  proba¬ 
bility  of  service  failure  vs .  test 
factor.  The  probability  of  service 
failure  at  a  test  factor  of  1.5  was 
used  as  the  normalizing  term  as  a  means 
for  illustrating  the  effect  of  deviat¬ 
ing  from  the  use  of  the  nominal  test 
factor  of  1.5.  This  plot  shows  two 
distinct  characteristics.  One  feature 
is  the  distinct  influence  of  the 
strength  parameter,  on  the 

probability  term.  As  would  be  expected, 
a  smaller  variance  in  the  strength  dis¬ 
tribution  produces  a  lower  service 
failure  probability.  The  second  feature 
is,  that  for  a  small  strength  variance, 
e.a.,  Li  /cy  =10,  the  service  failure 
probability  very  rapidly  approaches  a 
constant  level  as  the  test  factor  is 
reduced  below  1.5. 

A  plot  of  the  corresponding  normal¬ 
ized  probability  of  test  failure  vs . 
test  factor  is  presented  in  Figure  10 . 

No  unusual  trends  are  observed  in  this 
data.  A  smaller  variance  in  the 
strength  distribution  produces  a  lower 
probability  of  test  failure,  and  as 
the  test  factor  increases,  the  test 
failure  probability  shows  a  continual 
increase . 

CONCLUSIONS 

From  the  results  of  this  study, 
the  following  observations  were  made: 

(1)  The  optimum  test  factor,  (T.F.)^, 
is  a  function  of  only  C  /C  , 
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(2)  As  the  cost  ratio  C  /C^ 

increased,  (T.F.)  decreases, 
o 

(3)  As  the  environment  flight  level 
percentile  parameter,  n,  is 
increased,  (T.F.)^  decreases. 

(4)  For  cost  ratios  <  0.01  and  n  < 
2,  these  being  conditions  that 
will  encompass  the  majority  of 
situations,  an  increase  in 

4  /cJ  will  produce  a  decrease 
in  (T.F.)  .  If  is  large 

(i.e.,  >0.1)  in  conjunction 
with  a  large  n  (>2)  ,  (T.F.) 

will  increase  as 
increases . 

(5)  It  is  suggested  that  cost 

ratios,  of 

0.00001  probably  represent  the 
extreme  bounds  with  values  of 
0.01  to  0.0001  being  the  most 
likely  range.  Based  on  this 
assumption,  it  is  concluded 
that  the  realistic  limits  for 
an  optimum  vibration  test 
factor  appear  to  be  1.1  to  1.4. 

As  a  reminder,  the  results  of  this 
investigation  and  the  preceding  obser¬ 
vations  have  as  their  basis  the 
assumptions  of  a  normal  distribution 
for  the  random  variables  and  a  proto¬ 
flight  test  condition.  Application  of 
these  results  to  other  conditions  is 
not  recommended.  In  addition,  two  very 
practical  considerations  are  to  be 
satisfied  before  absolute  use  can  be 
made  of  the  information  presented  here. 
First,  possible  deficiencies  in  test 
simulation  of  the  service  environment 
could  influence  selection  of  "optim¬ 
ized"  test  levels.  Second,  and  most 
importantly,  the  input  cost  ratio  and 
statistical  descriptors  of  the  environ¬ 
ment  and  hardware  strength  are  not  data 
that  can  be  easily  specified.  Although 
the  title  of  this  report  and  the  pre¬ 
ceding  discussion  makes  reference  to 
applying  the  technique  only  to  the 
optimization  of  vibration  test  levels, 
the  results  are  valid  for  other  con¬ 
ditions  where  the  service  environment 
and  hardware  strength  are  describable 
as  normal  distributions. 
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FLIGHT  QUALIFICATION  OF  SPECIAL  EQUIPMENT 


Jerone  Pearson  and  Roger  E.  Thaller 
Air  Force  Flight  Dynamics  Laboratory 
Wright-Patterson  AFB,  Ohio  45433 


The  flight  vibration  testing  of  special  equipment  to  be  flcwn 
aboard  a  modified  C-135B  is  described,  and  the  test  results  are 
carpared  with  those  of  a  finite-element  modal  analysis  and  a 
laboratory  vibration  survey.  A  newly-developed  airborne  data 
recording  package  was  used  for  the  flight  tests.  The  vibration 
qualification  test  curves  resulting  frcm  these  quick-reaction 
flight  tests  shewed  Icwer  vibration  levels  than  predicted, 
confirming  the  adequacy  of  the  equipnent  mount  and  averting 
a  costly  redesign.  These  results  also  errphasized  that  the 
interaction  of  equipnent  mass  with  the  aircraft  structure  may 
have  a  significant  effect  on  the  aircraft  vibration  response 
and  must  be  seriously  considered  in  future  analyses  of 
airborne  systans. 


INTRODUCTION 

The  general  procedure  in  qualifying  a  new 
payload  for  its  expected  aircraft  flight 
vibration  environment  is  to  analyze  the  design 
to  predict  the  structural  vibration  modes  and 
frequencies,  to  vibrate  the  conpleted  prototype 
with  shakers  to  define  the  actual  modes,  and 
finally,  to  fly  the  payload  on  the  aircraft  to 
measure  flight  vibrations.  The  flight 
vibration  test  is  thus  the  crucial  proof  of  the 
design.  The  results  of  the  flight  vibration 
test  may  also  point  out  deficiencies  in  the 
design  or  analysis  and  show  unexpected  dynamic 
effects.  This  paper  describes  such  a  flight 
vibration  test  and  conpares  the  results  with 
the  analytical  predictions  and  the  laboratory 
vibration  survey.  This  particular  program 
involved  the  flight  qualification  of  special 
equipment  to  be  flown  aboard  a  C-135B  for  the 
Space  &  Missiles  Systems  Organization  (SAMSO) 
of  the  U.  S.  Air  Force.  The  "B"  designation 
indicates  turbofan  engines.  Although  the 
vibration  characteristics  of  the  various  models 
of  the  C-135  were  in  general  well  knewn 
[Ref.  1,2] ,  the  particular  aircraft  had  been 
extensively  modified  for  the  installation  of 
the  special  equipment,  and  therefore  the 
existing  data  were  not  totally  applicable. 


ANALYSIS  AND  LABORATORY  VIBRATION  SURVEY 

The  special  equipment  was  designed  for 
SAMSO  under  contract  and  was  to  be  located  in 
the  forward  right  section  of  the  C-135B 
fuselage,  indicated  by  the  shaded  area  of 
Figure  1.  The  equipment  was  intended  to  be 
exposed  to  the  atmosphere  during  operation, 
which  required  a  modification  of  the  fuselage 
structure  in  this  area  in  order  to  allow  the 
section  to  remain  unpressurized  during  flight. 

A  generalized  schonatic  of  the  equipment 
mount  is  shown  in  Figure  2.  The  mount  was 
designed  to  allow  motion  longitudinally  with 
respect  to  the  aircraft  fuselage  and  also  at 
right  angles  to  this  direction.  In  designing 
the  mount  to  allcw  for  these  desired  motions, 
long  jackscrews  were  used.  In  such  mechanical 
systans  seme  backlash  is  inevitable;  the  result 
is  a  decreased  correlation  between  the  linear 
analysis  and  the  vibration  survey. 

In  order  to  assess  the  dynamic  response  of 
the  mounted  equipment,  a  finite-elanent  analysis 
of  the  complete  structural  system  of  the 
equipment,  mount,  and  modified  cargo  deck  was 
performed  under  contract.  The  dynamic  model 
was  composed  of  several  substructures  to  allow 
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Fig.  1  -  C-135B  Aircraft  With  Equipnent 
IxDcation  Shaded. 


FORWARD  - ^  INBOARD 


Fig.  2  -  Generalized  Schanatic  of  Equipnent 
Mount. 


for  design  changes.  Ihe  five  substructures  were 
the  equipnent  package,  the  gimbal,  the  table, 
the  carriage,  and  the  jackscrew  and  floor. 

These  substructure  models  included  161  degrees 
of  freedon.  The  response  of  this  structural 
system  to  the  operational  random  vibration 
environment  was  determined  by  a  modal  approach. 
Two  rigid  body  modes  and  eighteen  elastic  modes 
were  included  in  the  analysis.  The  frequencies 
determined  for  these  elastic  modes  are  shewn  in 
the  second  column  of  Table  I.  The  first  column 
gives  the  major  direction  of  each  mode.  The 
detailed  modeshapes  for  these  modes  were  also 
determined,  but  for  the  purpose  of  this  paper 
the  frequency  and  the  predeminant  direction  of 
each  major  resonance  are  sufficient. 


Mode  Direction  Analysis  Vibration  Flight 


Survey 

Test 

1 

Vert, 

Lat 

45.3  Hz 

23  Hz 

23  Hz 

2 

Vert 

36 

36 

3 

Long 

52 

4 

Lat 

60.6 

5 

Lat 

70 

6 

Long 

75 

76 

7 

Vert, 

Lat 

80 

80 

8 

Lat 

85 

95 

9 

Vert 

115.7 

95 

100 

10 

Vert 

173.6 

95 

100 

11 

Long 

120 

140 

12 

Long 

160 

13 

Lat 

179.3 

14 

Long, 

Vert 

200 

15 

Vert 

220 

16 

Lat 

224.2 

Table  I.  Resonant  Frequencies  Corpared  Fran 
The  Analysis,  Vibration  Survey, 
and  Flight  Test. 


A  laboratory  vibration  survey  was  performed 
by  a  different  contractor  on  the  mount  and  dummy 
equipnent,  vhich  was  a  mass  and  monent-of-' 
inertia  model  of  the  flight  article.  Two  100- 
pound  force  electrodynamic  shakers  were  used, 
both  in-phase  and  out-of -phase ,  in  order  to 
excite  each  mode  occurring  in  the  frequency 
range  of  10  to  250  Hz.  The  resonances  observed 
are  summarized  in  the  third  column  of  Table  I. 

These  observed  frequencies  are  considerably 
lower  than  those  predicted  by  the  finite-element 
analysis.  The  vibration  test  showed  the  first 
major  resonance  at  23  Hz;  the  analysis  had 
predicted  45.3  Hz.  One  reason  called  upon  to 
explain  the  discrepancy  is  the  lack  of  allowance 
in  the  analysis  for  mechanical  backlash  in  the 
jackscrews.  The  analysis  had  also  shewn  two 
minor  resonances  in  bhe  50-60  Hz  range,  and  the 
equipnent  was  known  to  be  particularly  sensitive 
in  this  frequency  range.  The  laboratory 
vibration  survey  showed,  however,  that  these 
resonances  were  mucli  lower  in  frequency  and  were 
not  likely  to  cause  problems.  The  fact  that 
each  major  resonance  was  observed  to  occur  at 
only  50  to  70%  of  the  predicted  frequency  was 
cause  for  sane  concern  over  the  accuracy  of  the 
stiffnesses  used  in  the  finite-elanent  analysis. 
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A  second  cause  of  concern  was  the  lack  of 
knowledge  about  the  flight  vibration  responses 
of  the  modified  cargo  deck.  The  modifications 
added  a  large  mass  to  the  aircraft  structure, 
which  was  expected  to  significantly  alter  the 
vibration  responses  near  the  equipment.  It  had 
been  theorized  that  the  added  system  mass  would 
significantly  Icwer  the  vibration  levels  of  the 
KC-135A  data,  due  to  the  limited  ability  of  the 
aircraft  structure  to  generate  vibrational 
energy  sufficient  to  excite  a  large  mass 
forward  of  the  aircraft  center  of  gravity.  It 
was  difficult,  hcwever,  to  predict  the  actual 
flight  vibration  levels.  Because  of  these 
uncertainties,  a  timely  flight  vibration  test 
was  needed  to  confirm  the  adequacy  of  the 
design. 

FLIGHT  VIBRATION  TEST 

The  Air  Force  Flight  Dynamics  Laboratory 
(AFFDL)  was  contacted  by  SAMSO  and  requested 
to  perform  an  in-flight  vibration  survey  of  the 
modified  portion  of  the  fuselage  and  of 
strategic  points  on  the  equipment  mount.  The 
Flight  Dynamics  Laboratory's  Dynamics  Test 
Group  decided  to  use  an  airborne  measuring  and 
recording  package  designed  especially  for  this 
kind  of  quick-reaction  flight  test.  The 
package,  shown  in  Figure  3,  contained  12 
amplifiers  which  were  compatible  with  a  variety 
of  sensors  such  as  accelerometers,  strain  gages, 
and  microphones.  A  tape  recorder  was  included 
which  recorded  up  to  15  minutes  of  data  at  a 
tape  speed  of  30  inches  per  second.  Power 
supplies  for  all  components  used  400  Hz 
aircraft  power.  The  entire  package  weighed 
just  75  pounds  and  was  mounted  on  a  24"  scjuare 
aluminum  plate;  it  cx:cupied  a  total  volume  of 
4  cubic  feet.  In  order  to  eliminate  the  need 
for  a  calibration  flight  or  knowing  in  advance 
what  signal  levels  would  occur  in  flight,  the 
amplifiers  were  equipped  with  automatic  gain 
controls  vhich  monitored  the  signal  levels  and 
selected  the  proper  lOdB  gain  step  over  a  range 
of  70dB.  The  change  in  gain  was  nearly 
instantaneous  and  was  triggered  v\hen  the 
average  signal  level  remained  out  of  the  range 
for  0.4  seconds  or  more.  The  gain  settings 
were  recorded  on  a  separate  tape  recorder 
channel. 

Four  test  flights  were  made  for  tiiis 
program,  encompassing  the  expected  aircraft 
operating  altitudes  and  airspeeds  and  other 
possible  flight  conditions.  After  the  flights, 
the  recorded  tapes  were  flavn  to  the  AFFDL  for 
analysis.  The  data  were  analyzed  in  third- 
octave  frequency  bands,  which  were  considered 
adeqioate  for  this  test,  and  for  each  band  the 
accelerations  in  g  rms  and  the  acceleration 
spectral  densities  in  gV^z  were  cctrputed.  An 
automatic  digital  plotter  used  these  calculated 
values  to  produce  report- form  plots  directly. 


Fig.  3  -  Flight  Data  Measuring  and 
Recording  Package. 


RESULTS 

Three  flight  conditions  summarize  those 
under  which  the  equipment  will  operate.  The 
equipment  mounting  point  responses  during  the 
operating  condition  at  35,000  feet  altitude 
and  220  knots  indicated  air  speed  are  shewn 
in  Figure  4.  The  responses  are  shewn  as 
acceleration  spectral  densities  versus  third- 
octave  frequency  band.  Figure  5  shews  the 
mounting  point  responses  at  35,000  feet  and  the 
maximum  operating  speed  of  262  knots.  Figure  6 
shows  the  responses  at  the  highest  dynamic 
pressure  expected  in  the  operating  regime, 
26,500  feet  and  320  knots.  The  maximum 
responses  in  the  vertical,  lateral,  and 
longitudinal  directions  for  these  three  flight 
conditions  are  summarized  in  Figure  7,  v^iiich 
thus  represents  the  most  severe  environment  in 
which  the  equipment  would  be  required  to 
operate.  Frcm  these  data,  the  vibration  test 
envelope  for  the  operating  conditions  was 
drawn  as  shown,  allowing  a  factor  of  safety  to 
account  for  the  short  testing  times  [3] .  A 

—A  rr^. 

constant  test  spectrum  of  4  x  10  ^  /Hz  would 

be  adequate  except  for  the  high  responses 
obseirved  in  the  80-100  Hz  range  and  in  the 
1250-1600  Hz  range. 

Three  other  flight  conditions  summarize 
those  under  which  the  equipment  will  not  be 
operating;  it  must  simply  withstand  these 
conditions  without  failing.  Figure  8  shows 
the  mounting  point  responses  during  takeoff. 
Figure  9  shows  these  responses  at  26,500  feet 
and  373  knots,  and  Figure  10  shows  the 
responses  during  a  2.2g  pullup  frcm  a  dive. 
Figure  11  summarizes  the  highest  measured 
responses  of  the  equipment  mounting  points  in 
the  vertical,  lateral,  and  longitxidinal 
directions  during  these  non-operating 
conditions.  Frcm  the  data  of  Figure  11,  the 
vibration  test  envelope  for  the  non-operating 
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ONE-THIRD  OCTAVE  BAND  CENTER  FREQUENCY  -  Hz 

Fig.  4  -  Equipment  Mounting  Point  Responses 

at  35,000  Feet  Altitude  and  220  Knots. 
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3.15  10  31.5  100  315  IK  3.I5K  lOK 


ONE-THIRD  OCTAVE  BAND  CENTER 
FREQUENCY -Hz 

Fig.  6  -  Equipment  Mounting  Point  Responses 

at  26,500  Feet  Altitude  and  320  Knots. 


3.15  (0  31.5  100  315  IK  3.I5K  lOK 

ONE-THIRD  octave  BAND  CENTER  FREQUENCY- Hz 


Fig.  5  -  Equipment  Mounting  Point  Responses 

at  35,000  Feet  Altitude  and  262  Knots. 


ONE -THIRD  OCTAVE  BAND  CENTER  FREQUENCY,  Hz 


Fig.  7  -  Maximum  Responses  of  Equipment  Mounting 
Points  For  Operating  Conditions. 
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ONE-THIRD  OCTAVE  BAND  CENTER 
FREQUENCY,  Hz 


8  -  Equipnent  Mounting  Point  Responses 
During  Takeoff. 


FREQUENCY -Hz 

Fig,  10  -  Equipin.ent  Mounting  Point  Responses 
During  2.2g  Pullup  From  a  Dive. 
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ONE-THIRD  OCTAVE  BAND  CENTER 
FREQUENCY -Hz 

Fig.  9  -  Equipnent  Mounting  Point  Responses 

at  26,500  Feet  Altitude  and  372  Knots. 
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Fig.  11  “  Maximum  Responses  of  Equipment 

Mounting  Points  For  Non-Operating 
Conditions . 


TRANSFER  FUNCTION 


FREQUENCY.HERTZ 


ELg.  12(a)  -  Vertical  Transfer  Function  From 
Cargo  Deck  to  Equipment  Mounting 
Point. 


FREQUENCY , HERTZ 


Fig.  12(b)  -  Lateral  Transfer  Function  From 
Cargo  Deck  to  Equipnent  Mounting 
Point. 


FREQUENCY,  HERTZ 


Fig.  12(c)  -  Longitudinal  Transfer  Function 
From  Cargo  Deck  to  Equipment 
Mounting  Point. 


conditions  was  drawn  as  shown,  again  allowing 
a  safety  factor  to  account  for  the  short 
testing  times.  This  envelop)e  is  dominated  by 
the  low  frequency  responses  due  to  the  landing 
gear/runway  interaction.  The  envelop)es  of 
Figures  7  and  11  were  used  for  the  flight 
qualification  testing  of  the  equipment. 

In  addition  to  measuring  tiie  responses  of 
the  equipment  mounting  px)ints ,  the  resp>Dnses  of 
other  points  on  the  mount  were  measured. 

Figiores  12a,  b,  and  c  show  the  transfer 
functions  from  the  jackscrew  attachment  point 
to  the  equipment  mounting  points  in  third- 
octave  bands  for  vertical,  lateral  and 
longitudinal  accelerations,  resp^ectively .  These 
results  show  that  several  resonances  with  large 
amplification  factors  occur  in  the  lateral 
direction  between  70  and  100  Hertz.  The 
observed  resonances  are  tabulated  in  the  last 
column  of  Table  I  and,  where  possible,  are 
correlated  with  the  results  of  the  laboratory 
vibration  survey  and  the  analysis.  There  is 
fair  agreement  between  the  frequencies  observed 
in  the  flight  test  and  those  measured  in  the 
laboratory  vibration  survey. 
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The  vibration  envelope  for  the  operating 
conditions  is  conpared  with  previous  data  [4] 
from  the  KC-135A  in  Figure  13.  The  interaction 
of  the  system  mass  with  the  fuselage 
modification  resulted  in  vibration  levels 
distinctly  lower  than  predicted.  This  was 
fortunate,  since  the  high  amplification  factors 
of  the  mount  shewn  by  the  laboratory  vibration 
test,  coupled  with  the  flight  environment  v^^ich 
had  been  expected  from  the  previous  KC-135A 
data,  would  have  prevented  the  equipment  fron 
operating. 


ONE -THIRD  OCTAVE  BAND  CENTER 
FREQUENCY- Hz 

Fig.  13  -  Conparison  of  Vibration  Envelopes. 


Figure  13  shows  that  the  fuselage 
vibrations  have  been  lowered  over  the  entire 
frequency  range,  even  though  the  envelopes  are 
identical  in  the  50-160  Hz  range.  The  reason 
is  that  the  KC-135A  data  are  the  cargo  deck 
vibrations,  whereas  the  new  flight  test  data 
include  the  amplification  factors  of  the 
mount.  These  amplification  factors,  shown 
in  Figure  12,  indicate  a  reduction  of  4  to  8 
in  the  fuselage  vibrations  in  the  50-160  Hz 
frequency  range  due  to  the  mass  loading. 


CONCUJSiaSIS 

The  flight  test  showed  resonant 
frequencies  in  the  same  range  as  the  laboratory 
modal  survey.  The  detailed  resonances 
differed,  however,  because  the  flight  tests 
measured  the  resonances  of  the  equiptent 
mounting  points  compared  to  the  jackscrew 
attachment  point,  whereas  the  laboratory  modal 
survey  measured  them  compared  to  the  carriage. 
Both  of  these  tests  differed  from  the  generally 
higher  frequencies  predicted  by  the  finite- 
element  analysis. 

The  key  information  derived  from  the 
flight  test  was  that  both  the  analysis  and  the 
laboratory  modal  survey  predicted  vibration 
amplitudes  and  total  vibrational  energy 
significantly  above  those  experienced  in 
flight,  due  chiefly  to  the  failure  to 
accurately  predict  the  effects  of  the  added 
mass  on  the  aircraft  vibration  levels.  It 
should  be  emphasized  that  system  rniass 
interaction  with  the  aircraft  structure  must  be 
seriously  considered  in  future  analyses  of 
airborne  systems.  For  large  and  heavy  systems 
such  as  the  one  in  this  test,  in-flight 
vibration  measurements  are  the  key  verification 
of  the  analysis  and  design. 
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DISCUSSION 


Mr.  Wassman  (Naval  Ordnance  Laboratory):,  How 
did  you  compute  your  transfer  function?  Was 
it  done  digitally  or  did  you  use  analog  equip¬ 
ment?  If  so  it  appeared  to  have  very  high 
variance.  I  was  wondering  if  you  had  an 
estimate  of  how  much  averaging  you  had  done. 

Mr.  Pearson:  Yes,  it  was  done  digitally.  I 
don't  know  how  the  averaging  was  done.  Perhaps 
my  co-author  could  help  me  on  that. 

Mr.  Thaller:  Unfortunately  we  didn't  do  enough 
averaging  that's  why  we  did  not  get  as  much 
smoothing.  As  the  number  of  averages  is 
increased  you  must  decrease  the  size  of  your 
transforms  to  get  that  number  of  averages  in 
the  same  amount  of  time.  This  means  that  the 
filter  bandwidth  increases.  Hence  you  lose 
accuracy  in  defining  the  mode. 

Dr.  Allen  Curtis  (Hughes  Aircraft):  I'm  not 
really  sure  what  transfer  function  up  through 
the  gimbal  system  really  means.  The  real 
question  here  was  that  the  environment  for  the 
instrumentation  had  been  predicted  using  the 
transfer  function  for  the  gimbal  system  from 
a  math  model  and  this  gave  some  rather  horrendous 
loads.  The  flight  test  revealed  that  because 
of  the  impedance  effects  plus  the  fact  that  the 
excitation  was  not  merely  a  transmission  up 
through  the  base,  the  actual  environment  was 
10 's  of  db  below  what  had  been  predicted.  I 
really  think  that  the  most  important  thing 
out  of  this  exercise  was  a  demonstration  that, 
if  you  use  math  models,  you  have  to  be  very 
careful  to  have  the  proper  excitation  of  those 
math  models  before  you  rely  too  much  on  what 
they  predict.  You  have  to  have  some  way  of 
accounting  for  the  loading  or  impedance  match 
between,  in  this  case,  the  base  and  where  your 
driving  function  is.  As  you  were  talking  you 
said  we  have  a  lot  of  energy  here.  If  you^ 
looked  at  the  ordinate  scale,  it  was  down  in 
the  ^q-5  to  ^q-4  range.  On  most  shakers  it's 

pretty  hard  to  control  anything  below  j^q"3 . 

Mr.  Pearson:  Thank  you  for  your  comments.  I 
agree  with  you  that  the  problem  of  the  direction 
of  the  input  was  a  considerable  problem.  I 
didn't  intend  to  say  that  the  environment  was 
driving  a  lot  of  energy  into  the  equipment  during 
the  flight.  Quite  the  contrary,  we  had  a  low 
amount  of  energy  in  the  vibration  modes  during 
flight,  lower  than  expected. 

Mr.  Gardner  (Mechanics  Research  Incorporated): 

I  was  very  interested  in  the  comments  by  the 
gentlemen  from  Hughes,  because  I  was  also 
interested  in  the  difficulties  with  the 
analytical  prediction  of  the  response.  The 
only  comparison  you  showed  was  not  with 
excitation  of  the  mathematical  model,  but  simply 
with  the  mode  shapes  that  were  predicted. 


I  wondered,  being  primarily  an  analyst  myself, 
where  the  problem  was.  I  have  rarely  seen 
results  that  were  that  bad  even  for  small  pieces 
of  hardware.  The  first  response  I  had  in  trying 
to  interpret  the  sketches  that  you  showed  was 
that  there  are  quite  a  few  nonlinearities  in  the 
gimbal  system  and  in  the  hack  screw  system. 

Perhaps  those  were  the  difficulties.  On  the 
other  hand  the  analytical  model  might  have 
simply  been  too  crude,  as  it  often  is  in  small 
pieces  of  hardware  like  that,  to  get  some  of  the 
important  interactions.  Can  you  give  us  any 
information  on  that? 

Mr.  Pearson:  Part  of  the  problem  was  the  jack 
screws  and  nonlinearities  involved,  but  I  don't 
really  feel  I  can  say  too  much  more  about  the 
analysis  because  of  the  ground  rules  I  was  given 
from  SAMSO  for  this  discussion.  If  you  want 
further  information  I  have  a  contact  at  SAMSO 
that  you  can  talk  to.  Perhaps  he  can  provide 
you  with  more  information. 

Dr.  Curtis:  It  seems  to  me  that  one  of  the 
problems  we  get  into  in  modeling,  if  you  compare 
flight  data,  and  I  don't  think  it  was  unique  to 
this  case  at  all,  was  that  we  very  rarely  install 
anything  in  anything  with  one  attachment  point. 

If  you  take  a  look  for  instance  at  the  bottom 
of  that  sketch  showing  the  accelerometer  locations, 
there  were  several  down  at  the  base.  It  didn't 
really  matter  how  far  apart  those  were  but  there 
is  sort  of  some  general  scale  like  the  bigger 
the  equipment  the  further  apart  the  attachment 
points  are.  If  you  looked  at  the  psd's  measured 
at  those  various  attachment  points  they  are 
certainly  not  all  identical  in  level.  I  certainly 
didn't  attempt  to  look  at  the  phase,  but  I  think 
we  could  probably  all  agree  that  they  weren't 
all  in  phase.  With  few  exceptions  when  we  model 
things  and  excite  them,  if  we  have  several  attach¬ 
ment  points  the  common  technique  is  to  use  a 
spider  which  is  in  effect  a  infinitely  rigid 
element  ahat  joins  all  the  attachment  points 
together.  So  we  put  in  a  perfectly  correlated 
equal  amplitude  at  all  attachment  points  of  most 
any  model  we  drive.  Now  that  is  a  very  severe 
and  unrealistic  constraint  primarily  imposed  on 
us,  because  (1)  we  don't  know  the  differences  and 
(2)  there  aren't  many  software  packages  that 
would  allow  us  to  take  into  account  even  if  we 
knew  what  they  were.  Yet  that  will  drive  a 
system  in  a  much  different  way  than  you  find  out 
it  will  actually  behave  in  the  airplane,  I  think 
that  probably  accounts  for  a  lot  of  difference 
between  the  reality  and  modeling.  Which  attach¬ 
ment  point  did  you  select  for  your  transfer 
function  or,  perhaps  a  second  part  of  the  question 
was,  did  you  try  doing  it  from  different  attach¬ 
ment  points  to  see  if  you  got  more  or  less  the 
same  results? 

Mr.  Pearson:  Thank  you  for  your  additional 
comments,  I'm  glad  you  were  here  to  add  some 
detail  to  the  talk.  We  used  the  worst  case  we 
could  find  on  this  thing  and  it  turned  out  to  be 
the  forward  mounting  point  of  the  equipment 
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and  the  forward  location  on  the  jack  screw  and 
floor  attachment. 

Dr.  Curtis:  Worst  in  what  sense? 

Mr.  Pearson:  Worst  in  the  highest  values  of 
transfer  function  measurement. 
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Lissajous  figures  have  been  used  quite  extensively  by  engineers 
to  study  the  relationship  between  two  electrical  signals.  With 
the  advent  of  electronic  instrumentation,  the  vibration  engineer 
has  been  using  the  Lissajous  pattern  to  study  the  resonant  fre¬ 
quencies  and  phase  relationship  between  two  input  signals.  In¬ 
troduced  in  this  paper  is  an  extension  to  the  information  that 
can  be  obtained  from  the  Lissajous  pattern,  A  method  is  des¬ 
cribed  for  obtaining  the  spring  constant  and  damping  factor  for 
a  simple  harmonically  excited,  single-degree-of-freedom  system 
and  extended  to  a  specific  form  of  non-harmonic  excitation. 

Simple  single-degree-of-freedom  experimental  results  for  harmonic 
excitation  are  presented  to  exemplify  the  method  described. _ 


INTRODUCTION 

Lissajous  figures  are  means  of  comparing 
two  waves.  The  waves  are  introduced  at  right 
angles  to  each  other  on  a  common  time  plane. 

The  resulting  figure  traced  by  the  combination 
is  referred  to  as  a  Lissajous  figure.  The  first 
formal  mention  of  this  type  of  comparison  was 
made  by  Julius  A.  Lissajous  in  1857  at  the  Acad¬ 
emy  of  Science  of  France.  In  1815,  Whittaker 
anticipated  this  method  of  wave  comparision,  but 
did  not  formulate  his  ideas  as  did  Lissajous. 

Lissajous  did  his  work  without  the  use  of 
electronics  as  known  today.  The  method  he  used 
was  to  compare  the  waves  from  two  tuning  forks. 
The  trace  was  made  by  mechanical  attachments  to 
the  tuning  forks  oriented  at  right  angles  to  each 
other.  When  the  forks  were  excited,  the  result¬ 
ing  trace  was  what  we  know  as  the  Lissajous 
figure. 

Probably  the  most  useful  and  convenient 
means  today  for  comparing  two  waves,  using 
Lissajous  figures,  is  the  cathode  ray  oscillo¬ 
scope  [l]*.  The  oscilloscope  is  a  device  for 
directing  a  stream  of  electrons  toward  a  fluo¬ 


rescent  screen  within  an  evacuated  tube.  When 
the  waves  that  are  to  be  compared  are  applied 
to  the  plates  at  right  angles,  corresponding  to 
the  Cartesian  axes,  x  and  y,  the  trace  on  the 
screen  will  be  a  Lissajous  figure.  There  are 
other  methods  for  displaying  the  Lissajous  fig¬ 
ure  such  as  an  x-y  automatic  plotter  or  manual 
plotting.  When  the  x-y  plotter  is  used  (manual 
or  automatic),  the  two  signals  are  introduced 
on  perpendicular  axes  on  a  common  time  basis, 
and  the  resulting  figures  studied.  If  the  fre¬ 
quency  of  the  signals  is  below  5  to  10  cycles 
per  second  (Hz),  the  method  can  be  effective, 
but  since  most  of  the  present-day  signals  are 
above  this  range,  the  cathode  ray  oscillo¬ 
scope  is  the  most  popular  method  for  displaying 
the  Lissajous  figure. 

For  some  time  scientists  and  engineers 
have  used  the  Lissajous  figure  quite  extensively 
for  the  comparison  of  two  waves.  When  a  stan¬ 
dard  known  signal  is  applied  to  one  axis  of  the 
oscilloscope  and  the  unknown  or  comparing  signal 
is  applied  to  the  other  axis,  the  resulting 
Lissajous  pattern  can  be  used  to  determine  the 
relative  frequency,  phase  angle,  and  distortion 
between  the  two  signals  [2],  [3],  [4], 


*The  number  in  brackets  indicates  the  reference  at  the  end  of  the  text. 
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Electronic  engineers  make  good  use  of  this 
method,  since  most  of  their  waves  are  in  the 
form  of  electrical  signals.  In  structural 
dynamic  testing,  the  electrical  signals  are  not 
as  easily  obtained.  However,  since  the  intro¬ 
duction  of  more  sophisticated  instrumentation 
(transducers  and  amplifiers),  most  of  the  wave 
forms  in  the  field  of  data  acquisition  are  in 
the  form  of  electrical  signals.  This  has  made 
the  use  of  Lissajous  figures  increasingly  pop¬ 
ular  in  vibration  testing  to  determine  resonant 
frequency,  relative  damping  and  distortion  of 
vibratory  structures. 

In  vibration  testing  the  known  signal  is 
applied  to  one  axis  of  the  oscilloscope;  this 
signal  is  usually  the  reference  signal  coming 
from  the  generator  that  is  used  to  excite  the 
vibrating  structure.  The  unknown  or  comparing 
signal  is  applied  to  the  other  axis;  this  signal 
is  usually  the  output  of  a  vibration  transducer 
located  on  the  structure.  By  observing  the 
Lissajous  pattern,  one  can  determine  the  rel¬ 
ative  phase  relationship  of  the  two  signals, 
which  information  in  turn  can  be  used  to  deter¬ 
mine  the  resonant  frequency  and  relative  damping 
of  the  structure. 

More  information  can  be  obtained  on  the 
vibrating  structure  by  a  closer  study  of  the 
Lissajous  pattern.  It  is  the  purpose  of  this 
paper  to  develop  some  information  that  can  be 
obtained  from  the  Lissajous  pattern  in  vibration 
tests.  The  procedure  that  is  followed  is  to 
develop  the  method  analytically,  and  then  to 
apply  the  method  in  a  simple  experiment  on  a 
single-degree-of-freedom  system. 

TECHNOLOGY 


SCREEN  X  INPUT 


Fig.  1  Oscilloscope  setup  for  displaying 
Lissajous  patterns 

An  oscilloscope  setup  for  displaying  a 
Lissajous  pattern  is  shown  in  Figure  1.  The  eq¬ 
uations  for  the  input  to  the  x  and  y  axes  are: 

x  =  X  sin  cut  (1) 

y  =  Y  sin  (cut  -  4>)  (2) 

where  X  and  Y  are  maximum  amplitudes  of  the 
signals  on  the  oscilloscope  screen  (these  in 
turn  are  functions  of  the  input  signal  voltages, 
the  oscilloscope  amplification  and  characteris¬ 
tics),  0)  is  the  frequency  of  the  signals,  and  ^ 


is  the  phase  difference  between  the  two  signals. 
The  shape  of  the  Lissajous  figure  that  will  be 
described  on  the  oscilloscope  screen  will  be  in 
the  form  of  an  ellipse.  Appendix  A  gives  a 
formal  proof  that  the  combination  of  the  signals 
described  by  equations  (1)  and  (2)  is  an  ellipse. 
For  a  simplified  case,  when  time  (t)  is  elimi¬ 
nated  between  equations  (1)  and  (2),  the  fol¬ 
lowing  equation  is  obtained: 

y  =  Y(sin  cut  cos  ^  -  cos  cut  sin  4>) 

2  1 

=  y[-^  cos  -  (1  -  ^)  ^  sin  <t>] 

^  X^ 

or 

2  2  2  2 
~  +  ^  =  2  ^  cos  if  +  sin  ^ 

X  Y  X 

2  , 

-  2  ^  (1  -  ^)  ^  sin4>  cos4>  (3) 


PHASE  ANGLE,  ^ 


Fig.  2  Lissajous  patterns  for  various  frequency 
ratios  and  phase  angles 


This  is  not  the  standard  form  of  the  equation  of 
an  ellipse  with  its  major  and  minor  axes  coin¬ 
ciding  with  the  X  and  y  axes.  However,  since 
the  major  and  minor  axes  of  the  ellipse  rotates 
about  the  center  0  as  the  phase  angle  (<l>)  changes 
(see  Figure  2) ,  a  transformation  of  axes  through 
a  rotation  angle  will  give  the  standard  equation 
of  an  ellipse.  Equation  (3)  can  be  quite  useful 
in  studying  some  simple  forms  of  Lissajous  fig¬ 
ures.  The  equations  simplify  further  if  the 
input  signals  have  equal  amplitudes,  X  =  Y.  If 
further,  the  phase  angle,  <i>,  is  90  ,  equation 
(3)  reduces  to  the  equation  of  a  circle  (see 
Figure  3), 

X  +  y  =  c  (4) 

When  the  phase  angle,  4>,  is  0^,  equation  (3) 
reduces  to  a  straight  line  at  45  to  the  x  axis 
(see  Figure  3) , 
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X  =  y 


(5) 


known  wave  form  is  a  cosine  function. 


g 

H  y 


y 


Fig,  3  Lissajous  pattern  displays  for  0  and  90 
degree  phase  angles 

The  above  simple  examples  are  based  on  the  as¬ 
sumption  that  the  amplitudes  X  and  Y  are  equal. 
This  is  the  usual  case  in  forming  the  Lissajous 
figure  on  an  oscilloscope;  however,  it  is  not 
mandatory.  If  the  amplitudes  are  not  equal,  the 
figure  will  not  be  a  circle,  but  will  become  an 
ellipse  with  the  major  and  minor  axes  lying 
along  the  x  and  y  axes.  Which  axes  are  major 
and  which  are  minor  will  depend  on  which  axis 
the  larger  signal  is  applied. 


PHASE  RELATIONS 

The  most  frequently  and  easily  used  method 
for  obtaining  the  phase  relationship,  between 
two  single-frequency  wave  forms  using  the 
Lissajous  figure  is; 

sin  ^  =  P/Q  (6) 

where  P  is  the  intersection  of  the  figure  with 
X  axis,  and  Q  is  the  maximum  amplitude  of  the 
figure  as  shown  in  Figure  4.  Another  method  for 
measuring  phase  using  the  Lissajous  was  advanced 
by  Ward  [4],  In  his  method  the  areas  of  the 
Lissajous  patterns  that  are  displayed  on  the 
oscilloscope  are  measured,  first  when  the  known 
signal  is  a  sine  function,  and  then  when  the 


ANGLE 


Fig.  4  Lissajous  patterns  for  various  phase 
angles 

The  relation  for  the  phase  angle  is 

tan  <l>  =  s^/s^  (7) 

where  s^  is  the  area  when  the  known  wave  form  is 
the  sine  function,  and  S2  is  the  area  when  the 
cosine  function  is  the  known  wave  form.  The 
proof  of  this  procedure  is  given  in  Appendix  B. 


FREQUENCY  RELATIONS 

In  the  cases  where  the  frequencies  of  the 
two  input  waves  are  different,  there  will  be  a 
multi-pattern  Lissajous  figure.  If  a  comparison 
is  made  of  two  waves  having  equal  amplitudes  but 
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different  frequencies,  equations  (1)  and  (2) 
become: 


X  =  X  sin  (JD^t  Ko) 

y  =  Y  sin  (cu^t  -  4>)  (9) 

If  the  frequency  ratio  is  an  integer  (i.e.  1,2, 
3^  n),  then  the  complex  Lissajous  figure 

will  be  stationary  on  the  oscilloscope  screen. 
By  counting  the  number  of  times  the  Lissajous 
figure  crosses  the  axis  and  then  subtracting  1 
(to  account  for  the  end  crossing),  one  can  de¬ 
termine  the  frequency  ratio  of  the  two  signals. 
Figure  3  shows  some  examples  of  Lissajous  pat¬ 
terns  for  various  frequency  ratios  and  phase 
angles.  Reference  5  presents  an  example  where 
a  multi- frequency  Lissajous  figure  was  expanded 
in  terms  of  a  Fourier  series  with  Bessel  func¬ 
tions  as  coefficients. 


DAMPER 


SPRING 


X  =  XsinCoJt-  <^) 


If  the  ratio  is  a  non- integer,  the  Lissajous 
figure  will  spin  about  an  imaginary  space  axis. 
The  rate  of  spinning  is  the  frequency  difference 
between  the  two  input  signals  [3]. 


APPLICATION  TO  VIBRATING  SYSTEMS 

The  Lissajous  figure  is  directly  applicable 
to  a  vibrating  system  since  there  will  be  a 
phase  relation  due  to  damping  between  the  ex¬ 
citing  motion  and  the  system's  motion.  If  the 
exciting  motion  and  the  system  motion  are  mea¬ 
sured,  and  a  Lissajous  plot  of  these  values  is 
displayed,  the  pattern  can  be  used  to  study  the 
structural  transfer  function,  frequency  distor¬ 
tion  and  other  characteristics  of  the  system. 

In  the  cases  discussed  in  the  following  section, 
only  a  single-degree-of-freedom  system  is  con¬ 
sidered;  later  a  multi-degree-of-freedom  system 
is  covered,  since  with  modifications  most  of  the 
single-degree  information  is  applicable  to  a 
multi-degree  system. 

In  most  present-day  vibration  tests,  the 
input  force  is  applied  to  the  system  by  means 
of  an  exciter  and  a  reference  input  transducer 
is  used  to  monitor  the  input  level.  The  motion 
of  the  system  is  measured  by  a  vibration  trans¬ 
ducer  mounted  on  the  effective  mass.  The 
Lissajous  pattern  is  formed  by  using  the  refer¬ 
ence  input  level  into  the  system  as  the  known 
signal,  X,  and  the  system's  transducer  output 
as  the  unknown  or  complex  wave,  y. 


SINGLE-DEGREE-OF-FREEDOM  SYSTEM 

In  a  single-degree  system  as  shown  in  Figure 
5,  f  denotes  the  instantaneous  input  force  de¬ 
fined  by 

f  =  F  sin  (u)t  -  4))  (10) 

and  X  is  the  instantaneous  displacement  defined 

by 

X  =  X  sin  UDt  (11) 


f  =  Fsin  cJt 

Fig.  5  Schematic  of  single-degree-of-freedom 
vibrating  system 

Assuming  constant  linear  parameters,  m,  k,  and  c, 
independent  of  time  and  displacement,  the  equa¬ 
tion  of  motion  is: 

mx  +  cx  +  kx  =  f  (12) 

where  ra,  c,  and  k  are  defined  in  Figure  5,  x  is 
dx/dt  and  x  is  d^x/dt^.  Applying  the  sinusoidal 
displacement,  x,  as  given  by  equation  (11),  to 
equation  (12),  the  resulting  equation  becomes 

f  =  (-mu)^  X  +  kX)  sin  0)t  +  cttX  cos  cut  (13) 

As  pointed  out,  the  Lissajous  figure  is  a  repre¬ 
sentation  of  the  displacement  x  applied  on  one 
axis  and  the  force  f  applied  on  the  other  axis. 
The  area  of  the  ellipse  will  be: 


Jfdx=|  fffdt 


When  X  is  defined  by  equation  (11), 

X  =  U)X  cos  (JOt  dt,  and  f  is  defined  by  equation 
(13),  the  area  becomes, 

p2TT  n 

Area  =  (-moo  X  +  kX)  X  sin  oot  cos  ojt  d(a)t) 


2  2 

+  cooX  cos  U}t  d(a)t). 


(Area)^  =  ttcooX 

If  the  displacement  is  shifted  by  -90°,  we  obtain; 


X  =  -  X  cos  U)t, 


X  =  XciO  sin  a}t  dt 


and  the  area  becomes 


(Area) 2  = 


'‘2tt  2 

[(-mao  A  +  k)  X  sin  U)t 

4» 


+  cooX  cos  oot]  Xcjo  sin  oot  dt 
-  Tr(k-mao^)  X^ 


NON-HARMONIC  EXCITATION 

The  Lissajous  figure  can  also  be  used  to 
analyze  a  system  with  non-harmonic  excitation 
motion.  The  complex  motion  of  the  system  can 
be  defined  by  superimposing  the  various  system 
components  in  the  form  of  a  Fourier  series. 


From  equation  (15),  one  obtains 

(Area)^ 

c  =  2 

ttX  od 


and  from  equation  (18) 

2  (Area) 2 
1  -  (w/a)  )  =  - 2 — 

TTkX 


(19) 


(20) 


X  =  Sa  sin  (u)  t  -  )  (26) 
n  n  n'  '  ^ 

As  seen  in  Appendix  B,  n  does  not  neces¬ 
sarily  be  an  integer,  but  it  does  have  to  meet 
the  requirements  that 


(^i  -  \  =  integer  (i,k=l,2,3,--,n) 


and 


or 

2  (Area) 

k  -  mU)  =  - (21) 

ttX 

Sometimes  the  above  equation  of  motion  is  not 
strictly  valid  for  the  system,  since  some  systems 
will  have  other  than  the  assumed  type  of  viscous 
damping.  When  this  occurs,  the  damping  coef¬ 
ficient  can  be  made  into  an  equivalent  damping 
term.  By  plotting  the  equivalent  damping  term 
as  a  function  of  exciting  frequency,  a  constant 
may  be  determined  that  will  be  a  function  of 
some  known  type  of  damping.  Reference  6  gives 
the  following  equivalent  viscous  damping  terms: 


+  00^  =  integer.  J 

The  Lissajous  presentation  can  be  used  to 
investigate  the  wave  equation  by  applying  the 
complex  wave  to  one  axis  of  the  oscilloscope 
and  a  known  wave  to  the  other  axis,  and  analyz¬ 
ing  the  areas.  The  Lissajous  areas  are  measured 
when  the  known  wave  is  alternately  defined  by: 

y  =  b  cos  cu  t  (28) 

mm 

or 

y  =  b  sin  cu  t  (29) 

m  m 


For  Coulomb  damping: 


‘^eq  "  (8/3'fT)XQau  (22) 

where  a  is  a  constant  for  Couloumb  damping,  0) 
is  exciting  frequency  and  X  is  maximum  damper 
displacement. 

For  structural  damping: 

Cgq  =  P/ttU)  (23) 

where  3  is  constant  for  structural  damping. 

For  friction  damping: 

c  =  (4a)/(TUuX)  (24) 

eq 

where  o'  is  the  frictional  force. 


Sometimes  the  case  may  arise  where  the  eq¬ 
uivalent  damper  is  not  any  of  the  above  but  may 
be  a  combination  of  any  or  all  of  the  damping. 

By  measuring  the  area  of  the  Lissajous  figure 
when  force  excitation  is  applied  on  one  axis 
and  displacement  is  applied  on  the  other  axis, 
one  finds  that  the  area  of  the  figure  will  be 
the  work  done  per  cycle  on  the  system.  By  using 
this  value  in  the  following  equation,  an  equi¬ 
valent  viscous  damping  coefficient  can  be  de¬ 
termined  by 


Ceq  =  Work/  (truX  ) 


(25) 


where  Work  is  the  work  done  per  cycle. 


When  m  =  n,  the  Lissajous  pattern  will  be¬ 
come  stationary,  and  the  area  will  be  a  function 
of  a  ,  b  .  However,  when  the  requirements  of 
equaSion’^(27)  are  not  met,  the  areas  will  also 
contain  other  components,  and  the  method  can 
not  be  used  with  simplicity. 

From  Appendix  B,  equations  (B-7),  (B-8) 
and  (B-9)  give 

(Area)  =  rra  b  sin  <t> 
s  n  n  n 

(Area)  =  rra  b  cos  4> 

,  '  ^c  n  n  n 

and 

(Area) 

tan  <!>  =  - . r- 

n  (Area) ^ 

where  (Area)g  is  defined  as  the  Lissajous  area 
when  the  known  wave  is  a  sine  wave,  and  (Area) 
when  the  known  wave  is  a  cosine  wave.  As  an 
example  of  this  procedure  for  analyzing  a  com¬ 
plex  wave.  Figure  6  shows  the  Lissajous  patterns 
for  the  form  of  equation  (26) : 

X  =  a^  sin  (oD^t  -  <i>^)  +  sin  (ao2t  - 

The  Lissajous  patterns  were  drawn  using  the 
following  values: 

=  30Oj^  ;  =  (2/3)  =  10°  ;  =  30° 

and  for  equations  (28)  and  (29) , 


(30) 

(31) 
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become  stationary  at  each  frequency  component 
of  the  equation. 


y  =  Asin(a)f-IO®)  +  (2A/3  )sin  (3wt- 30**) 


y  =  Acos  uJt 
AREA*  0.95 


X  =  Asinwt 


AREA  =  0.15 


ys  Asin((Jt-IO®)  +(2A/3)sin(3aJt  -  30®) 

y  y 


X  =(2A/3)cos3o;t 


AREA  =0.60 


X  =  (2A/3)sin3a;t 


AREA  =  0.40 


Fig.  6  Lissajous  patterns  for  complex  wave  as 
a  function  of  various  known  waves 

Figure  6  shows  the  areas  measured  for  each 
figure.  Substituting  the  measured  areas  into 
equations  (30)  and  (31) ,  one  finds 


tan  =  Q*  =  0.16  or  <t>^  =  9°5’ 

tan  =  -^4^  =  0.667  or  ■!>,  =  33°42' 

Z  U.dU  I 

(Area) 

_ ^  _  0.95  ^  0.97 

^1  TTb^cos't'^  TTb^(0,98)  rrb^ 

(Area) 

_ ^  _  0.60  _  0.73 

^2  ”  TTb2Cos4>2  TTb2(0.83)  rrb^ 


Measuring  the  areas  at  each  frequency  com¬ 
ponent,  one  can  obtain  the  parameters  a  and  b 
of  equation  (26)  for  the  complex  wave  using  the 
equations  in  Appendix  B.  A  few  precautions  on 
using  this  method  for  absolute  values  are:  the 
scale  factors  for  the  oscilloscope,  transducers, 
etc.,  must  be  maintained;  when  measuring  the 
areas,  always  follow  the  lines  of  the  figure 
continuously  counterclockwise  in  the  same  direc¬ 
tion.  This  is  important  because  some  areas  will 
be  negative. 


EXPERIMENTAL  STUDY 


SPRING  (K 


li  =  li  sin(wt-i) 

(MASS  ACCELERATION) 


DAMPER  (C) 


s  =  S  sin  cjt 
(EXCITING 

ACCELERATION) 


Fig.  7  Schematic  of  vibrating  system  used  in 
experimental  study 

An  experimental  study  was  made  on  a  single- 
degree-of-freedom  base-excited  system  shown  sche¬ 
matically  in  Figure  7.  This  experiment  was  to 
demonstrate  the  procedure  outlined  in  the  pre¬ 
vious  discussions.  The  equation  of  motion  for 
the  system  shown  in  Figure  7  is 

mu  +  cy  +  ky  =  0  (32) 

where  c  and  k  are  equivalent  values  of  damping 
coefficient  and  spring  stiffness  that  are  not 
functions  of  displacement  y  or  time  t,  and  m  is 
defined  on  Figure  7  and  previously;  y  =  u  -  s, 
where  from  Figure  7, 

u  =  U  sin  (u)t  -  <i>)  (33) 


s  =  S  sin  uJt 


^  =  1-332 

The  errors  in  the  values  of  a^^,  a^,  4*^^,  and 
are  due  to  the  measuring  procedure  used  for  the 
areas.  This  method  can  be  applied  to  a  vibrating 
system,  by  applying  the  unknown  complex  wave  to 
one  axis  of  an  oscilloscope  and  the  output  from 
a  sine-cosine  signal  generator  to  the  other  axis. 
When  a  frequency  range  of  interest  is  swept  on 
the  signal  generator,  the  Lissajous  pattern  will 


Equation  (32)  becomes 

m  m 

applying  equations  (33)  and  (34) 


-  CJOS  cos  (Dt  +  -  S  sin  out 


c  k 

-  —  ouU  cos  (out-<l5)  -  —  U  sin  (out-<l>) 
m  m 
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VOLTMETER 


The  unknown  wave  was  taken  as  the  motion 
of  the  mass,  m,  and  was  applied  to  the  vertical 
axis  of  the  oscilloscope;  the  known  wave  was 
taken  as  the  motion  of  the  base,  s,  and  was 
applied  to  the  horizontal  axis  of  the  oscillo¬ 
scope. 

Using  the  method  described  above  to  obtain 
a  relation  between  the  area  of  the  Lissajous 
pattern  and  known  parameters,  the  area  becomes; 

Area=J{i||dt  (37) 

p2n  , 

or  Area  =  1  u  d(u)t)  (38) 


When  the  base  motion  is  described  by  equation 
(34) ,  the  area  becomes 


(Area)^ 

ttS 


CCD  k 

—  (S  -  U  cos  4>)  +  —  U  sin  ^ 
m  ^  m 


(39) 


When  the  base 
becomes 

_  c» 

ttS  m 


motion 


(U  sin 


is  shifted  90°,  the  area 

4>)  +  -  (S  -  U  cos  4)  )  (40) 

m 


Introducing 


m 


(Area) 

_  .  A  -  _ =.  A 

m  ’  ^1  “  TTS  ’  ^2 


(Area) 2 
ttS 


one  can  rewrite  equations  (39)  and  (40)  as 


Aj^  =  ^(S  -  U  cos  4>)  +  sin  4>) 

2 

=  -  t(U  sin  <t>)  +  CD^  (S  -  U  cos 


The  experimental  setup  used  to  study  the 
equations  is  shown  schematically  in  Figure  8. 

The  outputs  from  the  two  accelerometers,  one 
located  on  the  mass  and  one  located  on  the  base, 
were  applied  to  the  axes  of  the  oscilloscope 
through  matching  amplifiers. 

For  the  quadrature  area,  a  90°-phase-shif t- 
ing  network  was  introduced  into  the  signal  from 
the  mass  accelerometer  before  going  into  the 
oscilloscope. 

The  areas  were  measured,  with  and  without 
the  phase  shift,  by  taking  pictures  of  the  pat¬ 
terns  and  measuring  the  areas  from  the  pictures. 
These  areas  were  converted  to  absolute  values 
by  applying  the  appropriate  scale  factors  for 
the  transducers,  amplifiers,  and  oscilloscope. 
The  phase  angle  between  the  two  input  signals 
was  also  measured  from  the  Lissajous  patterns. 

The  values  for  the  maximum  displacements 
of  the  mass  (U)  and  the  base  (S)  were  obtained 
from  the  accelerometer  outputs. 

The  Lissajous  pictures  were  taken  at  ex¬ 
citation  frequencies  of  32,  50,  and  60  cycles 


VIBRATION  EXCITER  VOLTMETER 


EXCITER: 

ACCELEROMETERS: 

AMPLIFIERS: 

VOLTMETERS : 

PHASE  SHIFTER: 
OSCILLOSCOPE: 


MB  C-ID  Electrodynamic  Vibration  Exciter 
Endevco  Model  2217,  Serial  No.  JA08  (Mass)  and 
Serial  No.  FA73  (Base) 

Endevco  Model  2607,  Serial  No.  FA45  (Mass)  and 
Serial  No.  FA68  (Base) 

EICO  Model  250,  Serial  No.  A215  (Mass)  and 
Serial  No.  6213  (Base) 

-90°,  1; 1  Amplification,  L-C  Network 
Tektronix  Model  503,  with  Series  125  Camera 
Attachment 


Fig.  8  Schematic  of  experimental  setup  and 
instrumentation 

per  seconds  (Hz).  These  frequencies  were  selec¬ 
ted  at  random  and  were  used  only  to  demonstrate 
the  procedure.  The  undamped  natural  frequency 
of  the  system  as  determined  from  the  manufac¬ 
turer's  data  on  the  spring-damper  was  set  at 
approximately  28  Hz.  by  applying  a  weight  of 
2,84  pounds. 

Copies  of  the  observed  Lissajous  patterns 
during  the  test  are  shown  in  Figure  9.  From 
these  copies  the  phase  angle,  <l>,  the  maximum 
amplitudes,  S  and  U,  and  the  areas  were  mea¬ 
sured  to  be  used  in  the  calculation  for  the 
equivalent  spring  stiffness,  k,  and  damping 
factor,  c.  Once  the  values  were  measured  they 
were  applied  to  equations  (41),  which  gave  two 
equations  with  two  unknowns. 

Table  I  summarizes  the  results  of  measured 
and  calculated  values.  As  can  be  seen  from  this 
table,  the  value  of  spring  stiffness  as  applied 
to  the  linearized  equations  of  motion  was  a 
function  of  exciting  frequency,  but  the  damping 
coefficient  was  independent  of  frequency.  The 
spring  stiffness,  as  used  in  the  equation  of 
motion,  equation  (32) ,  could  be  considered  as  a 
frequency-dependent  effective  spring  stiffness. 

A  plot  of  the  values  of  k,  k/u)  and  c,  as  used 
in  equation  (32),  is  shown  in  Figure  10  along 
with  the  manufacturer's  values.  Since  k/(D  re¬ 
mains  independent  of  amplitude  (and  thus  of  fre¬ 
quency)  ,  equation  (32)  can  be  rewritten  as 
follows ; 

mii  +  cy  +  (k/(«)y  =  0 
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CONCLUSIONS 


NO  PHASE  SHIFT  60  CPS  PHASE  SHIFT 


NO  PHASE  SHIFT  50  CPS  PHASE  SHIFT 


NO  PHASE  SHIFT  32  CPS  PHASE  SHIFT 


Although  Lissajous  patterns  have  been  used 
for  some  time  to  measure  the  relative  phase 
angle  and  frequency  ratio  between  two  electrical 
signals,  they  have  not  been  used  to  any  great 
•extent  by  vibration  engineers  for  measuring  system 
parameters.  The  Lissajous  figure  can  be  used 
to  obtain  extensive  information  on  a  vibrating 
structure  when  a  sine  and  cosine  are  alternately 
applied  to  one  axis  of  the  oscilloscope;  pro¬ 
portional  values  can  be  obtained  for  the  quad¬ 
rature  and  in-phase  components  of  an  unknown 
wave  form.  The  Lissajous  is  readily  adaptable 
to  a  linear  single-degree-of- freedom  system  to 
obtain  an  equivalent  spring  stiffness  and  damp¬ 
ing  coefficient,  and  in  special  cases  can  be 
applied  to  non-harmonic  excited  systems.  An 
example  of  non-harmonic  excitation  would  be 
random  excitation.  There  are  many  more  cases 
that  could  be  examined  such  as  multi-degree-of- 
freedom  systems  with  and  without  harmonic  ex¬ 
citation  and  further  non-linear  systems. 


REFERENCES 

1.  W.A.  Harrison,  "Electrical  Measurements, 
Frequency  Measurements",  Section  11  in 
Electrical  Engineering  Handbook,  4th  Ed., 
Vol.  2,  Electrical  Communications  and  Elec¬ 
tronics,  H.  Pender  and  K.  Mdlwain,  editors, 
John  Wiley  and  Sons,  Inc.,  New  York,  1950. 


Fig.  9  Lissajous  pattern  photographs  from 

oscilloscope  camera  during  experiments 


OT  XI 


I' 

0 


-V 

0  EXPERIMENTAL  DA 
^MANUFACTURER'S 

_ 1 _ 1 

TA 

^ATA* 

a - 

A 

O- 

- 

0  a03  0.06  0.09  0.12 

TOTAL  DEFLECTION,  INCHES  PEAK 


k 


TOTAL  DEFLECTION,  INCHES  PEAK 


Fig.  10  Spring  stiffness  and  equivalent  damping 
coefficient  from  experiments 


2.  W,  DuBois,  "Structural  Vibration--an  Oscil¬ 
loscope  Tells  the  Story  in  Pictures",  Prod¬ 
uct  Engineering,  Vol.  30,  No.  5,  pp.  52-53, 
Feb.  2,  1959. 

3.  Tien-Wei  Chu,  "Determination  of  Harmonics 
from  Lissajous  Figures",  Master’s  thesis. 
Department  of  Electrical  Engineering,  West 
Virginia  University,  Morgantown,  W.  Va. , 

1959. 

4.  T.L.  Ward,  "How  to  Measure  Phase  Angle 
During  Distortion  and  Noise",  Control  En¬ 
gineering,  Vol.  13,  No.  2,  pp.  57-59, 

Feb.  1966. 

5.  F.E.  Relton,  Applied  Bessel  Functions,  Dover 
Publications,  Inc.,  New  York,  1965,  p.  159. 

6.  W.T.  Thomson,  Vibration  Theory  and  Applica¬ 
tions,  Prentice-Hall,  Inc.,  Englewood  Cliffs, 
N.J.,  1965,  pp.  70-73, 


124 


Table  I,  Experimental  Results 


TEST 

Frequency  (Hz) 

2 

Mass  Acceleration  (in/sec  ) 

2 

Base  Acceleration  (in/sec  ) 

Mass  Displacement  (in)  S.A. 

Base  Displacement  (in)  S.A. 

Measured  Area  #1,  (Area)^ 

Measured  Area  #2,  (Area)^ 

Phase  Angle,  <t>,  (degrees) 

Total  Deflection  (in)  S.A. 

Equivalent  Stiffness,  k/o)  (Ib-sec/in) 
Equivalent  Damping  (Ib-sec/in) 

Calibration  for  Base  Accelerometer 
Calibration  for  Mass  Accelerometer 

APPENDIX  A 

FORMAL  PROOF  THAT  A  COMBINATION  OF  TWO  SIGNALS 
OF  SAME  FREQUENCY  AND  DIFFERING  PHASE  YIELD  AN 
ELLIPTICAL  LISSAJOUS  FIGURE. 

To  be  proved:  A  plot  of  the  equations 

X  =  A  cos  0,  (A-1) 

and 

y  =  B  sin  (0  -  Y)  (A-2) 

is  an  equation  of  a  general  ellipse. 


Y 


Fig.  11  Elliptic  Lissajous  figure 
Proof;  Introducing  a  new  angle 
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4>  =  0  +  a  ,  (A-3) 

where  a  is  a  constant  angle; 
from  Figure  11, 

§  =  X  cos  3  +  y  sin  3  (A--4) 

Tl  =  -  X  sin  3  +  y  cos  3  (A-5) 

Substituting  equations  (A-1)  and  (A-2)  into  eq¬ 
uation  (A-4) ,  one  obtains 

5  =  A  cos  0  cos  3  +  b  cos  (6-Y)  sin  3  (A-6) 

and  substituting  equation  (A-3)  into  equation 
(A-6),  one  finds 

5  =  A  cos  (©-O')  cos  3  +  B  sin  3  cos  (@-Qf-Y) 

=  A  cos  3[cos  <}>  cos  O'  +  sin  o']  + 

B  sin  3[cos(art-Y)  cos  ^  +  sin  (ort-Y)  sin  4>] 

=  A  cos  3  cos  O'  cos  4>  +  A  cos  3  sin  o:  sin  + 

B  sin  3  cos  (qH-Y)  cos 
+  B  sin  3  sin  (qH-Y)  sin  4> 

When  01  and  3  satisfy  this  equation, 

[a  cos  3  sin  a  +  B  sin  3  sin(Q4-Y)]  =  0  (A-7) 


Therefore; 


equation  (A-17)  becomes 


5  =  cos  cos.  P  cos  a 

+  B  sin  3  cos  (qH-Y)]  (A-8) 

If  the  same  analysis  is  applied  to  equation  (A-5) 
Tl=i  [-A  sin  3  sin  cd-B  cos  P  sin  (0H'^)]sin  ^ 


n  =  H  sin 


(A-19) 


-A  sin  p  cos  O'  +  B  cos  (O'+'F)  =  0 


(A-10) 


To  determine  the  values  of  and  3,  the  solution 
of  equations  (A-7)  and  (A-10)  becomes: 

-A  sin  Of  B  cos  (c^T) 


B  sin(QH-T)  A  cos  <y 


sin  la  ^  -B  sin  2Y 
cos  2a 


(A-11) 


(A-12) 


Multiplying  equation  (A-7)  through  by 

(cos  3)/(sin  3) 

and  simplifying,  one  obtains 

2g 

B  cos  3  sin  (Ck4-Y)  =  sin^3  ^ 

Using  equation  (A-10)  and  multiplying  by 
(sin  3) /(cos  3)  and  simplifying,  one  finds 
2 

B  sin  3  cos  (04-^)=  A cos  a  ( 

cos  p 


(A-13) 


(A-14) 


Substituting  equation  (A-14)  into  equation  (A-8), 

sin^B 

I  =  cos  4>[a  cos  3  cos  a  +  A  □  cos  a] 

COS  p 


Squaring  equations  (A~16)  and  (A-19)  and  adding 

.2  2  r,  0 

^  — 2  =  cos  <P  +  sin  4> 

\  K 


_2  2 

^  +  —  =  1 

,2+2  ^ 

X  K 


(A-20) 


This  is  the  general  equation  for  an  ellipse. 

Q.E.D. 

APPENDIX  B 

The  area  of  the  Lissajous  figure  is 


where  s  =  area  of  the  figure,  c  =  integrating 
curve,  X  =  instantaneous  displacement  along  the 
X  axis,  y  =  instantaneous  displacement  of  the 
signal  along  the  y  axis. 

The  complex  wave  is  described  by  superimpos¬ 
ing  the  various  frequency  components  and  phase 
relations : 

y  =  a^sin(u)^t-4»^)  +  a2Sin(U}2t-4>2> + 


+  a  sin(cu  t-4>  ) 
n  n  n 


When  a  sine  wave  is  applied  along  the  y  axis, 
then 

X  =  b.  sin  U).  t 
1  1 


dx  =  b,  cos  (JO.t  d(a).t) 
1  11 


This  equation  simplifies  to; 
_  .  cos  a  cos  <t> 


(A-15) 


COS  0{ 

Letting  X  =  A  - ^  »  we  can  reduce  equation 

cos  p 

(A-15)  to 


§  =  X  cos 


(A-16) 


Substituting  equation  (A-13)  into  equation  (A-9), 
one  obtains 

2 

COS  B 

n  =  sin  4>(-A  sin  3  sin  a  -  A  g  sin  a  ) 


Which  simplifies  to. 


-A  sin  a  .  ^ 

n  =  - : — 5—  sin  9 

sin  B 


Letting 


.  sin  a 


(A-17) 


(A-18) 


Rewriting  equation  (B-2)  using  a  trigonometric 
identity, 

y  =  a^[sin  oOj^t  cos  <^^-cos  (jD^t  sin  + 
a2[sin  U)2t  cos  ^2^  ^2^ 

- a  [sin  u)  t  cos  -cos  o)  t  sin  ^  ]  (B-4) 

n  n  n  n  n-* 

Substituting  equations  (B-3)  and  (B-4)  into  eq¬ 
uation  (B-1)  and  integrating  over  a  period,  one 
obtains  the  following  area  expression: 


®1  ”  ^1^1  '^’j^(sin  cu^t  cos  (U^t)  d(u)^t) 


p2TT 

I  a^b^  sin  <l>^(cos  U}^t  cos  ou^t)  d(u)^t) 
p2TT 

a2b^  cos  ^^(sin  cos  ou^t)  d(u)^t) 
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p^TT 

-4 

p2n 

+  a  b.  cc 

4  "  ^ 


sin  ^i^^  d(u3^t)+ 


cos  <l>  (sin  (JD  t  cos  U).t)  d(u}.t) 
n^  n  1  ^  ^  1  ' 


a  b  sin  4>  (cos  u)  t  cos  UD.t)  d((jD.t) 
n  i  n^  n  i  ^  ^  1  ^ 


For  the  case  when  the  signal  applied  along  the 
y  axis  is 


X  =s  b.  cos  (JD.t, 
X  X 


=  -  b.  sin  oj.t 

dt  X  X 

the  area  becomes. 


p2n 

p2TT 

+  a,b.  sin  4>,  (cos  U)_  t  sin  U).t)  d(u).t) 
^  1  X  1  1  X  1 

p2n 


cos  <l52(sin  co^t  sin  UD^t)  d(a[)^t) 


+  ^2^i  ^2^  ^i^^  + - 


cos  45  (sin  0)  t  sin  00. t)  d(cu.t) 
n  n  X  X 


pz.u 

-  I  a  b.  cos  ^ 
4  n  1 

p2TT 

+  a  b.  sin  4> 
4^  n  X  n 


(cos  (JD^t  sin  yj^t)  d(u)^t) . 


Considering  the  integrals  of  equations 
(B-5)  and  (B-6)  when  n  and  i  are  integers,  one 
finds  that  then  all  the  terms  are  zero  except 
the  (n,n)  terms  and  equations  (B-5)  and  (B-6) 
reduce  to: 

p2TT 

s,  =  -  a  b  sin  4>  (cos  cu  t)  d(u)  t) 

1  1  nn  n^  n^^n^ 

(B-?: 

=  -  rr  a  b  sin  ^ 
n  n  n 


s^  =  TT  a  b  cos  4>, 
2  n  n 


Dividing  equation  (B-8)  by  equation  (B-7), 
we  get 

tan  $  =  s  /s  (B-9) 

n  11 


combination  of  (n  -  i)  =  integer,  and 
(n  +  i)  =  integer. 

As  an  example  of  this  is  when  n  and  i  are 
half  integers,  for  instance,  when  n  +  i  =  3/2, 
then  i=  1/2,  n  -  i=  1,  and  n  +  i  =  2, 


There  are  some  cases  when  n  and  i  are  not 
integers  that  will  make  all  the  cross-product 
terms  equal  to  zero.  These  cases  are  when  the 
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STRUCTURAL  DYNAMIC  RESPONSE  ANALYSIS  OF  ROCKET  TEST  SUEDS* 


Terry  N.  Gardner 
Mechanics  Research,  Inc. 

Los  Angeles,  California  900^5 


The  structural  dynamic  response  of  dual  rail  and  monorail 
rocket  sleds  is  investigated,  first  hy  study  of  a  limited 
amount  of  test  data  and  then  by  a  specially  developed 
computer  simulation.  It  is  found  that  the  principal  source 
of  excitation  is  rail  roughness  interacting  with  the  gap 
between  the  slippers  and  the  rail.  Amplification  is  caused 
by  rough  burning  of  on-board  motors  and  by  unsteady  aero¬ 
dynamics.  A  simple  parameter  is  identified  for  predicting 
maximum  slipper  forces  in  dual  rail  sleds  and  the  nonlinear 
computer  simulation  is  shown  to  be  reliable  for  internal 
loads  prediction  for  all  sleds. 


FOREWARD 

The  work  reported  in  this  paper  was 
performed  under  the  sponsorship  of  the  Air  Force 
Special  Weapons  Center's  6585th  Test  Group, 
Holloman  Air  Force  Base,  New  Mexico.  The  Air 
Force  project  engineer.  Dr.  L.  C.  Mixon,  sub¬ 
stantially  assisted  the  effort  through  his 
guidance  and  direction, 

INTRODUCTION 

The  Air  Force  Special  Weapons  Center's 
6585th  Test  Group  runs  a  variety  of  test  sleds 
over  the  50,000-foot  track  at  Holloman  Air  Force 
Base,  New  Mexico.  Dual  rail  sleds  run  at  speeds 
between  Mach  .4  and  Mach  2.5  and  weigh  up  to 
30,000  pounds.  Depending  on  trajectory  require¬ 
ments,  they  may  be  arranged  in  trains  with  as 
many  as  three  stages.  Monorail  sleds  generally 
weigh  less  than  1,000  pounds  and  have  approached 
Mach  9.0. 

Over  the  years,  the  structural  design  of 
sleds  has  been  a  success  in  that,  excepting 
instances  where  high  temperatures  caused  material 
degradation,  structural  failures  have  been  very 
rare.  Implicit  in  this  success,  however,  is  the 
possibility  that  the  design  criteria  have  been 
overly  conservative.  Since  structure  often 
comprises  the  major  portion  of  the  sled  weight. 


reduction  of  structural  weight  without  loss  of 
integrity  offers  a  significant  payoff  in  sled 
performance.  This  is  especially  true  for  high 
speed  sleds  which  are  designed  primarily  to 
dynamic  response  loads  <> 

Current  design  practice  calls  for  the 
combination  of  quasi-steady  and  dynamic  loads. 
Quasi-steady  loads  are  comprised  of  thrust, 
acceleration,  weight,  and  aerodynamic  forces. 
Experience  and  wind  tunnel  testing  has  led  to 
fairly  high  reliability  in  prediction  of  these 
forces.  Dynamic  loads  are  accounted  for  by  a 
multiplication  factor  applied  to  the  dead-weight 
load  distribution.  The  multiplication  factor 
employed  is  specified  as  a  function  of  the 
maximum  velocity  at  which  the  sled  is  to  be 
operated. 

A  number  of  studies  has  been  performed 
(References  [1]  -  [6]  )  into  the  nature  and  causes 
of  dynamic  excitation  of  sleds.  Although 
several  of  the  studies  have  shown  perceptive 
analytical  approaches,  there  have  been  insuf¬ 
ficient  substantiating  data  to  permit  their 
extension  to  a  reliable  design  procedure.  Data 
acquired  recently  at  the  Holloman  test  track 
offered  the  promise  of  fresh  interpretation 
leading  to  a  reliable  method  for  more  accurate 
prediction  of  design  dynamic  loads.  Study  of 
the  data  and  development  of  new  design 


*  This  work  was  supported  by  Contract  F29601-72-A-0113‘'006  for  the  Air  Force  Special  Weapons  Center, 
Kirtland  AFB,  New  Mexico 
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procedures  was  undertaken  by  MRI  under  the 
sponsorship  of  the  Air  Force.  Results  of  that 
work  are  reported  in  Reference  [tJ  and  summarized 
in  this  paper. 

INTERPRETATION  OF  SLED  TEST  DATA 

Two  categories  of  data  were  available 
during  the  study.  The  first  was  a  result  of  a 
survey  made  of  a  400-foot  section  of  the 
Holloman  test  track.  Height  measurements  were 
taken  every  ten  inches.  A  portion  of  the  data 
is  shown  in  Figure  1.  A  least- square -fit 
straight  line  was  drawn  through  the  data  to 
remove  the  average  height  and  slope.  What 
remains  is  the  rail  roughness  having  peaks  of 
about  .030  inches.  A  spectral  analysis  of  the 
data  failed  to  reveal  any  significant  frequency 
content. 

The  second  category  of  data  comprises  strain 
gage  measurements  taken  from  the  slipper  support 
structure  of  various  sleds.  A  sample  of  such 
data  for  a  dual  rail  sled  is  shown  in  Figure  2. 
The  four  traces  are  strain  gage  measurements 
calibrated  as  vertical  force  acting  on  each  of 
the  four  slippers.  The  subject  of  this  test 
was  a  sled  called  the  ’’Single  Mod."  The  Single 
Mod  is  a  pusher  sled,  that  is,  it  is  used  to 
boost  a  forebody.  It  consists  simply  of  a 
propellant  tank  mounted  on  two  transverse 
slipper  beams.  Propulsion  comes  from  an 
Aerojet  Aj60  liquid  engine  which  develops 
150,000  pounds  of  thrust.  The  width  of  the 
sled  between  slippers  is  84  inches;  the  length 
between  slipper  beams  is  240  inches.  At  the 
time  the  data  in  Figure  2  was  taken,  the  sled 
was  travelling  at  maximum  velocity  of  1,762  fps 
and  weighed  9,400  pounds.  The  high  amplitude 
oscillations  at  the  center  were  determined  to 
result  from  engine  burn-out  transient  forces 
associated  with  nozzle  flow  instabilities.  The 
oscillations  occurring  subsequent  to  the  engine 
burn-out  were  due  to  rail  roughness.  In 
addition  to  these  excitation  sources,  rail 
roughness  and  rough  engine  burning,  analyses  of 
other  data  showed  that  oscillating  aerodynamic 
loads  are  also  a  source  of  dynamic  excitation 
when  a  dual  rail  sled  accelerates  through  the 
transonic  velocity  range.  Unfortunately,  there 
are  no  data  which  measure  directly  the  engine 
forces  or  the  aerodynamic  pressures  acting  on 
the  sled. 

It  should  be  noted  here  the  nonlinear 
nature  of  the  dynamic  phenomenon  being  observed. 
Sleds  ride  the  rails  on  steel  slippers  with 
replaceable  liners.  Reasonable  life  of  the 
liners  requires  that  a  gap  be  left  between  them 
and  the  rail  sirrface.  A  standard  value  of  .125 
inches  is  used  for  all  size  sleds.  The 
variation  in  natural  frequency  observed  in 
Figure  2  is  attributable  to  the  presence  of  this 
gap.  It  is  a  predictable  function  of  peak 
amplitude,  as  shown  in  Figure  3  where  a  curve 
was  developed  for  the  characteristics  of  the 
Single  Mod  sled.  This  phenomenon  is  commonly 
associated  with  the  simple  harmonic  oscillator 
having  a  gap. 


Data  from  two  other  dual  rail  sleds  (one 
of  which  is  shown  in  Figure  4)  were  similarly 
examined.  More  or  less  fortuitously,  a 
parameter  was  found  that  correlates  linearly 
with  peak  slipper  forces.  The  parameter, 
designated  a  Sled  IMpact  Parameter  (SIMP), 
contains  only  physical  parameters  of  the  sled. 
SIMP,  and  its  associated  correlation  with  the 
peak  slipper  forces,  are  shown  in  Figure  5* 

Peak  dynamic  forces  measured  during  coast  are 
due  to  rail  roughness  alone.  Those  taken  during 
the  thrust  period  include  the  excitation  of 
rough  engine  burning. 

Monorail  sleds,  by  comparison  with  dual 
rail  sleds,  are  lighter,  faster,  travelling  at 
least  twice  the  speed,  and  perhaps  most 
importantly  from  the  structural  dynamics  view¬ 
point,  a  great  deal  stiff er.  Whereas  the 
slippers  of  dual  rail  sleds  are  in  contact  with 
the  rails  most  of  the  time,  monorail  sleds  spend 
most  of  their  time  flying  in  the  gap.  Contacts 
with  the  rail  are  brief  and  severe  impacts. 
Furthermore,  whereas  dual  rail  sleds  bounce 
almost  exclusively  in  the  vertical  plane,  mono- 
rail  sleds  have  a  significant  component  of  roll 
motion. 

The  modular  monorail  sled  shown  in  Figure  6 
weighs  616  pounds  and  measured  62.2  inches 
between  its  slippers.  During  one  run  it  reached 
a  velocity  of  3,500  fps.  During  that  run, 
vertical  force  measurements  were  taken  from  a 
force  transducer  mounted  above  the  forward 
slipper.  A  sample  of  those  data  is  shown  in 
Figure  7.  Because  of  the  high  frequency  nature 
of  the  force  history,  it  is  more  meaningful  to 
consider  the  average  value  of  peaks  at  various 
velocities  rather  than  individual  peak  values. 

By  this  method  it  was  possible  to  construct  the 
graph  of  Figure  8.  Again,  it  is  seen  that  the 
presence  of  an  on-board  thruster  increases  the 
amplitude  of  the  slipper  forces.  The  depen¬ 
dence  of  the  forces  on  velocity  seems  to  result, 
at  least  partially,  from  the  increased  aero¬ 
dynamic  lift  associated  with  higher  velocity, 

DEVELOPMENT  OF  A  MATHEMATICAL  SIMULATION 

Study  of  the  test  track  data  seemed  to 
indicate  that  rail  roughness  is  the  principal 
source  of  sled  dynamic  excitation.  Although 
rough  engine  burning  and  unsteady  aerodynamics 
seem  to  contribute  also,  there  are  no  direct 
data  by  which  these  sources  can  be  quantified. 
Given  the  availability  of  a  rail  profile,  the 
philosophy  was  adopted  that  if  a  mathematical 
simulation  would  successfully  predict  dynamic 
response  to  rail  roughness  excitation,  design 
factors  could  be  added  to  account  for  the  other 
sources.  Since  linear,  finite-element  computer 
codes  are  already  widely  used  in  sled  design, 
it  was  necessary  that  the  dynamic  response 
analysis  method  to  be  developed  would  be 
compatible.  The  presence  of  the  slipper  gap 
precluded  the  direct  application  of  such  linear 
methods  as  modal  response,  random  and  frequency 
domain  analyses.  Time  domain  simulation  was 
selected  as  the  only  reliable  approach. 
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FIGURE  2.  SINGLE  MOD  SLED,  SLIPPER  FORCE  MEASUREMENTS 
AT  BURNOUT,  RUN  24X-D1 


FIGURE  3.  EFFECT  OF  SLIPPER  GAP  ON  SINGLE  MOD 
SLED  APPARENT  NATURAL  FREQUENCY 


FIGURE  7.  MODULAR  MONORAIL,  53X-B2,  FRONT  SLIPPER  FORCE 
MEASUREMENTS  AT  BURNOUT 


Dynamic 
Force  in 
Forward 
Slipper 

XIO"^  11) 


0  1000  aooo  3000  i»ooo 


Velocity,  fps 


FIGURE  8.  MODULAR  MONORAIL,  53X-B2,  MEASURED  FORWARD 
SLIPPER  DYNAMIC  FORCES 


Since  time  simulations  -would  require  longer 
stretches  of  track  than  the  400  feet  of  data 
which  were  available,  a  random  generation  scheme 
was  developed.  The  400~foot  sample  was  broken 
into  ten  pieces,  each  having  zero  height  for  the 
first  and  last  values.  A  random  integer  gener¬ 
ator  is  employed  to  produce  a  sequence,  and  the 
corresponding  segments  of  track  are  laid  one 
after  the  other  until  there  is  enough  track  for 
the  simulation. 

Lumped  parameter  representations  of  sleds 
are  rather  complex.  It  is  not  economically 
feasible  to  integrate  in  time  the  entire  set  of 
equations  of  motion  associated  with  the  lumped 
mass  model.  Such  a  difficulty  is  usually  solved 
through  the  use  of  the  modal  method.  In  fact, 
even  in  the  related  problem  of  recontact  during 
staging  of  rocket  launch  vehicles,  the  modal 
method  is  employed.  In  that  case,  three  sets 
of  modes  must  be  used;  one  set  each  for  the  two 
stages  and  one  set  for  the  combined  vehicle. 

At  each  separation  or  recontact  a  new  set  of 
modes  must  be  initialized.  This  is  obviously 
not  a  practical  solution  when  the  contacts  are 
as  frequent  as  the  sled  impacting  the  rail. 


The  cp5^(x)  are  the  normal  modes  of  the  sled 
pinned  at  the  slipper  supports  and  q^Ct)  are 
their  instantaneous  amplitudes. 

We  will,  for  the  moment,  ignore  the  stiff¬ 
ness  of  the  slippers  (and  the  associated 
nonlinear  gap  effect)  while  we  derive  the 
equations  of  motion.  We  start  with  Lagrange’s 
equation : 


A.  T  \  ^  B  U  _  d  W 
dt  \d  hi/  d  hi  ^  'Hi 


(2) 


where  T,  U  and  W  are  the  kinetic  energy,  the 
strain  energy  and  the  work.  The  hi 
independent  variables  of  motion  which  in  this 
case  include  z,  6,  and  the  qi. 

At  this  point  we  must  more  fully  define  the 
structure.  In  fact,  since  the  structure  of  the 
sled  will  be  idealized  as  a  finite-element 
model,  we  convert  our  symbology  to  that  of 
lumped  parameter  systems. 

In  matrix  notation,  Equation  (l)  becomes: 


The  method  adopted  for  analysis  of  sleds 
involves  the  assumption  that  there  is  a  portion 
of  the  sled  structure,  immediately  adjacent  to 
each  slipper,  which  can  be  considered  a  one- 
dimensional,  weightless  spring.  The  four  such 
springs  are  designated  the  slipper  springs  and 
the  points  at  which  they  attach  to  the  sled 
become  restraint  points  for  a  set  of  displace¬ 
ment  functions  which  define  the  deformation  of 
the  rest  of  the  sled  structure.  The  essential 
feature  is  that  the  structure  bounded  by 
restraint  points  is  linear  and  can  now  be 
condensed  in  representation  to  a  set  of  normal 
modes  of 'vibration. 

The  front  view  of  a  dual  rail  sled  showing 
the  placement  of  the  restraints  is  shown  in 
Figure  9.  Figure  10  illustrates  the  resulting 
mode  shapes  and,  in  addition,  shows  the  two 
rigid  body  modes  which  are  added.  Since  it  is 
only  the  rigid  body  modes  which  contain  motion 
at  the  points  of  attachment  of  the  springs, 
only  they  are  involved  in  the  nonlinear  inter¬ 
action  with  the  rail. 


Development  of  Simulation  Equations 


The  motion  of  the  sled  in  the  vertical 
direction  is  defined  as  the  sum  of  a  set  of 
displacement  functions.  The  first  two  of  these 
are  a  pure  vertical  translation  (z)  and  a 
rotation  of  the  rigid  sled  about  its  eg  (9). 

The  rest  of  the  set  is  comprised  of  the  normal 
modes  of  vibration  (orthogonal  to  each  other 
but  not  to  the  rigid  body  functions)  of  the  sled 
restrained  against  translation  at  the  slipper 
support  points.  So  the  vertical  displacement, 
w,  of  the  sled,  at  time  t  and  station  x  along 
i-ts  longitudinal  axis  is: 

w  (x,t)  =  z  +  (x  -  x^g)  0  +^cp^(x)  q^(t)  (1) 

i 


We  will  make  some  observations  about  the 
elements  of  [m] 

Mfi  =  m,  the  mass  of  the  sled 

y\22  =  I5  pitch  inertia  of  the  sled 

Mi2  =  =  0 

because  we  took  the  rotation  about  the  sled  eg. 

"  “ii "  M  ^  ^  ^ 

=  /m.  cp^  n  =  i-  2 

J 
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Single  Mod  Sled 


FIGUEE  9.  RESTRAINTS  APPLIED  TO  DUAL  RAIL 
SLED  FOR  CALCULATION  OF  SLEDYNE  MODES 
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FIGURE  10.  DISPLACEMENT  FUNCTIONS  USED  IN 
NONLINEAR  DYNAMIC  RESPONSE  SIMULATION 
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Where  m.  is  the  lumped  mass  at  the  jth  node  and 
n  ^ 

CO .  is  the  vertical  deflection  at  that  node  in 
'  J 

the  nth  mode. 

Mg.  =  M. g  =  <• .  -x  -  X  •  •  •>  i  >  2 


>  (x.  -  X  )  m,  cp^ 
^  3  eg  j 


n  =  i  “  2 


M.  .  =  )  m.  (cp  _ 
11  0  V  jy 

j 


i>25n  =  i--2 


is  the  generalized  mass  of  the  nth  mode. 

=  0  i  /  J;  i,  J  >  2 

■because  of  the  orthogonality  of  the  modes. 


The  strain  energy 


U  =  ^  <w>  l^kj  |w 


where  [k]  is  the  sled's  stiffness  matrix. 
Substituting  Equation  (3) 


U  =  -  <r\> 


H  {’ll 


Due  to  the  absence  of  strain  energy  in  the  rigid 
body  functions  and  the  orthogonality  of  the 
modes : 


K.  .  =  K..  =  0 
10  01 


K. .  =  <tp  >  I  k 
11  ^  L  _ 


i>2,  n  =  i’'2 


M.  . 

11  n 


where  cu  is  the  natural  frequency  of  the  nth 
mode. 


In  order  to  define  the  work,  we  must  now  do 
business  with  the  slipper  springs.  The  work  is 
a  product  of  the  force  in  those  springs  and  the 
displacement  of  the  attached  structure.  However, 
the  attached  structure  was  pinned  in  all  the 
modes  so  the  springs  do  work  only  on  the  rigid 
displacements,  z  and  0.  The  forward  slipper 
force  is : 

V’  I 

where  5  (u,  v)  =u-v,  u>v 
=  0,  |u|  <  V 
=  U  +  V,  U  <  “V 

£  is  the  slipper  gap  and  y^,  is  the  local  rail 
height.  The  aft  slipper  force  is 


=  -k^  j(z  +  I  +  (x))  - 

kp  and  k^  are  the  slipper  support  stiffnesses 
and  JIy  and  are  distances  from  the  sled  eg  to 
the  slipper  supports. 

Dp  and  Bp^  are  the  damping  forces  and  act 
only  when  the  slippers  are  in  contact. 

=  S  V  -  V  y;  (x  4-  ^)) 

“a  =  "^A  (^  ■  ^A®  -  (^0 

V  is  the  sled  downtrack  velocity,  and  y‘(x)  is 
the  local  slope  of  the  rail  head. 

The  equations  may  now  be  written  out  by 
making  the  appropriate  substitutions  into 
Equation  (2). 


e 

'll 


A  few  terms  have  been  added  which  were  not 
yet  discussed.  Modal  damping  is  included  where 
is  the  proportion  of  critical  damping. 

Eg  and  Mg  are  the  quasi-steady  forces  and 
moments  such  as  lift,  drag  and  thrust.  Excep¬ 
tion  might  be  taken  to  their  being  excluded  from 
the  modal  equations  since  they  do  act  over  the 
whole  sled  body  and,  hence,  do  work  on  the  modes. 
The  response  is: 

•  The  modal  deflections  are  small  compared 
to  those  of  the  rigid  body  and  so  the 
work  done  on  them  by  the  quasi -steady 
loads  will  be  as  well. 

•  The  quasi-steady  loads  are  very  low 
frequency  (generally  zero)  and  so  are 
matched  to  the  rigid  body  motion  which 
is  either  low  or  zero  frequency  depend¬ 
ing  on  whether  or  not  the  slippers  are 
in  contact . 
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•  The  output  of  the  program  is  inertial 
load  vectors 

{r  j  =  -[m]  ({i.o;  Z  +  {xj  -  xj  e  +  {cp'^l  -ij 

which  are  unaffected  hy  the  quasi- steady 
forces  except  indirectly. 

Verification  of  the  Method 

The  random  rail  generation  scheme  and  the 
nonlinear  equations  of  motion  were  implemented 
in  a  computer  code  called  SLEDYWE.  An  Adams- 
Moulton  predictor-corrector  numerical  integra¬ 
tion  technique  is  used.  The  program  searches 
for  maximum  dynamic  displacements  and  stresses 
(computed  on  a  modal  summation  basis)  and  also 
outputs  inertial  load  vpctors  associated  with 
peak  values  of  each  of  the  four  slipper  forces. 
The  overall  flow  diagram  for  SLEDYNE  is  shown 
in  Figure  11. 

In  considering  the  validity  of  the  method 
described  in  the  last  section,  it  might  be  asked 
if  the  representation  of  the  structure  truly 
captures  its  dynamic  characteristics.  In  order 
to  verify  this,  a  mathematical  experiment  was 
performed  using  a  300  DOF  finite  element  model 
of  the  Single  Mod  sled.  Two  sets  of  vibration 
modes  were  calculated  using  MRl/STARDYWE.  One 
set  was  calculated  with  the  slippers  restrained 
at  the  rail,  the  other  set  with  all  four 
slippers  released,  i.e.,  a  free-free  model.  For 
comparison,  two  sets  of  eigenvalues  were  compu¬ 
ted  for  the  mass  and  two  stiffness  matrices  from 
the  simulation  program  corresponding  to  the  same 
two  boundary  conditions.  The  comparison  is 
shown  in  Table  1  and  indicates  the  success  with 
which  the  simulation  functions  represent  the 
original  model. 

Comparisons  of  the .simulation  predictions 
of  peak  vertical  slipper  forces  are  shown  in 
Figure  12  for  dual  rail  sleds  and  Table  2  for 
monorail  sleds.  The  dual  rail  data,  Figure  12, 
are  presented  in  terms  of  SIMP,  the  sled  impact 
parameter.  Peak  forces  are  shown  for  the 
forward  and  aft  slipper  beams  of  three  sleds. 
Superimposed  on  the  experimental  data  are  the 
SLEDYNE  simulation  results.  They  agree  with 
the  experimental  points  from  the  coast  phase, 
but,  as  e:xpected,  lie  below  the  peaks  measured 
during  the  thrust  periods. 

Table  2  shows  the  comparison  of  monorail 
test  track  data  with  SLEDYNE  simulations  for 
two  sleds  at  various  velocities.  Because  of 
the  very  high  frequency  nature  of  the  data 
(see  Figure  7)  and  large  number  of  impacts, 
the  data  and  SLEDYWE  results  were  smoothed  by 
an  averaging  technique  (as  in  Figure  8).  The 
smoothed  data  agree  very  well.  The  SLEDYWE 
results  contained  greater  scatter  than  the 
track  data  and  hence  the  peaks  were  higher. 
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FIGURE  12.  COMPARISON  OF  SLEDINE  RESULTS  WITH 
TEST  TRACK  DATA  DUAL  RAIL  SLEDS 
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TABLE  1. 


COMPARISON  OF  SLEDYNE  MODAL  REPRESENTATION 
WITH  ” EXACT”  STARDYNE  MODES 


STARDYNE  SLEDYNE* 

Modal  Calculation_ Equations 


*Based  on  two  rigid  plus  five  pinned-pinned  vibration  modes 


TABHE  2. 

COMPARISON  OF  SLEDYNE  RESULTS  WITH  TEST  TRACK  DATA,  MONORAIL  SLEDS  - 
VERTICAL  FORCE  DURING  COAST  (LBS) 
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CONSIDERATION  OF  THE  RESPONSE  OF  A 

SLED  BORNE  MISSILE 
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and 
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Discussed  are  the  results  obtained  during  a  recently  completed  study  which 
demonstrated  the  feasibility  of  conducting  non-destructive  tests  of 
advanced  propulsive  concepts  aboard  high  speed  test  sleds.  This  study 
required  that  an  existing  flight  test  missile  and  an  existing  high  speed 
test  sled  both  be  structurally  modified  to  attain  test  speeds  of  2B00  ft/sec. 
The  considerations  which  governed  the  required  missile  and  sled 
modifications  are  presented. 

The  missile  was  instrmnented  with  several  strain  gage  bending  circuits  and 
accelerometers,  and  was  mounted  to  the  carriage  sled  by  force  transducers. 

This  instrumentation  was  continuously  monitored  during  the  several  track 
tests  which  were  conducted.  Successive  track  tests  involved  changes  in 
missile  configuration  and/or  an  increase  in  the  maximum  attained  velocity. 

Thus  measured  responses  were  obtained  as  a  function  of  the  test  configuration 
and  velocity.  These  responses  are  discussed  from  both  a  design  requirement 
and  an  analysis  viewpoint. 

The  analysis  method  used  to  support  the  initial  missile/sled  modification 
and  changes  in  this  analysis  method  required  to  produce  favorable  comparisons 
between  predicted  and  measured  Power  Spectral  Densities  are  discussed.  Based 
on  the  resulting  method  of  analysis  and  the  experimental  results  obtained, 
a  means  of  estimating  the  design  requirements  for  a  different  flight  configured 
missile  for  carriage  aboard  a  Mgh  speed  sled  is  recommended. 


INTRODUCTION 

A  program  has  been  recently  completed  which 
demonstrated  the  feasibility  of  performing 
captive  tests  of  ramjet  engines  at  supersonic 
velocities  aboard  rocket  sleds.  The  track  tests 
were  tailored  toward  simulation  of  low  level 
flight  in  the  Mach  2.5  regime  and  provided 
duplication  of  both  Mach  number  and  Reynolds 
number  for  a  modified  full  size  missile  at  O'' 
and  -4®  angles  of  attack.  References  1  and  2 
provide  details  of  the  program  described  herein. 

The  program  required  significant  modifica¬ 
tion  of  the  existing  outrigger  rocket  sled  and 
ramjet  missile  as  shown  in  Figure  1.  The  struct¬ 
ural  modifications  to  the  sled  included  the 
removal  of  the  top  one-third  of  the  semimono- 
coque  structure,  introduction  of  missile  support 
structures,  and  replacement  of  the  original 
rocket  sustalner  subsystem  with  a  less  expensive 
rocket  motor  package.  The  flight  test  ramjet 


hardware  required  modification  of  the  nose 
cone,  new  structure  at  the  sled  Interface 
joints,  and  repositioning  of  the  ramjet  fuel 
system. 

The  basic  sled  system  had  been  previously 
track  tested  with  a  different  payload  in  the 
Mach  2.5  to  3.0  velocity  regine;  however, 
this  program  placed  new  stringent  requirements 
on  the  final  stage  configuration.  The  layout 
of  the  rocket  sled/ramjet  was  controlled  by 
the  necessity  that  the  ramjet *s  aft  mounted 
inlets  be  unaffected  by  reflected  shock  waves 
and  other  ground  interference  effects  as 
shown  in  Figure  2.  In  compliance  with  these 
aerodynamic  considerations,  ten  feet  of  the 
missile  was  cantilevered  forward  of  the  sled 
structure . 

The  overall  final  system  configuration  is 
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Figure  1 

Unmodified  Missile  and  vSled  with  Integration  Concept 


Figure  2 

Reflected  Shock  and  Inlet  Design  Consideration 


shown  in  Figure  3.  The  complete  sled  system 
consisted  of  two  outrigger  pusher  sleds  and  a 
final  stage  which  provided  the  test  bed  for  the 
ramjet  missile  and  incorporated  three  sustainer 
rocket  motors. 

The  uniqueness  of  this  configuration 
directed  the  extensive  use  of  mathematical 
models  and  environmental  test  techniques  in 
order  to  satisfy  program  objectives.  The 
purpose  of  the  initial  mathematical  models  was 
to  provide  internal  loads  information  for  the 


Figure  3 

Final  System  Configuration 


structural  changes  and  to  provide  system  loads 
estimates  for  the  impending  track  tests.  Once 
the  track  tests  were  initiated,  the  modeling 
emphasis  was  directed  at  the  interface  of  the 
ramjet  with  the  sled  test  bed  and  the  result¬ 
ant  response  of  the  long  ramjet  nose  cone. 

FORMULATION  OF  MATHEMATICAL  MODELS 

The  sled  system  was  separated  into  ten 
physical  components,  or  subassemblies.  These 
are  the  missile  payload,  the  sled,  the  out¬ 
rigger,  sustainer,  two  interface  elements,  and 
four  slippers.  The  payload,  sustainer,  and 
sled  components  are  represented  as  beam-rods, 
thus  each  of  these  components  are  simulated  as 
two  analytical  components.  One  analytical 
component  provides  vertical  bending  degrees  of 
freedom,  while  the  other  provides  lateral 
bending  and  torsional  degrees  of  freedom.  The 
outrigger  is  modeled  as  a  single  beam-rod 
having  vertical  bending  and  torsional  degrees 
of  freedom. 


The  sled  system  is  simulated  by  52  mass 
points  as  shown  in  Figure  4.  Each  of  these 


Vibration  Math  Model  Lumped  Parameter  Representation 

mass  points  is  allowed  to  move  in  six  degrees 
of  freedom,  giving  312  possible  degrees  of 
freedom.  Those  components  which  are  simulated 
as  beam-rod  structures  are  considered  rigid 
along  their  structural  axes,  however,  and  the 
outrigger  was  assumed  rigid  in  fore-and-aft 
bending.  Also,  rotary  inertia  in  bending  was 
not  included  for  the  various  components. 
Therefore,  the  sled  system  is  actually  permitt¬ 
ed  to  have  approximately  150  independent 
degrees  of  freedom. 

VIBRATION  ANALYSIS 

The  vibration  analyses  were  accomplished 
by  using  the  component  coupling  technique 
described  in  Reference  3.  Briefly,  this 
method  involves  determining  the  vibration 
characteristics  for  each  component  of  the  sled 
system  and  then  coupling  these  results 


together  by  enforcing  compatibility  at  the 
various  component  attach  points. 

Two  configur ant ions  were  analyzed  with 
two  diffenent  slipper  boundary  conditions  per 
configuration  for  a  total  of  four  vibration 
analyses.  The  two  configurations  differed  in 
that  one  was  for  a  long-nosed  payload,  while 
the  other  was  for  a  short-nosed  payload.  One 
set  of  boundary  conditions  provided  each 
slipper  with  its  prescribed  load  carrying 
capability  in  the  vertical  and  lateral  direc¬ 
tions,  but  each  slipper  was  unrestrained  in 
the  longitudinal  direction.  This  set  of 
boundary  conditions  is  a  linear  representation 
of  the  sled  system  as  it  moves  down  the  track. 
The  results  of  viration  analyses  utilizing 
these  boundary  conditions  were  used  in  the 
preliminary  random  loads  analysis.  The 
second  set  of  boundary  conditions  again  pro¬ 
vided  each  slipper  with  its  proper  load 
carrying  capability  in  the  vertical  and 
lateral  directions,  but  in  addition,  the 
forward  sled  slipper  and  the  sustainer  slipper 
were  fixed  in  the  longitudinal  direction. 

This  set  of  boundary  conditions  simulated  the 
sled  system  as  restrained  during  ground 
vibration  tests.  The  results  of  vibration 
analyses  incorporating  the  second  set  of 
boundary  conditions  was  compared  with  the 
results  of  the  ground  vibration  tests  to 
verify  the  analytical  model  of  the  sled  system. 

Ground  vibration  testing  was  accomplished 
prior  to  the  track  tests  to  establish  the 
adequacy  of  the  mathematical  models  and  to 
provide  the  opportunity  to  modify  the  models 
based  on  experimental  data.  Two  configurations 
were  tested;  however,  only  the  results  of  the 
more  critical  long-nosed  configuration  will  be 
discussed  in  the  interest  of  brevity.  The 
basic  laboratory  experiment  is  shown  in 
Figure  5.  Approximately  100  acceleration 
measurement  locations  were  monitored  for  each 
test  configuration  and  were  selected  to  coin¬ 
cide  with  the  mass  points  in  the  mathematical 
models.  A  dual-beam  oscilloscope  was  used 
for  quick  visual  examination  of  wave  forms  and 
phasing  relationships,  and  then  a  frequency 
synthesizer  was  used  in  place  of  the  sweep 
oscillator  for  the  final  mode  shape  measure¬ 
ments.  A  50-pound  exciter  was  used  for  the 
basic  excitation  force,  and  an  auxiliary 
matched  shaker  phased  with  the  primary  was 
used  for  excitation  of  some  modes. 

The  primary  variable  that  controlled  the 
correlation  of  the  mathematical  model  predic¬ 
tions  and  the  measured  response  was  slipper 
fixity.  Special  fixtures  were  used  to  restrain 
the  lower  slippers  as  shown  in  Figure  6.  The 
first  series  of  laboratory  tests  showed  that 
the  forward  slipper  may  be  supplying  a  yaw 
restraint  to  the  system  (see  Figure  7),  a 
restraint  which  had  not  been  included  in  the 
model.  This  resulted  in  a  predicted  lower 
mode  of  vibration  which  could  not  be  correlated. 
A  yaw  slipper  spring  was  introduced  into  the 


model  to  simulate  the  observed  restraint  and 
several  analyses  were  performed  to  study  the 
effect  of  the  yaw  spring  stiffness  on  predicted 
modal 1  response.  A  spring  rate  was  established 
which  provided  correlation  for  the  troublesome 
mode  without  significantly  affecting  the  cor¬ 
relation  of  the  other  modes  of  vibration.  The 
first  six  frequencies  were  correlated  with  ex¬ 
cellent  results  while  the  mode  shape  correla¬ 
tion  was  considered  as  very  good.  These 
results  are  characterized  in  Figure  8.  Reason¬ 
able  frequency  agreement  was  obtained  for  modes 
above  the  first  six,  but  mode  shape  correlation 
was  not  good. 


allowed  between  the  guide  surfaces  and  the 
railhead),  the  rail  roughness,  and  the  oscil¬ 
latory  aerodynamic  and  thrust  forces C4].  The 
time  constraints  of  this  program  did  not  allow 
for  a  complete  examination  or  simulation  of 
the  non-linear  multi-degree  of  freedom  problem. 
Consequently,  random  forcing  functions  were 
derived  from  available  measured  data. 

In  an  earlier  program,  the  lateral  forces 
transmitted  to  the  original  rocket  sled  from 
the  front  slipper  had  been  measured  for  the 
same  relative  velocities.  These  measurements 
provided  estimates  of  the  shape  of  the  random 
response  reactions,  and  the  magnitude  of  one 
slipper  force.  Based  on  this  force  data. 


^  This  mode  not  obtained  for  long-nosed  missile 
configuration;  however,  this  mode  is  outrigger 
torsion  which  by  analysis  is  shown  not  to  be 


FORCING  FUNCTIONS 

The  forcing  functions  were  derived  in  two 
formats.  The  first  type  was  the  relatively 
slow  time  varying  quasi-steady  state  forces 
that  result  from  thrust,  aerodynamic  forces, 
braking  forces,  and  inertia.  These  data  were 
obtained  from  manufacturers’  data  for  the 
thrust  curves,  wind  tunnel  data  for  the  aero¬ 
dynamic  forces,  computer  simulation  of  water 
braking  forces,  and  a  computer  program  used  to 
calculate  the  system  inertia  and  the  complete 
velocity/time  history  for  the  trajectory.  The 
derivation  of  these  forces  is  straightforward 
and  will  not  be  discussed  herein. 

The  more  predominant  forcing  functions 
result  from  the  interaction  of  the  slippers 
with  the  rails.  These  forces  are  a  function  of 
the  quasi-steady  state  forces,  the  slipper  gap 
(a  clearance  of  approximately  1/8  inch  is 


acceleration  data,  and  scaled  force  data  from 
other  rocket  sleds,  a  histogram  (see  Figure  9) 
was  derived  and  assumed  applicable  for  each  of 
the  six  internal  slipper  forces.  Estimates  of 
the  internal  RMS  slipper  force  levels  expected 
at  maximum  velocity  (3000  ft/sec)  are  given  in 
Figure  9.  Indications  from  previous  sled 
programs  led  to  the  assumption  that  these 
slipper  forces  were  proportional  to  sled  vel¬ 
ocity. 

DESIGN  LOAD  LEVELS 

The  resonant  frequencies  and  mode  shapes 
calculated  during  the  vibration  analysis  were 
used  in  the  random  analysis  of  the  sled  system. 
The  random  slipper  forces  were  applied  to  the 
vibration  model  at  the  sled  slippers  in  order 
to  excite  the  model.  Rational  assumptions 
were  made  concerning  correlation  and  phasing  of 
the  applied  slipper  forces  which  allowed  the 
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General  Specification 

Example 

fo=30Hz 

Segment 

Upper  Limit 

Band  Width 

Percent  of 

Frequency 

PSD  Level 

No. 

Frequency  Band  (Hz) 

(Hz) 

Total  RMS^ 

Range 

per/Hz 

1 

fo/2 

fo/2 

1.3 

0-15 

. 000867 

2 

fo 

fo/2 

12.9 

15-30 

,008600 

3 

37.5+0.75  fo 

0.25(150-fo') 

13.7 

30-60 

.004567 

4 

75+0.50  fo 

0.25(150-fo) 

4.3 

60-90 

.001433 

5 

112.5+0.25  fo 

0.25{l50-fo) 

5.1 

90-120 

. 001700 

6 

150 

0.25(l50-fo) 

2.4 

120-150 

. 000800 

7 

250 

100 

10.7 

150-200 

.001070 

8 

400 

150 

14.6 

200-400 

. 000973 

9 

600 

200 

16.0 

400-600 

.000800 

10 

800 

200 

6,7 

600-800 

.000335 

11 

1000 

200 

4.5 

800-1000 

.000225 

12 

2000 

1000 

7.8 

1000-2000 

.000078 

Frequency  (Hz) 


Figure  9 

Power  Spectral  Density  Histogram 


RMS  modal  participation  factors  to  be  determin¬ 
ed.  These  RMS  modal  participation  factors 
were  used  in  conjunction  with  associated  mode 
shapes  and  resonant  frequencies  and  with  the 
geometry  and  distributed  mass  of  the  sled 
system  to  determine  the  internal  load  distribu¬ 
tions  and  the  missile  support  forces.  The  RMS 
slipper  deflections  and  internal  forces  were 
also  determined. 

Comparison  of  the  internal  slipper  forces 
thus  calculated  to  the  expected  internal 
slipper  forces  and  consideration  of  the  dis¬ 
tributed  internal  loads  coupled  with  repeated 
analytical  studies  led  to  the  following  obser¬ 
vations  : 

.  If  the  specified  slipper  forces  were 
interpreted  as  applied  forces,  then 
the  resulting  loads  were  so  high  as 
to  be  declared  unreasonable  and  maxi¬ 
mum  response  was  found  to  occur  with 
an  energy  concentration  unrealis¬ 
tically  high  frequencies. 

.  If  the  specified  slipper  forces  were 
interpreted  as  resulting  internal 
forces,  then  resulting  load  magnitudes 
and  the  frequency  of  energy  concentra¬ 
tion  became  reasonable,  but  the  speci¬ 
fied  set  of  internal  forces  appeared 
to  be  mathematically  incompatible 


within  the  framework  of  the  assumptions 
made. 

The  basic  problem  therefore  appeared  to  be 
twofold : 

.  Determine  a  set  of  specified  internal 
slipper  forces  which  were  mathematically 
compatible. 

.  Determine  a  set  of  applied  forces  which 
resulted  in  these  specified  internal 
slipper  forces. 

An  iteration  scheme  was  devised  which  ad¬ 
justed  the  magnitude  of  the  applied  slipper 
forces  with  each  iteration  in  an  attempt  to 
converge,  in  some  sense,  to  specified  internal 
slipper  forces  for  selected  slippers.  In  this 
scheme,  the  applied  slipper  force  for  each 
Iteration  was  obtained  by  multiplying  the  pre¬ 
vious  applied  force  by  the  ratio  of  the  de¬ 
sired  Internal  slipper  force  to  the  Internal 
slipper  force  previously  obtained.  Generally, 
"convergence"  in  some  sense  was  achieved  after 
ten  such  iterations.  A  numerical  study  was 
then  performed  wherein  selected  internal 
slipper  forces  were  considered  to  be  invariant. 
It  was  concluded  on  the  basis  of  this  study 
that  the  most  meaningful  mathematically  con¬ 
sistent  analysis  was  obtained  when  the  forward 
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internal  slipper  forces  were  considered  invari¬ 
ant. 

This  iteration  procedure  was  repeated  with 
the  forward  internal  slipper  forces  held  invari¬ 
ant  while  the  reference  PSD  frequency  was 
varied  over  the  first  ten  structural  frequenc¬ 
ies.  The  results  showed  that  maximum  response 
occurred  generally  in  a  low  frequency  region 
and  that  the  response  was  generally  indepen¬ 
dent  of  the  reference  Power  Spectral  Density 
frequency. 

Structural  modification  was  guided  by  the 
internal  loads  thus  calculated. 

SLED  INSTRUMENTATION 

A  unique  facet  of  the  design  of  the  rocket 
sled/ramjet  interface  was  the  incorporation  of 
force  transducers.  The  capability  of  the  out¬ 
rigger  rocket  sled  to  carry  a  payload  of 
similar  size  and  weight  to  Mach  2.5  had  been 
previously  established  in  an  earlier  program. 
However,  the  task  of  propelling  a  low  fre¬ 
quency  cantilevered  missile  to  these  velocities 
were  a  more  formidable  problem.  Consequently, 
the  Interface  force  transducer  measurements, 
together  with  the  bending  moment  and  accelera¬ 
tion  measurements  provided  the  means  to  study 
the  missile  subsystem  during  each  track  test. 

The  forward  support  force  transducer  is 
shown  in  Figure  10.  The  configuration  was  a 
post  or  frame  design  with  16  strain  gages 
applied  to  the  vertical  legs  to  measure  the 
vertical  forces  and  roll  moments  and  S  strain 
gages  were  applied  in  the  corners  of  the  unit 
to  measure  the  lateral  or  cross-track  forces. 

The  unit  -was  developed  by  the  University  of  New 
Mexico  and  was  subjected  to  numerous  calibration 
tests  and  static  combined  load  tests. 

Bending  moment  strain  measurement  loca¬ 
tions  are  shown  in  Figure  11.  A  total  of  eight 
bending  moments  were  measured  along  the 
missile,  four  locations  in  each  of  the  pitch 
and  yaw  planes.  The  strain  gages  were  applied 
to  the  internal  surfaces  of  the  nose  cone  and 
to  the  external  surfaces  of  the  ramjet  combus¬ 
tion  chanber.  Static  force  tests  were  perfor¬ 
med  in  the  laboratory  for  system  calibration. 
These  bending  moments  coupled  with  six  force 
transducer  measurements  and  14  acceleration 
measurements  provided  2S  structural  response 
measurements  for  each  track  test. 

Throughout  each  track  test  a  variety  of 
data  was  monitored.  This  data  defined  the 
actual  trajectory  and  provided  response  time 
histories  of  payload  bending  moments,  accelera¬ 
tions  and  support  loads.  The  structural  data 
thus  obtained  from  lower  velocity  less  severe 
missile  configruations  were  correlated  with 
model  or  scaled  predictions  and  scaled  to  the 
next  plateau  of  testing.  This  scaled  data  was 
used  to  define  structural  modifications  and 
instrumentation  requirements  necessary  to 


tangent  to  fillet. 

Notes : 

1. Section  BB  is  similar  to  section  AA 
except  for  gage  numbers. 

2. View  CC  and  DD  are  similar  to  section  aa 
except  the  single  element  gages  are  not 
present,  and  gage  numbers  are  different. 

3 . Identification  numbers  are  shown  by  gages. 
For  the  rosettes, V  indicates  a  vertical 
grid  and  H  a  horizontal  grid. 

Figure  10 

Forward  Force  Transducer 
and  Instrumentation 


Missile  Station  Bending  Moment  ( Pitch/Yaw) 


Bending  Strain  Gage  Circuit  Locations 


insure  the  success  of  the  next  track  test.  This 
method  of  system  development  provided  the  means 
to  carefully  construct  each  test  configuration 
and  perform  structural  modifications  before 
actually  performing  the  track  tests.  The 
structural  data  was  also  used  to  substantiate 
or  direct  changes  to  a  math  model  intended  to 
aid  in  the  determination  of  design  criteria  of 
future  systems.  Accelerometer  data  was  used 
principally  to  substantiate  the  sturctural 
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data.  Trajectory  data  was  used  to  define  the 
propulsion  necessary  to  obtain  the  performance 
levels  required  in  subsequent  tests. 

Peak  amplitudes  of  the  critical  para¬ 
meters  were  obtained  from  the  response  time 
history  (quasi-steady  plus  oscillatory)  data. 
Decisions  regarding  structural  integrity  and 
necessary  structural  modifications  were  based 
on  these  peak  amplitudes.  A  comparison  of 
measured  peak  bending  moments  obtained  from 
the  first  low  speed  track  test  to  predicted 
maxlmums  along  the  missile  body  is  shown  in 
Figure  12.  Comparisons  in  the  lateral  plane 
are  not  as  good  although  the  loads  are  con¬ 
siderably  lower  than  those  in  the  vertical 
plane . 


Figure  12 

Predicted  Vs  Measured  Maximum 
Bending  Moments 


The  analog  records  for  these  structural 
response  measurements  were  digitized  for  each 
test  and  processed  through  a  series  of  random 
analysis  computer  programs.  The  digitized 
records  provide  amplitude -time  histories  while 
RMS  versus  time  plots  were  used  to  study  the 
velocity  dependence  of  the  functions.  Ampli¬ 
tude  Probability  Density  and  Power  Spectral 
Density  graphs  were  analyzed  from  selected 
time  slices  for  correlation  with  model  pre¬ 
dictions.  Typical  variations  found  for  the 
more  significant  functions  monitored  are  shown 
in  Figures  13  and  14. 

MATH  MODEL  REVISIONS 

An  objective  of  this  program  was  to 
modify  and  correct  the  mathematical  models  and 
forcing  functions  to  accurately  predict  the 
critical  system  responses  measured  during  track 
tests.  The  modifications  to  the  mathematical 


Figure  13 

Sample  Amplitude  Probability  Density 


model  was  to  be  based  on  comparisons  between 
model  predictions  and  track  test  measured  modes 
of  vibration,  internal  forces  (measured  by  the 
transducers  between  the  sled  test  bed  and  the 
payload),  and  payload  response  (measured  by 
accelerometers  and  strain  gages). 

The  existing  model  shown  in  Figure  15 
would  be  excited  by  applying  power  spectra 
distributions  measured  with  the  payload 
supporting  transducers  to  the  junctions  of  the 
supporting  strncture  and  the  payload.  The 
applied  forcing  spectra  would  then  be  varied 
until  correlation  was  obtained  for  both  the 
transducer  measurements  and  bending  moments. 

Among  the  first  problems  considered  was 
the  differences  between  the  math  model  re¬ 
presentation  and  the  data  available.  The 
math  model  representation  must  be  driven  by 
net  vertical  and  lateral  forces  and  torques 
at  the  forward  and  aft  payload  support  points. 
Measured  are  vertical  forces  in  each  of  two 
legs  of  the  transducers  and  lateral  trans¬ 
ducer  forces.  Additionally,  data  for  one  leg 
of  both  transducers  were  not  obtained.  Thus 
considerable  judgment  had  to  be  exercised  in 
estimating  the  power  spectral  density  of  the 
measured  torque  and  vertical  force  for  the 
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Figure  14 

Sample  Power  Spectral  Density- 


Figure  15 

Random  Analysis  Math  Model 


two  transducers. 

The  problem  ultimately  resolved  to  the 
determination  of  the  RMS  forces  and  torques 
associated  with  each  transducer  and  the  deter¬ 
mination  of  each  of  their  energy  spectra  and 
phasing  as  a  function  of  frequency.  A  trial 
and  error  approach  was  too  weak  a  method  for 
such  a  formidable  task. 

Since  all  measurements  had  been  analyzed 


for  the  same  time  interval,  the  measured  re¬ 
sponses  of  the  vehicle  must  be  considered  to 
be  fully  correlated.  Consequently  the  forc¬ 
ing  functions  were  also  considered  to  be 
fully  correlated.  Implicit  in  this  approach 
is  the  necessity  to  assume  or  calculate  the 
degree  of  correlation  and  the  associated 
phasing  of  the  applied  forces. 

Several  iteration  schemes  were  devised 
and  used  to  modify  the  applied  forces  by  an 
amount  based  on  the  calculated  response. 

These  iteration  schemes  resulted  in  either 
numerical  divergence,  convergence  to  negative 
RMS  values,  or  stabilized  RMS  levels  with 
oscillatory  power  spectral  density  distribu¬ 
tions.  The  iteration  approach  was  then 
abandoned  and  further  mathematical  inquiry 
initiated.  This  inquiry  led  to  the  following 
conjectures. 

.  The  tendency  of  convergence  towards  a 
negative  root  which  resulted  in 
oscillatory  behavior  probably  indicates 
a  phasing  relationship  between  the 
applied  force  frequency  distributions 
which  varies  with  the  frequency.  The 
math  model,  as  Implemented,  could  not 
recognize  such  phasing. 

.  If  phasing  of  the  applied  forces  is 
important,  then  the  phasing  of  the 
modal  participation  factors  must  also 
be  important. 

.  The  system  is  modeled  with  ten  degrees 
of  freedom  (i.e.,  ten  flexible  modes), 
however  only  six  response  functions  are 
used  as  control  functions.  Thus  the 
system  model  under  consideration  con¬ 
sisted  of  six  equations  with  ten  un¬ 
knowns,  a  model  for  which  a  direct 
unique  solution  does  not  exist. 

.  If  the  modal  participation  factors 
could  be  determined,  then  the  system 
model  would  consist  of  ten  equations 
with  six  unknowns.  A  unique  solution 
to  such  a  system  can  be  obtained  in  a 
least  square  error  sense. 

The  phasing  problem  suggested  that  the 
analysis  be  temporarily  removed  from  a  random 
response  context  and  placed  in  a  frequency 
response  context.  This  change  is  easily 
accomplished  by  interpreting  the  power  spectral 
density  functions  as  the  square  of  the  fre¬ 
quency  response  curves.  Four  additional  control 
functions  were  selected  to  be  combined  with  the 
six  transducer  functions  in  the  determination 
of  the  spectral  distribution  of  the  modal 
participation  parameters.  Chosen  were  the 
vertical  and  lateral  bending  functions  at 
payload  station  12S.5  and  the  vertical  and 
lateral  accelerations  in  the  nose  of  the 
payload. 
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It  was  realized  that  acceptance  or  re¬ 
jection  was  based  not  on  the  error  in  modal 
participation  but  on  the  error  in  the  calcu¬ 
lated  response  as  compared  to  the  measured 
response.  Thus  the  modal  participation  factors 
were  determined  from  the  control  functions  and 
the  applied  driving  forces  were  determined  so 
as  to  minimize  the  above  error  in  a  "least 
square  error"  sense. 

The  results  of  this  procedure  proved  to 
be  satisfactory.  Several  resulting  predicted 
responses  are  compared  to  the  measured  respon¬ 
ses  in  Figure  16. 


CONCLUSIONS 

A  structurally  sound  test  configuration 
was  developed  and  tested  which  provided  the 
velocity/time  requirements  necessary  to  per¬ 
form  propulsion  testing  of  ramj'ets  on  the 
Holloman  Test  Track.  Examination  of  the  load 
variation  with  velocity  indicated  that  a 
linear  relationship  between  load  and  velocity 
for  this  system  did  not  exist.  It  was  re¬ 
commended  that  a  non-linear  model  of  the 
system  which  considers  only  slipper  flexi¬ 
bility  as  in  Reference  4  be  implemented  to 
investigate  the  nature  of  the  dependency  of 
load  on  velocity.  The  Power  Spectral 


Measured  - 

Predicted  - 

Estimated  . 


Figure  16 

Measured  Vs  Predicted  Power  Spectral  Densities 
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Densities  of  a  set  of  driving  forces  were 
found  which  resulted  in  response  predictions 
that  agree  in  a  "least  square  error"  sense 
with  corresponding  measured  data.  It  was 
found  that  for  this  system  the  Power  Spectral 
Densities  of  the  driving  forces  were  in  no  way 
similar  to  the  resulting  internal  forces.  The 
results  discussed  herein  are  dependent  on  the 
basic  approach  taken  in  developing  the  mathe¬ 
matical  representation  of  the  physical  system 
modeled.  The  basic  approach  taken  herein  re¬ 
sulted  in  unrealistically  high  slipper  forces. 

It  was  recommended  that  a  Ground  Acceleration 
approach  as  described  in  Reference  5  be  im¬ 
plemented  and  investigated  for  application  to 
systems  of  the  type  investigated  herein. 
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DISCUSSION 

Mr.  Glaser;  Concluded  with  a  motion  picture. 

Voice:  What  changes  were  made  in  the  properties 
of  the  Vehicle? 

Mr.  Glaser:  The  length  was  increased  by  two  feet 
the  over  hand  was  increased  by  two  feet  and  the 
velocity  was  changed  from  1500  feet  per  second  to 
about  2000  feet  per  second. 

Voice:  Was  there  any  increase  in  weight? 

Mr.  Glaser;  Just  slightly.  This  configuration 
weighed  about  3000  lbs. 

Voice:  Did  the  bending  moments  go  up? 

Mr.  Glaser;  They  did  that^s  right. 


FLOW-INDUCfiD  VIBRATIONS  OF  A 
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A  comparison  is  made  between  applicable  theory  and  experimental 
results  of  dome  wall  vibrations  and  boundary  layer  pressure  fluctua¬ 
tions  occurring  in  tests  of  a  large  buoyancy -propelled  underwater 
vehicle.  The  vehicle  had  a  body  of  laminar  flow  shape,  14  feet  in 
diameter  and  35  feet  long,  with  tail  fins  on  a  boom,  and  a  sonar  dome 
on  vibration  mounts.  The  local  velocity,  wall  thickness  and  boundary 
layer  characteristics  varied  along  the  body.  A  method  is  described 
for  incorporating  the  effects  of  these  variations  into  the  theoretical 
response  of  a  flat  infinite  plate  acted  upon  by  pressure  fluctuations 
of  a  uniform  boundary  layer.  Effects  of  operating  parameters  on  the 
vibration  power  spectral  densities  are  shown. 


INTRODUCTION 

In  1970  a  project  was  initiated  by  the 
Autonetics  Division  of  Rockwell  International 
Corporation,  under  the  sponsorship  of  the 
Applied  Physics  Laboratory  of  Johns  Hopkins 
University,  to  study  some  sonar  flow  noise 
problems  at  essentially  full-scale  conditions. 

A  test  vehicle  was  designed  and  built  to  house 
a  10- ft.  -diameter  acoustic  Luneburg  lens  in  a 
sonar  dome.  The  dome,  of  fiberglass  rein¬ 
forced  plastic  construction,  comprised  the 
forward  half  of  a  laminar-flow  shaped  body  of 
revolution.  Tail  fins  on  a  boom  assured  hy¬ 
drodynamic  stability.  To  attain  optimum  quiet 
conditions,  the  vehicle  was  propelled  by  buoy¬ 
ancy  and  tested  in  vertical  runs  at  the  Naval 
Ship  Research  and  Development  Center  (jSISHDC) 
range  at  Lake  Pend  Oreille,  Idaho.  The  lam¬ 
inar-flow  shape  allowed  a  minimum  extent  of 
turbulent  boundary  layer  flow  over  the  dome, 
and  a  very  small  hydrodynamic  drag  coeffi¬ 
cient.  When  desired,  the  extent  of  turbulence 
was  extended  by  tripping  the  boundary  layer 
with  a  wire  around  the  body  near  the  nose. 

During  the  tests,  measurements  were 
made  of  boundary  layer  pressure  fluctuations 
and  dome  wall  vibrations.  The  data  were  con¬ 
verted  to  power  spectral  density  form,  at 


several  speeds,  by  means  of  a  fast  Fourier 
transform  computer  algorithm  for  analysis. 
The  pressure  spectrums  were  of  familiar 
form;  that  is,  zero  slope  below  a  roll-off  fre¬ 
quency,  and  merging  into  a  fixed  downward 
slope  above  roll-off  when  expressed  in  log- log 
form.  The  vibration  spectra  had  a  downward 
slope  at  both  extremes,  and  the  frequency 
range  over  which  merging  occurred  was  much 
greater  than  that  of  the  pressure  spectra.  Vi¬ 
bration  occurred  at  forward  positions  of  the 
dome  even  when  the  boundary  layer  was  lam¬ 
inar  there.  The  shapes  of  the  vibration  spec¬ 
tra  suggested  a  modification  to  a  theory  for 
plate  vibrations  which  allows  taking  into  ac¬ 
count  the  variation  of  boundary  layer  excita¬ 
tion  over  the  body  surface.  This  modified  the¬ 
ory  shows  satisfactory  agreement  with  the  ex¬ 
perimental  results,  and  thus,  allows  better 
analysis  of  the  effects  of  various  operating 
conditions. 

TEST  VEHICLE 

The  general  structural  assembly  and 
configuration  of  the  vehicle  is  shown  in  Fig.  1. 
Basically,  it  is  a  body  of  revolution,  35  ft. 
long  and  14  ft.  maximum  diameter,  with  an 
NACA  63040  laminar-flow  contour,  fitted  with 
four  stabilizing  fins  on  a  tail  boom. 
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DETAIL  OF  DOME  ISOLATION  MOUNTINGS 


Fig,  1.  Internal  Structure  of  Test  Vehicle 

The  structure  of  the  vehicle  is  of  alum¬ 
inum  alloy  rings  and  longerons.  The  skin  of 
the  afterbody  and  tail  fins  is  of  fiberglass 
epoxy,  and  the  tail  boom  skin  is  aluminum. 

Fixed  buoyancy  blocks  around  the  vari¬ 
able  ballast  tanks  are  of  polyurethane  covered 
with  polymer-backed  neoprene  sheeting  ce¬ 
mented  in  place  to  inhibit  water  seepage.  The 
blocks  in  the  afterbody  are  of  syntactic  foam 
with  plastic  spheres.  Densities  in  air  are  25 
and  23  lb. /cu.  ft.,  respectively. 

Two  pres  sure -proof  aluminum  spheres 
and  associated  plumbing  provided  for  varying 
the  net  buoyancy  through  a  range  of  6120  lb. , 
from  a  minimum  of  900  lb.  to  a  maximum  of 
7000  lb.  in  the  configuration  tested. 

The  acoustic  lens  is  an  array  of  hollow 
plastic  compliant  tubing  dispersed  in  such  a 
manner  that  the  sonic  speed  in  the  mixture  of 
tubes  and  water  provides  focusing  of  the  inci¬ 
dent  sound  waves  to  points  at  the  lens  surface 
opposite  to  the  sound  source.  The  tubes  are 
supported  by  fiberglass  netting  held  by  hoops, 
12  meridional  ribs,  and  a  metal  polar  tube. 

It  weighs  800  lb.  in  air  and  80  lb.  in  water. 

The  lens  is  isolated  from  the  I-beam  structure 
by  means  of  six  commercial  vibration  isolator  a 

The  fiberglass-epoxy  sonar  dome  ex¬ 
tends  over  49  percent  of  the  basic  body  length, 
and  is  supported  at  its  base  by  means  of  56 
commercial  vibration  isolation  mounts,  as 
shown  in  the  inset  to  Fig.  1.  The  isolation 
could  be  locked  out  by  means  of  threaded  rods 
located  between  the  mounts  and  held  to  the 
dome  base  ring  and  the  body  structure  by  nuts. 
The  mounts  are  Barry  Series  2000  type,  with 
a  working  load  range  of  100  lb.  each,  and 
stiffnesses  of  5000  lb. /in.  lengthwise  and  3000 


lb.  /in.  laterally.  Taking  into  consideration 
the  internal  water  and  the  hydrodynamic  added 
mass,  it  was  estimated  that  natural  frequen¬ 
cies  would  be  5  Hz  longitudinally  and  6  andO.  7 
Hz  in  lateral  rocking  motion.  The  dome 
weighs  4400  lb.  in  air  and  2000  lb.  immersed 
in  water. 

The  dome  is  a  laminate  of  woven  roving 
faced  with  two  layers  of  181  cloth  on  the  inter¬ 
ior  and  exterior,  plus  an  additional  layer  of 
120  cloth  on  a  gelcoat  to  provide  additional 
smoothness  on  the  exterior  surface.  Thick¬ 
ness  of  the  dome  wall  was  based  somewhat  on 
existing  domes,  and  is  0.  5  in.  from  the  nose 
to  abreast  the  lens,  increasing  smoothly  to  0.  8 
in.  at  maximum  diameter,  1  in.  in  way  of  the 
tanks,  and  2  in.  at  the  base.  Under  a  design 
load  condition  at  1000  lb.  /  sq.  ft.  applied  lat¬ 
erally,  stresses  were  less  than  1000  psi,  and 
the  thickness  distribution  was  adequate  to  pre¬ 
vent  buckling. 

Measurements  of  dome  wall  samples 
0.  6  in.  thick  showed  the  following  material 


properties: 

Ultimate  strength  in  bending  44,  300  psi 

Ultimate  strength  in  tension  23, 700  psi 

Interlaminar  shear  strength  1,  500  psi 

0 

Modulus  of  elasticity  in  bending  1.  92  x  10  psi 

0 

Modulus  of  elasticity  in  tension  1.  86  x  10  psi 
Specific  gravity  1.  57 

Resin  content  49% 


The  afterbody  skin  is  of  the  same  lam¬ 
inate  construction,  0.  5  in.  thick,  and  held  to 
the  interior  structure  by  flush-head  screws. 
Both  the  dome  and  the  afterbody  skin  were 
laid  up  by  hand  inside  accurate  fiberglass - 
epoxy  molds,  and  air  cured.  Especial  care 
was  taken  with  surface  smoothness,  and  sur¬ 
face  waviness  was  held  to  less  than  l/lOOO 
height  to  length  in  order  to  achieve  a  contour 
conducive  to  preventing  premature  boundary 
layer  transition. 

The  whole  vehicle,  including  the  lens, 
is  flooded  with  water  during  operation.  In  air 
the  vehicle  weighs  23,  600  lb. ;  in  water  the 
total  mass  to  be  accelerated  is  200,  000  lb. ,  of 
which  about  26, 000  lb.  is  the  hydrodynamic 
added  mass.  The  vehicle  is  so  massive  that 
only  about  75  to  80  percent  of  terminal  velocity 
is  attained  in  vertical  pop-up  runs  from  rea¬ 
sonable  depth  (currently  limited  to  600  ft.  by 
the  strength  of  the  electronic  housing)  with  the 
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available  buoyancy.  It  was  found  safe  to  oper¬ 
ate  the  vehicle  without  brakes  up  to  an  emer¬ 
gence  speed  of  about  25  ft.  / sec.  At  this  speech 
about  70  percent  of  the  body  length,  or  50  per¬ 
cent  of  the  total  length,  is  above  water.  The 
loss  of  buoyancy  caused  by  progressive  emer¬ 
gence  of  the  water-filled  dome  provides  large 
braking  force. 

VEHICLE  HYDRODYNAMICS 

The  shape  of  the  basic  body  was  chosen 
to  be  a  laminar-flow  airfoil  section  on  the  ba¬ 
sis  of  having  a  position  of  minimum  pressure 
(maximum  supervelocity)  far  aft  to  promote  the 
greatest  extent  of  laminar  boundary  layer  flow, 
but  not  so  far  as  to  incur  the  possibility  of 
flow  separation  at  the  rear  for  the  low  fineness 
ratio  of  2.5.  This  small  fineness  ratio  pro¬ 
duces  about  the  smallest  hydrodynamic  drag  on 
a  frontal  area  basis.  The  section  chosen  was 
the  NACA  63040,  and  the  body  has  a  small  vol¬ 
ume  and  a  center  of  volume  well  forward,  rel¬ 
ative  to  bodies  based  on  other  shape  distribu¬ 
tions.  This  gives  a  relatively  low  mass  to  be 
accelerated,  and  a  relatively  forward  position 
of  this  center  of  gravity  immersed  and  filled 
with  water.  The  body  diameter  was  chosen  as 
the  smallest  that  would  allow  the  dome  to  be 
removable  in  one  unit  over  the  10-ftlens  and 
its  supports. 

Hydrodynamic  stability  was  assured  by 
designing  fins  to  produce  a  restoring  pitching 
moment  55  percent  greater  than  the  unstable 
moment  of  the  body.  The  fin  span  was  kept 
equal  to  the  maximum  body  diameter. 

The  combination  of  extensive  laminar 
boimdary  layer  and  good  pressure  recovery  aft 
coupled  with  smooth  skin  and  avoidance  of 
joints  and  discontinuities  results  in  very  low 
drag,  about  half  that  ordinarily  obtained  on 
bodies  of  the  same  fineness  ratio.  However, 
the  greatest  practical  advantage  of  the  body 
shape  in  this  project  was  the  ability  to  extend 
the  turbulent  layer  artificially  by  tripping  at  a 
forward  location  when  desired. 

Two  flow  parameters  of  most  interest 
to  the  investigation  were  the  local  superveloci- 
ty  and  the  boundary  layer  thickness.  These 
were  calculated  by  the  Douglas -Neumann  com¬ 
puter  program  [1]  and  the  results  are  shown  in 
Figs.  2  and  3.  The  program  automatically  cal¬ 
culates  the  position  of  boundary  layer  transi¬ 
tion,  or  transition  can  be  ordered  to  occur 
where  desired.  At  a  speed  of  10  fps,  the 
Reynolds  number  based  on  body  length  is  25  x 
10^. 


- BOUNOARV  LAYER  DISPLACEMENT  THICKNESS  ADDED  TO  HULL  GEOMETRY 


Fig,  2.  Velocity  Distribution  About  63040  Hull 
Calculated  by  Neumann  Method 


Figure  3.  Calculated  Boundary 
Layer  Characteristics 

Design  calculations  were  checked  by 
means  of  wind  tunnel  tests  of  a  1/1 4- size 
model.  Drag,  side  force,  pitching  moment, 
and  boundary  layer  transition  measurements 
were  made  with  and  without  tail  fins.  Other 
tests  of  a  dynamic  model  the  same  size  were 
made  in  the  Autonetics  Sonar  Pool  to  check 
steadiness  of  running  under  various  conditions, 
and  to  examine  vehicle  behavior  at  emergence. 
Both  of  the  model  tests  indicated  that  no  hydro - 
dynamic  problems  should  be  expected  in  the 
full-scale  test  experiments. 

The  choice  of  a  laminar -flow  body  of 
revolution  and  the  successful  hydrodynamic 
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design  was  based  on  extensive  study  of  such 
shapes  conducted  by  Autonetics  for  the  pur¬ 
pose  of  attaining  low-drag  underwater  bodies 
with  extensive  laminar  boundary  layer  flow. 

Performance  characteristics  of  the  ve¬ 
hicle  are  shown  in  Figure  4  as  curves  of  speed 
attained  at  various  run  lengths  as  a  function  of 
buoyant  thrust. 


Fig.  4.  Vehicle  Speed  Performance 
INSTRUMENTATION 

Instrumentation  on  the  vehicle  con¬ 
sisted  of  sensors  located  at  desired  points, 
amplifying  and  signal  conditioning  electronics 
in  a  pressure -proof  housing,  and  batteries  to 
supply  power. 

Locations  of  the  boundary  layer  pres¬ 
sure  hydrophones  (mounted  flush  with  the 
outer  surface)  and  of  the  wall  vibration  accel¬ 
erometers  (mounted  inside  the  skin  in  still 
water)  are  shown  in  Fig.  5.  The  flush  hydro¬ 


phones  were  of  the  smallest  size  available 
consistent  with  adequate  sensitivity  in  order  to 
minimize  the  correction  needed  at  large  values 
of  face  diameter  to  convection  wavelength.  [2] 
They  were  Atlantic  Research  type  LD-107,  ^ 

having  an  effective  acoustic  area  of  0.  0028  in. 
(diameter  of  0.  06  in. ),  a  sensitivity  of  -119  dB 
rel.  1  volt/n-bar,  and  a  resonant  frequency  of 
200  kHz.  The  dynamic  accelerometers  were 
Wilcoxon  Research  type  722,  having  a  sensi¬ 
tivity  of  125  mV/g,  a  nominal  resonant  fre¬ 
quency  of  12  kHz,  and  a  depth  capability  of 
2500  ft.  of  water.  With  sufficient  amplifica¬ 
tion,  vibrations  as  small  as  0.  5  x  10  g  could 
be  measured.  Other  hydrophones  were  posi¬ 
tioned  on  the  lens  and  elsewhere  inside  the 
dome;  The  outputs,  amplified  as  needed,  were 
recorded  in  frequency  modulation  form  on  two 
tape  recorders.  Two  of  the  14  channels  of 
each  recorder  were  taken  by  a  time  code  and 
vehicle  velocity  (really  square -wave  pulses 
denoting  revolutions  of  a  propeller  speed 
meter  at  a  calibrated  rate  of  12  revolutions 
for  10  ft.  of  travel),  and  the  remainder  used 
for  selected  sensors.  Some  sensors  were 
used  in  all  runs,  and  others  selected  as  de¬ 
sired. 


Items  of  vehicle  performance  recorded 
in  amplitude  analog  form  on  the  oscillograph 
included:  time  code,  vehicle  velocity,  roll 
rate,  pitch  and  yaw,  strains  at  critical  loca¬ 
tion  on  electronics  case,  and  strains  measur¬ 
ing  lift  force  and  torsion  on  one  fin.  These 
were  used  to  monitor  the  steadiness  of  run¬ 
ning. 


Some  measurements  of  strain  in  the 
dome  wall  due  to  vibrations  were  attempted, 
but  no  useful  results  were  obtained. 

TESTS  AND  DATA  REDUCTION 

The  tests  were  conducted  at  the 
NSRDC  Field  Station  at  Lake  Pend  Oreille, 
Idaho.  In  the  first  half  of  November  1971,  a 
series  of  11  runs  were  made  at  gradually  in¬ 
creasing  buoyancies  and  start  depths  to  inves¬ 
tigate  vehicle  hydrodynamic  characteristics. 

In  May  1972,  a  series  of  32  runs  (in  11  test 
days)  were  made  to  obtain  data  under  rela¬ 
tively  standard  conditions  with  various  con¬ 
figurations.  Ordinarily,  the  runs  were  made 
in  pairs,  the  first  with  the  boundary  layer 
trip  wire  in  place  and  the  second  with  natural 
layer  transition. 


Fig.  5.  Locations  of  Pressure  Hydrophones 
and  Vibration  Accelerometers 


Data  reduction  was  done  after  return 
to  Autonetics.  Particular  runs  were  selected 
which  contained  the  desired  information.  The 
time  histories  of  the  magnetic  tape  data  were 
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duplicated  in  amplitude  analog  form  on  oscillo¬ 
graph  tapes  for  examination  of  extraneous  dis¬ 
turbances.  Sections  of  clean  data,  0.  4  sec. 
long,  were  copied  onto  magnetic  tape  at  nomi¬ 
nally  constant  vehicle  speeds  of  0,  10,  14,  18, 
22,  and  24  ft/ sec.  These  segments  were 
transformed  to  power  spectral  density  form  by 
a  fast  Fourier  transform  computer  algorithm 
and  plotted  to  log -log  scales  by  the  computer, 
using  calibration  factors  determined  for  each 
day^s  running  at  the  test  site.  These  graphs 
were  then  used  for  analysis. 

BOUNDARY  LAYER  PRESSURE  FLUCTUA¬ 
TIONS 


energy  transfer  between  eddies  of  different 
sizes,  to  reach  a  limit  below  some  frequency 
that  is  determined  by  boundary  layer  thickness 
The  power  spectral  density  of  the  turbulent 
boundary  layer  pressure  fluctuations  may  thus 
be  given,  in  log -log  plot  form,  by  two  straight 
lines  of  different  slope  joined  at  a  roll-off  fre¬ 
quency.  Below  and  above  roll-off,  f^  and 
so  slopes  are  0  and  -30  dB/ decade.  In 
actuality,  there  is  a  blend  between  the  two  ex¬ 
tremes  that  can  be  considered  a  second-order 
corner,  so  that  the  pressure  PSD  can  be  ex¬ 
pressed  as: 

P(f)  =  3. 16  X  ICppVu^  [1  +  (1) 


Boundary  layer  theory  indicates  that 
transition  from  laminar  to  turbulent  flow  tends 
to  occur  at  a  constant  Reynolds  number  (de¬ 
fined  as  R  =  U  x/v)  which  is  a  function  of 
lengthwise  pressure  gradient,  surface  rough¬ 
ness,  ambient  turbulence  level,  and  the  like. 
Time  history  records  of  wall  pressure  at  var¬ 
ious  stations  along  the  dome  bear  this  out.  As 
the  speed  increases  throughout  a  run,  the  posi¬ 
tion  of  transition  is  seen  to  move  progress¬ 
ively  further  forward  on  the  dome.  The  pro¬ 
gression  is  modified  by  the  pressure  gradient 
along  the  hull,  which  as  shown  in  Fig.  2,  is 
adverse  aft  of  the  maximum  diameter  station 
(tending  to  promote  earlier  transition),  and 
favorable  forward  of  there  (tending  to  delay 
transition  to  higher  Reynolds  number).  Nat¬ 
ural  transition  generally  does  not  occur  sud¬ 
denly,  but  starts  as  isolated  or  intermittent 
bursts  that  coalesce  into  continuous  turbulence 
as  the  speed  continues  to  increase. 

When  the  boundary  layer  was  artifi¬ 
cially  tripped  at  10  percent  station,  it  was,  of 
course,  turbulent  aft  of  there  at  all  speeds 
throughout  the  run. 

The  motion  of  fluid  particles  in  a 
boundary  layer  may  be  thought  of  as  that 
caused  by  the  passage  of  eddies  of  various 
sizes  along  the  wall,  at  some  speed  less  than 
that  of  the  free  stream.  The  smaller  eddies 
cause  high-frequency  pressure  fluctuations, 
and  the  larger  ones  low-frequency  pressures. 
There  is  a  balance  of  energy  transfer  from  the 
larger  to  the  smaller  eddies  as  they  break  up, 
so  that  one  would  expect  a  gradually  decreas¬ 
ing  energy  content  with  increasing  frequency 
(decreasing  eddy  size).  However,  the  larg¬ 
est  size  of  eddies  present,  or  lowest  fre  - 
quency,  is  limited  by  the  thickness  of  the 
boundary  layer.  One  would  thus  e2q)ect  that 
the  preceding  increase  in  pressure  fluctua¬ 
tions  with  decreasing  frequency,  from  the 


The  roll-off  frequency  is: 

=  U/TT6*  (2) 

The  nondimensional  constants  are  valid  for  the 
case  of  a  smooth  flat  plate  in  uniform  flow  with 
zero  lengthwise  pressure  gradient  and  non- 
turbulent  exterior  flow.  Little  information  on 
the  effects  of  pressure  gradient  exist  beyond 
the  experiments  of  Schloemer  (1967)  [3]. 

For  correlation  with  acoustics,  in  gen- 
er^  the  P(f)  is  expressed  in  units  of  (dyne/ 
cm^)vHz  equal  to  (xbarr/Hz. 

The  preceding  discussion  is  illustrated 
in  Figure  6,  which  shows  typical  pressure 
PSDs  measured  at  various  speeds  during  two 
runs,  one  with  boundary  layer  tripped  at  10  %L 
and  the  other  with  natural  transition.  The  dome 
was  fixed  to  the  afterbody  in  these  runs. 


Fig.  6.  Pressure  Power  Spectral  Density 
Hydrophone  FM5  at  27  %L 
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In  the  tripped  run  32T,  the  shapes  and  varia¬ 
tion  with  speed  are  as  expected.  The  slanting 
line  S  =  f6 VU  =  constant  is  drawn  through  the 
roll-off  frequences  calculated  from  the  values 
of  U  and  6*  from  the  computer  solutions  of 
Figs.  2  and  3.  In  the  untripped  run  33U,  the 
boundary  layer  was  laminar  at  10  fps,  inter¬ 
mittent  turbulence  was  present  at  14  fps  with  a 
turbulent  burst  of  about  0. 15  sec.  occurring  in 
the  0.  4- sec.  time  interval,  and  the  layer  was 
fully  turbulent  at  above  16  or  17  fps.  Com¬ 
pared  with  the  turbulent  run,  the  roll-off  fre¬ 
quencies  are  higher,  consistent  with  the 
thinner  boundary  layer  in  the  untripped  run. 

In  this  run,  the  boundary  layer  measured  at 
20  %L  showed  some  isolated  bursts  at  22  and 
24  ^s  vehicle  speed. 

In  both  the  tripped  and  untripped  runs, 
the  boundary  layer  pressure  PSDs  at  locations 
along  the  dome  follow  the  trends  of  Eqs.  (1) 
and  (2);  that  is,  the  roll-off  frequencies  tend 
to  decrease  as  with  increasing  distance  aft 
along  the  surface  and  increasing  boundary  lay¬ 
er  thickness.  In  the  untripped  runs,  the 
boundary  layer  was  turbulent  at  the  aft  end  of 
the  dome. 

DOME  VIBRATION  RESULTS 


Ip,  bar  =  1  dyne/cm  =  1  gram/cm^ 

X  1  cm/sec? 

(3) 

Results  of  measurements  taken  on  the  after¬ 
body  skin  just  aft  of  the  dome  (fixed  in  these 
runs)  during  the  same  runs  are  given  in  Fig. 
8,  and  show  a  better  separation  with  speed. 


FWIQUENCY,  Hi 


Some  typical  dome  vibration  PSDs  are 
given  in  Fig.  7,  measured  at  the  same  loca¬ 
tion  and  during  the  same  runs  as  the  pres¬ 
sures  of  Fig.  6.  The  unit  of  acceleration 
used  is  cm/ sec?  (called  the  gal  in  terrestrial 
gravitometry)  which  is  convenient  and  easily 
related  to  the  p,bar  pressure  unit  by  the  rela¬ 
tion: 


Fig.  8.  Acceleration  Power  Spectral  Density 
Accelerometer  A13  at  51  %L  on 
Afterbody 

Aspects  in  which  the  vibration  PSDs 
differ  from  the  local  pressure  PSDs  are 
noted  as  follows: 


§ 

* 
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Fig.  7.  Acceleration  Power  Spectral  Density 
Accelerometer  A5  at  27  %L 


There  is  a  general  overall  decrease  in 
level  with  increasing  frequency,  similar  to 
that  occurring  in  a  mass -controlled  oscil¬ 
lator. 

There  is  a  difference  in  slope  at  the  ex¬ 
treme  high  and  low  frequency  ends  of  the 
spectra  much  like  that  at  the  extremes  of 
the  pressure  PSDs. 

The  band  of  frequencies  between  which  the 
extremes  blend  is  much  greater. 

There  is  little  or  no  overall  frequency 
shift  of  ’’roll- off"  at  different  locations. 

The  variation  in  level  with  vehicle  speed  is 
greater  than  that  of  pressure,  and  in  the 
untripped  run  at  27  %L  vibrations  occur  at 
10  and  14  fps  speed,  even  though  the  bound¬ 
ary  layer  is  laminar  there,  or  has  isolated 
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turbulent  bursts.  This  last  observation  is 
explainable  when  one  considers  that  the 
dome  is  a  continuous  body  so  that  excita¬ 
tion  anywhere  will  cause  vibration  else¬ 
where. 

No  strong  resonances  appear,  except  near 
4000  Hz  in  untripped  run  at  27  %L,  which 
also  appeared  at  12  %L  data,  but  is  either 
not  present  or  is  strongly  damped  out  at 
the  afterbody  station.  This  appeared  simi¬ 
larly  in  several  other  untripped  runs. 

THEORY  OF  TURBULENCE -INDUCED 
VIBRATION 

The  fluctuating  pressures  experienced 
at  points  on  a  wall  under  a  turbulent  boundary 
layer  are  equivalent  to  those  resulting  from 
pressure  waves,  correlated  over  some  area, 
that  are  convected  along  the  wall  in  the 
streamwise  direction.  When  the  wall  is  flex¬ 
ible,  it  will  vibrate  in  the  form  of  free  bend¬ 
ing  waves.  Such  turbulence -induced  vibra¬ 
tions  have  been  studied  extensively.  When  the 
plate  is  immersed  in  water,  the  plate  vibra¬ 
tions  produce  pressure  waves  travelling  at 
sonic  speed,  which  add  additional  pressures  to 
those  of  the  turbulence.  This  occurs  in  air 
also,  but  the  net  effect  is  much  smaller. 

The  most  recent  and  most  applicable 
theory  of  plate  vibrations  with  fluid  loading  is 
that  of  Strawderman  and  Christman  [4],  It 
seems  rather  complex,  and  only  the  end 
results  that  were  used  will  be  given  here. 


Consider  a  thin,  flat  plate  lying  in  the 
X,  y  plane.  Under  static  conditions,  the  nor  - 
mal  deflection  w  in  the  z  direction  caused  by 
pressure  p(x,  y)  acting  on  the  plate  surface  is 


given  by: 

4  4 

„4  S  w  .  o  ^  w 
V  w  =  — ^  +  2  ^ 

S  X  by 


aw  ^p(x,y) 


with  appropriate  boundary  conditions.  The 
velocity  of  compressional  waves  in  the  plate 
is: 


and  the  velocity  of  flexural  bending  waves  with¬ 
out  ambient  fluid  loading  is: 


The  normal  deflection  w(x,  y,  t)  of  a 
plate,  immersed  in  a  fluid  and  acted  on  by  a 


turbulent  pressure  field  p(x,  y,  t)  on  one  side, 
is: 

D  V^w  +  r|y  +  =  p(x,  y,  t)  +  p^(x,  y,  0+,  t) 

(7) 

+  y,  0-,  t) 

Using  results  of  their  previous  papers 
and  talcing  into  account  appropriate  lengthwise 
and  lateral  correlation  factors  of  turbulent 
pressures,  Strawderman  and  Christman  de¬ 
rive  expressions  for  all  parts  of  this  equation 
in  spectral  density  form.  They  show  that  a 
finite  plate  exhibits  the  basic  features  of  an 
infinite  plate,  plus  resonances,  but  the  finite 
case  will  not  be  considered  here.  Their  final 
expression,  with  slight  change  in  symbols,  for 
the  local  velocity  power  spectral  density  with 
ambient  fluid  loading  is: 


In  a  vacuum,  this  reduces  to: 


Ml  \  D/  \  A  05  X  10"  X 


_  _  dk  _ 


Acceleration  spectral  density,  for  a  more  di¬ 
rect  comparison  with  our  data,  is  obtained  by 
merely  multiplying  velocity  spectral  density 
by  u)2,  so  that 

^  2,r/  X  -r./  X  „  8.  05xl0“^uP 

A(u))  =  00  V{to)  -  P(a))  X  - o — o - 

n  U  ^ 
c 


plate  and  turbulence  parameters 


The  ratio  of  A(oo)/P(a))  =  A(f)/P(f)  is 
l/(mass  per  unit  area)^  or  It  was  calcu¬ 

lated  at  various  frequencies  and  free  stream 
speeds  for  fiberglass  plastic  plates,  using 
measured  values  of  dome  material  modulus 
of  elasticity  and  density.  The  integration  of 
Eq.  (8)  is  a  little  tricky,  since  the  integrand 
rises  to  a  very  sharp  peak  that  is  dependent 
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on  the  damping  coefficient  r  at  the  fluid  loaded 
free  wavenumber  for  which  the  first  bracketed 
expression  in  the  denominator  reaches  a  mini¬ 
mum.  This  is  the  wavenumber  for  hydrody¬ 
namic  coincidence.  The  accuracy  of  integra¬ 
tion  was  checked  by  first  doing  it  for  the  steel 
plate  used  as  an  illustration  in  the  reference 
[4].  The  results  for  the  fiberglass -epoxy  plate 
were  found  to  be  with  water  loading: 

A(f)  =  P(f)  X  4.  9  X  Id"’  U^/(f  h^)  (11) 

4  2 

The  constant  has  units  of  cm  sec/ gram  . 


For  the  plastic  plate  vibrating  in  vacu¬ 
um,  without  fluid  mass  loading,  the  equation 
becomes: 

A(f)  =  P(l)  X  9.  5  X  10"®  h?-®)  (12) 


The  effect  of  water  mass  loading  is  more  pro¬ 
nounced  at  low  frequency  than  at  high.  This 
loading  effect  is  that  of  the  p  terms  in  Eq.  7. 

cL 


The  acceleration  PSD  of  an  unloaded 
plate  is  greater  than  that  of  a  water  loaded  one 
at  frequencies  less  than  about  5  x  10"*  Hz,  at 
which  other  effects  may  enter  to  vitiate  the 
assumption  of  simple  plate  bending. 


The  constant  in  these  equations  seems 
to  be  proportional  to  the  ratio  (Pm/^)^>  since 
a  few  similar  calculations  for  a  steel  plate  in 
water  give  a  value  of  5  x  10  These  calcu¬ 
lations  give  results  agreeing  with  those  used 
for  illustrative  purposes  by  Strawderman  and 
Christman. 


The  pressure  PSD  for  a  flat  plate  with 
zero  pressure  gradient  is  given  by: 


p(f)  = 


3. 16  X  10"® 6*  U® 

[1  +  (tt6*1/U)V'^^ 


(13) 


When  this  is  inserted  into  Eq.  (9), 
there  results  the  following  expression  for 
acceleration  PSD,  in  (cm/sec2)^/Hz: 


A(f)  = 


1.55  X  10~^^p^6*  U® 
f  h^[l  +  (rr  6*f/U)Y^^ 


(14) 


Again,  the  constant  is  dimensional  and  valid 
when  all  dimensions  are  in  the  cgs  system  of 
units,  and  the  plate  is  fiberglass  plastic  in 
water. 


lence  all  over.  In  this  case  where  the  excita¬ 
tion  has  a  single  spectrum  and  has  a  single 
roll-off  frequency,  then  the  resulting  vibration 
spectrum  has  the  same  single  roll-off  fre¬ 
quency.  This  is  perhaps  shown  more  clearly 
inEq.  (10). 

APPLICATION  OF  THEORY  TO  VEHICLE 

Conditions  on  the  test  vehicle  differ  in 
many  respects  from  those  for  which  the  theory 
was  developed,  notably  in  the  variation  of  local 
velocity  and  boundary  layer  thickness  along 
the  body,  the  variation  of  dome  wall  thickness, 
and  the  two-way  curvature  of  the  dome  which 
adds  additional  stiffness  not  present  in  a  flex¬ 
ing  flat  plate.  As  was  shown  previously,  the 
effect  of  the  varying  boundary  layer  character¬ 
istics  is  to  create  various  roll-off  frequencies 
and  varying  pressure  spectra  at  different  loca¬ 
tions,  but  the  acceleration  spectra  do  not  seem 
to  show  frequency  shifts  at  the  different  loca¬ 
tions. 


Considering  all  this  and  the  continuous 
shell  geometry  of  the  dome  and  skin,  a  method 
has  been  devised  of  taking  into  account  the 
variations  of  flow  conditions  assuming  that  the 
acceleration  at  any  point  of  the  dome  is  the 
sum  of  the  incremental  accelerations  caused 
by  pressure  variations  at  all  other  points. 

This  is  illustrated  by  Fig.  9.  The  increment¬ 
al  acceleration  caused  by  conditions  at  the 


shaded  area  is: 


Area  involved 
Total  area 


y2 


A(f)  with  local  conditiond 
of  Equation  (14) 


BOUNDARY  LAYER  DISPLACEMENT  THICKNESS 

TRIPPED 


Fig.  9.  Illustrating  Calculation  of  Incremental 
Vibration  Levels 


These  increments  are  summed  over  the  area 
covered  by  turbulent  bounday  layer,  and 
squared  to  obtain  the  resultant  acceleration 
PSD.  For  the  configuration  of  dome  fixed, 
the  summation  was  over  the  entire  vehicle 


The  plate  is  considered  to  be  flat, 
unsupported,  and  acted  upon  by  uniform  turbu- 
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plus  tail  fins,  but  did  not  include  the  tail  boom 
since  the  very  large  boundary  layer  thickness 
there  causes  very  low  roll-off  frequencies  and 
adds  very  little  pressure  spectral  components 
in  the  range  of  interest. 

Calculated  results  for  the  condition  of 
dome  fixed  are  shown  in  Fig,  10,  for  the 
tripped  and  untripped  boundary  layer.  It  can 
be  seen  that  tripping  the  boundary  layer  at  10 
%L  increases  acceleration  spectral  levels,  and 
that  the  increase  is  greater  at  the  lower  fre¬ 
quencies.  The  tripped  boundary  layer  extends 
farther  over  the  body  and  is  thicker. 


Fig.  10.  Effect  of  Boundary  Layer  Tripping 
on  Calculated  Acceleration  Power 
Spectra,  SHAMU,  Dome  Fixed 

Figure  11  shows  the  same  comparison 
for  the  case  assuming  the  dome  to  be  fully 
isolated.  Here,  tripping  the  boundary  layer 
causes  a  greater  increase  in  acceleration 
power  level  since  the  calculations  were  car¬ 
ried  out  over  the  dome  only,  and  the  relative 
change  in  area  excited  by  boundary  layer  tur¬ 
bulence  was  greater  than  for  the  other  cases 
which  included  the  afterbody  and  tail  fins, 

A  comparison  of  Figs.  10  and  11 
shows  the  effect  of  isolating  the  dome  to  be  a 
reduction  of  acceleration  power  levels  by  an 
amount  somewhat  less  than  the  difference  be¬ 
tween  untripped  and  tripped  boundary  layers. 
The  decrease  at  the  highest  frequencies  is 
caused  by  the  elimination  of  accelerations 
caused  by  excitation  of  the  tail  fins. 


Fig.  11,  Effect  of  Boundary  Layer  Tripping 
on  Calculated  Acceleration  Power 
Spectra,  SHAMU,  with  Dome 
Isolated 


NORMALIZING  OF  ACCELERATION  POWER 
SPECTRAL  DENSITY 

The  preceding  Eq.  (14)  can  be  used  to 
determine  normalized  results;  that  is,  to 
obtain  factors  that  collapse  acceleration  PSDs 
at  several  speeds  to  one  relationship  of  non- 
dimensional  PSD  as  a  function  of  Strouhal 
number  S  =  f6/U  or  S  =  f6*/V.  It  is  desired 
to  obtain  the  slope  of  lines  joining  conditions  of 
constant  Strouhal  number. 

A  trivial  case  is  that  for  which  6  is 
independent  of  speed,  such  as  would  occur  at 
infinite  Reynolds  number.  Then,  S  =  const, 
implies  f/U  =  const. ,  and  f2/fi  =  ^2/^1?  so 
that: 


Lines  of  constant  S  run  upward  diagonally  at 
the  rate  of  40  dB  per  decade  of  frequency, 

A  more  practical  case  occurs  at 
Reynolds  numbers  ip/y^e  range  experienced. 
In  this  case,  6  about,  at  a  fixed  loca¬ 

tion  on  the  body,  and  S  =  const,  implies 


and 
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Lines  of  constant  S  run  upward  diagonally  at 
the  rate  of  30  dB  per  decade  of  frequency,  as 
shown  in  Figs.  10  and  11.  Unfortunately,  it  is 
not  clear  just  what  value  of  6  is  to  be  used  to 
obtain  numerical  values  of  S  for  the  test  ve¬ 
hicle,  since  it  varies  considerably  with  posi¬ 
tion  along  the  body.  The  value  of  local  velocity 
U/V  also  varies  with  position.  But  it  is  pos  - 
sible  to  normalize  to  arbitrary  conditions,  and 
this  has  been  done  to  a  reference  A(f)  of  1  (cm/ 
sec^)^/Hz  at  a  frequency  of  1000  Hz  and  a  ve¬ 
hicle  speed  of  24  fps.  Fig.  12  shows  the  data 
from  Fig.  7  normalized  in  this  fashion.  To 
show  the  different  vehicle  speeds  more  easily, 
the  data  are  given  in  the  form  of  coded  points 
selected  along  the  experimental  traces. 


liTk 

|jb 

M 
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Fig.  12.  Normalized  Data  Compared  with 
Theoretical  Calculation 
Accelerometer  A5  at  27  %L 

The  data  collapse  well  within  a  band 
about  2  to  4  dB  wide.  Also  shown  are  curves 
of  normalized  theoretical  vibration  spectra  cal¬ 
culated  for  the  conditions  of  layer  tripped  at  10 
%L  and  untripped  assuming  transition  at  35  %L. 
They  have  been  shifted  up  or  down  along  the 
acceleration  axis  until  the  lines  pass  through 
the  experimental  data.  The  spectral  shapes  of 
the  data  agree  with  the  theoretical,  and  the  dif¬ 
ference  in  amplitudes  is  probably  due  to  the 
extra  stiffening  effect  of  the  dome  wall  double 
curvature. 


greater  than  would  be  expected,  even  though 
other  data  indicate  that  the  natural  transition 
was  further  forward  than  that  used  in  the  cal¬ 
culations.  Experimental  effects  of  tripping 
were  in  better  agreement  with  the  theoretical 
predictions  for  some  other  configurations. 

SOME  NORMALIZED  VIBRATION  RESULTS 

Figure  13  shows  normalized  vibration 
spectra  measured  at  all  instrumented  locations 
during  these  runs  made  in  the  vehicle  configur¬ 
ation  of  lens  in  place  and  dome  fixed.  Theo¬ 
retical  curves  were  calculated  for  one  wall 
thickness  of  1/2  in. ,  and  would  give  lower 
accelerations  for  increased  thickness.  In  the 
tripped  run  the  experimental  and  theoretical 
spectral  shapes  are  in  good  agreement.  In  the 
untripped  run  there  is  a  tendency  for  the  exper¬ 
imental  vibration  on  the  dome  to  be  less  than 
the  theoretical  trend  at  low  Strouhal  numbers, 
with  the  tendency  being  more  pronounced  for 
the  stations  further  aft  along  the  dome.  This 
may  be  associated  with  increasing  bending 
stiffness  caused  by  increased  wall  thickness, 
or  by  the  attachment  to  the  vehicle  structure  at 
the  dome  base.  In  these  runs  the  dome  was 
fixed  to  the  afterbody  structure,  and  the  lens 
was  present. 


Fig.  13.  Comparison  of  Vibration  Data  with 
Theory  Configuration  Dome  Fixed, 
Lens  in 


The  difference  between  the  ratio  of 
'^(%eo/^®exper  conditions  of 

boundary  layer  tripping,  on  these  runs,  was 


A  similar  comparison  of  theory  and 
experiment  is  given  in  Fig.  14  for  the  config¬ 
uration  of  dome  isolated  and  lens  out.  Here, 
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Fig.  14.  Normalized  Vibration  PSD  Dome 
Isolated,  Lens  Out 

on  the  dome  the  effect  of  tripping  the  boundary 
layer  at  10  %L,  and  thus  extending  the  turbulent 
area  covered  by  the  turbulence,  was  an  in¬ 
crease  in  acceleration  levels  more  in  agree¬ 
ment  with  the  theoretical  prediction  than  was 
the  case  for  the  runs  of  Fig.  13.  On  the  after¬ 
body,  the  area  exposed  to  turbulence  remains 
constant  and  boundary  layer  tripping  thickens 
the  layer  there  and  reduces  roll-off  frequencies 
and  the  summed  acceleration  PSD,  as  shown  by 
both  the  theoretical  and  experimental  curves. 
This  effect  is  present  on  the  isolated  dome  also 
but  is  more  than  overcome  by  the  relatively 
much  greater  increase  in  area  excited  by  tur¬ 
bulent  boundary  layer. 

A  direct  comparison  of  Figs,  13  and  14 
shows  that  in  the  tripped  boundary  layer  condi¬ 
tion,  the  vibration  levels  in  the  configuration  of 
dome  isolated  and  lens  out  were  lower  in  the 
dome  base  and  at  the  afterbody  skin.  The  theo¬ 
retically  calculated  difference  due  to  dome  iso¬ 
lation  is  a  3-dB  reduction.  Unfortunately,  not 
enough  data  was  analyzed  to  separate  the  two 
effects  of  isolation  and  lens  presence,  but  it  is 
difficult  to  see  why  removing  the  lens  should 
affect  the  vibrations. 

In  the  untripped  condition,  little  or  no 
difference  was  noted  between  the  vibration 
levels  of  the  two  configurations,  although  a  re¬ 
duction  of  5  dB  would  be  expected  theoretically 
from  dome  isolation. 


The  distribution  over  the  dome  and 
afterbody  skin  of  the  vibration  power  intensity 
is  shown  in  Fig.  15  for  the  two  boundary  layer 
conditions.  The  points  plotted  are  the  normal* 
ized  acceleration  PSD  at  a  normalized  fre  - 
quency  of  1.  0,  and  thus,  the  values  on  the 
scale  correspond  directly  to  values  of  10  log 
A(f)  rel.  1  (cm/sec^)vHz  at  a  frequency  of 
1000  Hz  and  a  vehicle  speed  of  24  fps.  In  the 
tripped  condition  the  vibration  level  at  the  ex¬ 
treme  nose  of  the  dome  is  higher  than  that 
further  aft,  and  at  the  dome  base  the  vibra¬ 
tions  are  essentially  the  same  as  those  on  the 
afterbody  skin  whether  or  not  the  dome  was 
isolated. 
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Fig.  15.  Distribution  of  Vibration  Power 
Intensity  Over  Vehicle 

CONCLUDING  REMARKS 

Experimental  vibration  spectra  agree 
with  those  calculated  theoretically,  in  both 
frequency  and  vehicle  speed  dependence. 

This  indicates  that  the  concept  of  considering 
the  vibration  to  be  the  summation  of  incre¬ 
mental  vibrations  caused  by  excitations  from 
all  the  turbulent  pressure  spectra  on  the 
affected  areas  on  the  body  is  valid. 

The  differences  in  magnitude  between 
experimental  and  theoretical  are  considered 
to  be  brought  about  by  increased  wall  stiff¬ 
ness  due  to  dome  double  curvature,  and  pos¬ 
sibly  by  the  end  restraints  at  the  dome  base. 
Presumably,  a  similar  theory  developed  for  a 
cylindrical  shell  would  give  results  more  in 
agreement  with  these  experimental  ones. 

In  some  cases,  the  effects  of  boundary 
layer  tripping  are  predicted  correctly  by 


163 


theory,  but  this  is  not  always  so.  The  general 
intermittent  nature  of  transition  to  turbulent 
flow  makes  it  difficult  to  assess  the  area  over 
which  turbulence  exists  with  its  excitation. 
Then  too,  our  vehicle  was  continually  acceler¬ 
ating  upward  in  a  barostatic  pressure  field, 
never  attaining  steady  state  conditions  in  its 
flight.  This  caused  dynamic  lengthwise  pres¬ 
sure  gradients,  which  could  bring  about  flow 
conditions  different  from  those  for  which  the 
basic  boundary  layer  thickness  and  transition 
calculations  were  made. 

The  boundary  layer  pressure  measure¬ 
ments  are  in  agreement  with  other  experi¬ 
ments  and  theory,  though  more  investigation 
of  the  effects  of  pressure  gradient  is  needed. 

If  one  wishes  a  sonar  dome  free  of  vi¬ 
bration,  it  must  be  well  isolated  from  vibra¬ 
tions  originating  elsewhere,  and  it  must  have 
laminar  flow  entirely  over  it.  An  alternative 
is  to  have  a  dome  incapable  of  transmitting 
flexural  vibrations. 
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SYMBOLS 

A(f),  A(u})  Vibratory  acceleration  power 
spectral  density 
c  Sonic  speed  in  fluid 

C^  Plate  flexural  wave  speed 

C^  Speed  of  compression  waves  in  plate 

D  =  E  h^/12(l  -  cj^)  Plate  bending  stiffness 
E  Young's  modulus  of  elasticity 

f  Frequency,  Hz 

f^  Pressure  fluctuation  roll-off  frequency 

ji  Plate  thickness 

k  Vector  wavenumber  of  plate  flexiire 

k^,  kg  Lengthwise^and  transverse  com¬ 
ponents  of  k 

k  oj  Wavenumber  in  ambient  fluid 

L  Length  of  basic  body  in  vehicle 

P(f),  P(ou)  Turbulent  boundary  layer  pres¬ 
sure  fluctuation  PSD 
p  Pressure 

p  Acoustic  pressure  generated  in  fluid 

by  plate  vibratory  motion 
q  =  0.  5  p  V^  Dynamic  pressure  in  fluid 
R  Reynolds  number 

r  Plate  internal  damping  per  unit  area 

S  Strouhal  numbe  r 

t  Time 

U  Local  free  stream  speed 

U  Convection  speed  of  eddies  in  boundary 
^  layer  U^,=  0. 65U 

u  Mean  speed  in  boundary  layer  at  dis¬ 
tance  z  up  from  surface 

V  Vehicle  speed 

V(f),  V(uj)  Vibratory  velocity  PSD 
w  Normal  deflection  of  plate 

X  St  re  am  wise  distance  along  plate 

y  Lateral  distance  across  plate 

z  Distance  normal  to  plate 

6*  =  (1  -  u/U)  dz  Displacement  thickness 

^  of  boundary  layer 

[jb  Mass  per  unit  area  of  plate 

V  Kinematic  viscosity  of  fluid 

p  Mass  density  of  fluid 

p  Mass  density  of  plate  material 

P 

a  Poisson’s  ratio 

w  Radian  frequency,  radian  per  second 

ACKNOWLEDGEMENT 

The  results  reported  were  obtained  in  the 
course  of  an  investigation  supported  by  the 
Applied  Physics  Laboratory  of  Johns  Hopkins 
University,  under  Contract  372178. 


164 


AERO-ACOUSTIC  ENVIRONMENT  OF  A  RECTANGULAR  CAVITY 
WITH  A  LENGTH  TO  DEPTH  RATIO  OF  FOUR 


L.  L.  Shaw  and  D.  L.  Smith 
Air  Force  Flight  Dynamics  Laboratory 
Wright-Patterson  Air  Force  Base,  Ohio 


This  paper  presents  the  results  from  a  flight  test  where  the  aero- 
acoustic  pressure  environment  was  measured  in  an  open  rectangular 
cavity.  The  cavity  tested  was  9  inches  wide,  10  inches  deep,  and  40 
inches  long,  giving  a  length  to  depth  j(L/D)  ratio  of  4.  It  was  instru¬ 
mented  with  both  static  and  dynamic  pressure  transducers  as  well  as  an 
accelerometer.  The  resulting  data  were  correlated  with  empirical  wind 
tunnel  aero-acoustic  predictions  and  formed  the  basis  for  a  modified 
prediction  method.  This  prediction  scheme  enables  aircraft  designers 
to  predict  the  fluctuating  pressure  amplitudes  for  three  resonant 
frequencies  as  well  as  the  broadband  levels  for  a  rectangular  cavity 
with  an  L/D  ratio  near  4  in  the  Mach  number  range  of  0.6  to  1.3.  The 
prediction  scheme  considers  the  longitudinal  variation  of  the  amplitude 
due  to  the  standing  waves  that  were  observed  to  occur  for  each  reso¬ 
nant  frequency.  A  step  by  step  procedure  for  estimating  the  aero- 
acoustic  environment  in  a  cavity  is  presented.  In  addition,  an  example 
is  included  and  compared  with  results  obtained  from  a  prediction  scheme 
presented  in  the  literature. 


INTRODUCTION 

The  aero-acoustic  phenomena  associated 
with,  pressure  oscillations  excited  by  flow 
over  open  cavities  has  been  studied  during  the 
past  twenty  years  by  several  investigators 
(References  1-7).  Some  knowledge  has  been 
gained  about  the  phenomena  but  due  to  the 
complex  nature  of  the  problem,  it  is  not  com¬ 
pletely  understood.  Methods  to  predict  the 
pressure  oscillations  occurring  in  cavities 
have  been  reported  in  Reference  2  as  deter¬ 
mined  from  wind  tunnel  tests.  The  objective 
of  this  test  program  was  to  verify/modify 
these  prediction  methods  with  flight  data. 

This  paper  briefly  presents  the  flight  test 
results  for  an  open  rectangular  cavity  with  a 
length  to  depth  (L/D)  ratio  of  4  for  Mach  num¬ 
bers  from  0.6  to  1.3.  A  prediction  technique 
for  determining  the  amplitude  and  frequency 
content  of  the  oscillating  pressure  is  also 
presented  and  compared  to  results  obtained  in 
Reference  2.  The  complete  results  from  the 
flight  test  of  the  L/D  =  4  cavity  are  reported 
in  Reference  8. 


DESCRIPTION  OF  TEST  ARTICLE 

The  cavity  was  40  inches  long,  10  inches 
deep  and  9  inches  wide  resulting  in  an  L/D 
ratio  of  4.  It  was  constructed  of  0.250  inch 
thick  aluminum  (6061  -  T6) .  It  was  mounted 
in  a  modified  SUU-41  munitions  dispenser  pod. 
The  modified  pod  with  the  cavity  mounted  in  it 
is  shown  in  Figure  1.  The  pod  was  carried  on 
the  triple  ejection  rack  (TER)  of  the  left 
pylon  of  a  RF-4C  aircraft.  The  mounting  is 
schematically  illustrated  in  Figure  2. 

INSTRUMENTATION  AND  DATA  REDUCTION  PROCEDURES 

The  cavity  was  instrumented  with  nine 
microphones,  one  accelerometer,  one  thermo¬ 
couple,  and  three  static  pressure  ports.  The 
location  of  the  instrumentation  is  shown  in 
Figure  3  with  the  type  and  models  presented  in 
Reference  8  along  with  the  data  acquisition 
instrumentation.  All  data  were  continuously 
recorded  on  two  fourteen  channel  tape  record¬ 
ers.  The  magnetic  tapes  recorded  in  flight 
were  analyzed  on  a  Hewlett  Packard  (5450) 
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Fig. 


Fig.  1  -  Ten  Inch  Cavity  Mounted  in  a  Modified  SUU-41  Pod 


RF-4C  AIRCRAFT 


WING  LOWER  SURFACE 


-  Modified  SUU-41  Pod  Mounted  on  RF-4C  Test 
Aircraft 


Fourier  analyzer.  Overall  time  histories,  one- 
third  octave  band,  and  narrow  band  (2  Hz)  anal¬ 
yses  were  performed  for  selected  microphones 
and  flight  conditions.  Further  details  of  the 
calibration  and  data  reduction  procedures  are 
given  in  Reference  8. 

TEST  PROCEDURES 

Data  were  obtained  at  altitudes  of  3,000 
ft,  20,000  ft,  and  30,000  ft.  The  aircraft, 
while  at  a  constant  altitude,  was  slowly  accel¬ 
erated  (approximately  2  to  3  minutes)  over  a 
Mach  number  range  with  data  being  recorded  con¬ 
tinuously.  The  Mach  number  ranges  covered  were 
0.61  to  0.93  for  3,000  ft  and  0.61  to  1.30  for 
20,000  ft,  and  30,000  ft.  Flights  requiring 
speeds  in  excess  of  M  =  0.9  below  30,000  ft 
were  flown  over  Lake  Huron  with  the  remaining 
flights  being  flown  over  Washington  Courthouse, 
Ohio . 

TEST  RESULTS 

a.  Static  Pressures 

The  longitudinal  variation  of  the 
static  pressure  along  the  cavity  floor  is  shown 
in  Figure  4  for  an  altitude  of  30,000  ft.  The 
data  are  presented  as  the  difference  between 
the  cavity  static  pressure  P^  and  the  free- 
stream  static  pressure  P^^  normalized  with  the 
free-stream  static  pressures.  The  static 
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Fig.  3  -  Open  Cavity  Instrumentation  Location 
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-  Longitudinal  Variation  of  Static 
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Fig.  5  -  Variation  of  Static  Pressure  with  Mach 
Number 


20,000  FT, 


pressure  increased  towards  the  rear  of  the  cav¬ 
ity  as  was  observed  in  wind  tunnel  investiga¬ 
tions  (Reference  2,  5,  and  7).  The  static 
pressure  at  each  location  also  showed  a  ten¬ 
dency  to  increase  with  Mach  number.  This  Mach 
number  effect  was  also  observed  in  References 
2  and  7,  however,  this  trend  did  not  continue 
above  Mach  2  in  these  references.  In  Figure  5 
the  average  of  the  static  pressure  measured  at 
each  location  is  plotted  as  a  function  of  Mach 
number  and  compared  to  previously  obtained  wind 
tunnel  data.  This  figure  clearly  shows  an 
increase  in  cavity  static  pressure  with  Mach 
number.  The  flight  data  tends  to  be  above  the 
wind  tunnel  results  which  can  be  explained  from 
the  fact  that  from  the  flight  data  only  pres¬ 
sures  in  the  rear  half  of  the  cavity  were 
available  whereas  in  the  wind  tunnel  static 
pressures  were  measured  over  the  entire  cavity 
length.  Consequently,  since  the  static  pres¬ 
sure  increased  at  the  rear  of  the  cavity  the 
average  flight  test  static  pressure  would  be 
greater  than  the  average  static  pressure 
determined  from  the  wind  tunnel  tests. 


MACH  NUMBER,  M 

Fig.  6  -  Overall  Fluctuating  Pressure  Time 

Histories  from  the  Front  of  the  Cavity 


b.  Vibration 

An  accelerometer  was  installed  in  the 
cavity  to  insure  that  the  vibration  input  did 
not  significantly  affect  the  microphone  output. 
The  vibration  sensitivity  of  the  Gulton  micro¬ 
phones  was  reported  to  be  90  dB/lg,  i.e.,  Ig 
of  acceleration  of  the  microphones  would  pro¬ 
duce  not  more  than  a  90  dB  reading.  The  maxi¬ 
mum  one-third  octave  band  acceleration  level 

measured  at  any  flight  condition  was  30  gs. 

In  all  cases  the  measured  fluctuating  pressure 
level  was  at  least  30  dB  greater  than  the  vib¬ 
ration  induced  level,  thus  it  was  assumed  that 
the  vibration  of  the  cavity  walls  had  no  sig¬ 
nificant  effect  on  the  microphone  outputs. 

c.  Fluctuating  Pressures 

The  fluctuating  pressure  levels  were 
obtained  from  the  nine  microphones.  The  over¬ 
all  time  histories  from  the  fore  end  of  the 
cavity  for  3,000  ft,  20,000  ft,  and  30,000  ft 
altitudes  are  shown  in  Figure  6.  The  overall 
fluctuating  pressure  level  is  seen  to  increase 
with  Mach  number  at  all  altitudes  and  at  any 
Mach  number  the  highest  level  occurs  at  the 
lowest  altitude.  These  time  histories  are 
typical  of  all  test  results.  However,  the 
results  from  other  longitudinal  locations 
showed  greater  differences  between  the  levels 
measured  at  the  three  altitudes  resulting  in  a 
lack  of  free-stream  dynamic  pressure  (q)  scal¬ 
ing.  In  Reference  2  it  was  assumed  that  the 
flow  induced  cavity  oscillations  scaled  with 
free-stream  dynamic  pressure,  however,  the 
flight  test  data  show  that  the  fluctuating 
pressure  levels  do  not  scale  at  certain  longi¬ 
tudinal  locations  as  will  be  illustrated  in 
Figure  11. 

A  typical  narrow  band  spectrum  from 
the  front  of  the  cavity  for  the  20,000  ft  alti¬ 


tude  and  a  Mach  number  of  1.30  is  shown  in 
Figure  7.  The  resonant  frequencies  are  clearly 
evident  and  agree  with  the  resonant  frequencies 
determined  from  the  modified  Rossiter  equation 
(Reference  2) : 

„  ^  fnF  ^  _ m  -  0,25 

V  -  _ M _ (1) 

(H-^y-  m  =  1,2,3 

where  the  ra  =  1  frequency  is  referred  to  as  the 
mode  one  frequency,  etc.  The  nondimens ional 
resonant  frequencies  calculated  for  all 
observed  resonances  are  shown  in  Figure  8  along 
with  data  from  Reference  2  and  compared  to  the 
modified  Rossiter  equation.  The  agreement  is 
quite  good. 


FREQUENCY  IN  CYCLES  PER  SECOND 


Fig.  7  -  Two  Hz  Narrowband  Spectrum  from  the 
Front  of  the  Cavity  at  20,000  Foot 
Altitude  at  Mach  Number  1.30 
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MACH  NUMBER  .  M 


.  8  -  Comparison  of  the  Nondimens ional 

Resonant  Frequencies  with  the  Modified 
Rossiter  Formula 


MACH  NR.  0.82 


X  =  3,000  FT. 

O  =  20,000  FT. 


Fig.  10  -  Longitudinal  Variation  of  Peak  One- 
Third  Octave  Band  Referenced  to  Free 
Stream  Dynamic  Pressure  Depicting  Mode 
Shapes  for  Mach  Number  0,82 


Fig.  9  -  One-Third  Octave  Spectra  for  3,000  Foot 
Altitude  at  Mach  0.82  Displaying 
Longitudinal  Effect  on  Broadband  Level 


The  longitudinal  variation  of  the  one- 
third  octave  band  spectra  are  shown  in  Figure 
9  for  an  altitude  of  3,000  ft  and  a  Mach  num¬ 
ber  of  0.82.  This  variation  is  also  shown  in 
Figure  10  for  the  mode  one  frequency  at  Mach 
0.82  for  all  altitudes.  The  measured  one- third 
octave  band  level  containing  this  frequency  is 
normalized  with  the  free-stream  dynamic  pres¬ 
sure  and  plotted  against  the  non-dimensional 
cavity  location.  The  lack  of  dynamic  pressure 
scaling  is  evident  at  a  number  of  cavity  loca¬ 
tions  and  only  scales  at  X/L  =  0  and  X/L  =  0.5. 

In  Reference  2,  mode  shapes  were  pre¬ 
sented  for  the  first  three  mode  frequencies 
and  are  shown  in  Figure  11.  These  mode  shapes 
were  obtained  from  microphone  outputs  on  an 
axis  near  the  center  of  the  cavity  and  were 
used  to  determine  mode  shapes  for  the  flight 
test  data.  It  was  assumed  that  flight  test 
data  followed  similar  variations  and  ramped 
sinusoidal  equations  were  derived  to  fit  the 
data.  The  resulting  equations  describing  the 
variation  in  normalized  sound  pressure  level, 
201og  (Pto/9)x/L’  normalized  longitudinal 

distance,  X/L,  as  determined  from  the  3,000  ft 
altitude  data  are: 
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h  =  3,000  FT. 
M=  0.82 


0  0.5  10 

L.E.  t.e. 


Fig.  11  -  Suggested  Shape  for  First,  Second  and 
Third  Order  Modes  from  Reference  2 


201og  (P„,/q)x/L  “  201og  (P^/q)  max 

(2) 

-10(1.7  -0.7  X/L  -|cos^^X/l|)  m=l,2,3 

where:  201og  normalized  sound 

pressure  level  at  X/L  =  1 

=  3.5 

-2  =  6.3 

oc^  =  10.0 

These  equations  are  plotted  in  Figure  12  for  an 
altitude  of  3,000  feet  and  a  Mach  number  0.82 
where  the  fluctuating  pressure  has  been  norma¬ 
lized  with  the  free-stream  dynamic  pressure. 


0  0.25  0.50  0.75  1.00 


X/L 

Fig.  12  -  Comparison  of  Mode  Shape  Equations 

with  the  Measured  Data  for  an  Altitude 
of  3,000  Feet  and  Mach  Number  0.82 


The  flight  test  data  are  also  shown  in  Figure 
12.  The  agreement  is  seen  to  be  quite  good 
except  at  X/L  =  0.75  where  the  microphone  was 
located  on  the  center  of  the  side  wall  rather 
than  the  floor,  thus  indicating  variation  in 
the  depth  direction.  These  equations,  des¬ 
cribing  the  longitudinal  variation  of  the  peak 
fluctuating  pressure  levels,  are  assumed  to 
apply  at  all  altitudes  and  Mach  numbers  for 
which  data  were  obtained. 

The  solution  of  these  equations 
requires  the  determination  of  201og  (P^/ ^)inax 
for  each  mode  frequency.  The  normalized 
expression  for  (SPL2)jnax  determined  from 
a  second  order  least  square  curve  which  encom¬ 
passed  all  measured  data  points  as  shown  in 
Figure  13  and  given  by: 

201og(P2j^^^/q)  =  -4  +  201og  (-M2+2M-0.7)  (3) 
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Fig.  13  -  Prediction  Curve  for  Peak  One-Third 
Octave  SPL  at  the  Aft  End  of  the 
Cavity 


The  broadband  levels  were  shown  in 
Figure  9  to  increase  towards  the  aft  end  of  the 
cavity,  which  was  also  observed  in  wind  tunnel 
tests  (References  2,  5,  and  7).  In  general, 
this  increase  was  approximately  10  dB  from  the 
front  to  the  aft  of  the  cavity.  For  prediction 
purposes  a  linear  variation  was  assumed. 

Figure  14  presents  one-third  octave  spectra 
from  the  front  of  the  cavity  for  an  altitude  of 
30,000  ft  and  for  various  Mach  numbers  with  the 
data  referenced  to  the  free-stream  dynamic 
pressure.  The  normalized  broadband  levels  are 
seen  to  increase  with  increasing  Mach  number. 
For  prediction  purposes  the  shape  of  the  broad¬ 
band  spectrum  was  assumed  to  follow  the 
Strouhal  relationship  given  in  Figure  15.  The 
maximum  level  is  established  by  the  Mode  2 
resonant  frequency  peak  and  the  longitudinal 
position.  Note  that  this  assumes  that  the 
broadband  levels  vary  with  Mach  number  as  did 
the  maximum  valve  of  the  mode  two  rms  pressure. 

Equations  1  through  5  and  Figure  15  can 
now  be  used  to  predict  the  complete  one-third 
octave  band  spectrum  and  distribution  of  the 
fluctuating  pressure  in  an  open  rectangular 
cavity  with  an  L/D  of  4  for  a  Mach  number  range 
of  0.6  to  1.3,  For  clarity  an  example  of  the 
application  of  this  scheme  is  given  below  and 
results  are  compared  to  those  obtained  using 
the  method  presented  in  Reference  2. 


where:  p2raax  ~  ^  pressure 

q  =  free  stream  dynamic  pressure 

M  =  Mach  number 

The  values  for  the  normalized  fluctuating  pres¬ 

sures  corresponding  to  the  other  mode  frequen¬ 
cies  were  observed  to  be 


201og 

=  201og 

(4) 

201og 

M>0.7 

201og 

(5) 

201og 

('’2max/^> 

M^O.7 

The  above  expressions  enable  the  estimation  of 
the  amplitude,  frequency,  and  longitudinal  dis¬ 
tribution  of  the  fluctuating  pressures  associ¬ 
ated  with  cavity  resonance.  In  order  to  pre¬ 
dict  the  complete  one-third  octave  band  spec¬ 
trum,  broadband  levels  are  also  required. 


Fig.  14  -  One-Third  Octave  Band  Spectra  from 
the  Front  of  the  Cavity  at  30,000 
Foot  Altitude 
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(Eq  4) 


20  log  {P2  max/q)'l5  dB-lO  (1--^^ 


=  201og  (P^^^/q) 

-14  dB  =  -29  dB 


^"3max/^>  =  201og 


•11  dB  =  -26  dB 


(Eq  5) 


Step  III 


The  normalized  fluctuating  pressure  amp¬ 
litudes  at  the  center  of  the  cavity  are  now 
found  for  each  mode  frequency  from  Equation  2. 


201og  (P^/q)„/,  =  201og  (Vjq) 

m  X/L  °  m  max 


STROUHAL  NUMBER,  S=fL/V 


Fig.  15  -  Broadband  Level  Versus  Strouhal  Number 


d.  Working  Example 

Consider  the  case  of  an  aircraft  flying 
at  l^ach.  0.9  near  sea  level  with  an  open  nearly 
rectangular  cavity  20  feet  long  and  5  feet 
deep.  It  is  desired  to  predict  the  aero- 
acoustic  environment  at  the  center  and  at  the 
rear  of  the  cavity.  The  solution  is  obtained 
as  follows: 

Step  I 

The  first  step  is  to  determine  the  res¬ 
onant  frequencies.  This  is  accomplished  using 
the  modified  Rossiter  equation  (Equation  1) 


•10  (1.7  -0.7  X/L  -  cos«  X/l|) 
'  m  ' 

m=l,2,3 


"1= 

“2  =  6.3 

<^2  =  10.0 


Thus  at  X/L  =  0.5  the  levels  referenced 
to  20iiN/m^  are: 


SPL^  =  148  dB 
SPL^  =  170  dB 
SPL^  =  152  dB 


At  X/L  =  1.0  the  levels  obtained  from  Equations 
3  to  5  are  not  altered  by  Equation  2  since  this 
position  is  an  antinode  for  each  mode. 

Thus,  for  X/L  =  1.0 


SPLj^  =  160  dB 


f 

m  L 


(1  +  ^  m2)  1/2 


+1.75  m=l,2,3 


SPL3  =  163  dB 


Step  IV 


f^  =  15  Hz 
f2  =  34  Hz 
fg  =  54  Hz 


Step  II 


The  second  step  is  to  determine  the  max¬ 
imum  normalized  amplitude  for  each  mode  fre- 


-4  dB  =  -15  dB 


(Eq  3) 


The  final  step  is  to  determine  the  broad¬ 
band  levels.  This  is  done  by  entering  Figure 
15  with 


201og  (P2inax^^^ 


-35  for  X/L  =0.5 

-30  for  X/L  =1.0 


and  reading  other  values. 

The  spectra  obtained  are  shown  in  Figure 
16  along  with  the  spectrum  one  would  predict 
using  the  scheme  offered  in  Reference  2.  The 
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current  results  show  resonant  modes  1  and  3 
completely  attenuated  for  the  center  position, 
this  is  due  to  the  longitudinal  mode  shapes. 

The  X/L  =  0.5  position  is  seen  in  Figure  12  to 
be  a  node  for  the  mode  1  and  3  frequencies 
while  an  antinode  for  mode  2. 

CONCLUDING  REMARKS 

Based  on  the  results  of  the  investigation 
the  following  conclusions  are  made : 

1.  The  resonant  frequencies  are  accurately 
predicted  by  the  modified  Rossiter  equation. 

2.  Free-stream  dynamic  pressure  scaling 
appears  to  fail  for  certain  locations  in  the 
cavity. 

3.  The  longitudinal  variation  in  the  res¬ 
onant  amplitude  shows  a  strong  tendency  to 
follow  the  mode  shapes  observed  in  Reference  2. 

4.  The  current  prediction  scheme  results 
in  realistic  levels  while  accounting  for  longi¬ 
tudinal  variations  in  the  resonant  amplitudes 
and  is  recommended  for  application  within  the 
range  of  parameters  of  the  test  data. 
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RESPONSE  OF  LINEAR  DYNAMICAL  SYSTEMS 
UNDER  NONSTATIONARY  RANDOM  EXCITATIONS 


T.S.  Sankar  and  D.  Doan 
Department  of  Mechanical  Engineering 
Sir  George  Williams  University 
Montreal  H3G  IMS,  Canada 


This  paper  presents  an  analytical  investigation  of  single-degree-of~ 
freedom  linear  dynamical  systems  subjected  to  nonstationary  type  of 
random  excitations.  Expressions  for  the  corresponding  nonstationary 
responses  are  derived  using  the  impulse  response  characteristics  of 
the  system.  The  input  excitation  is  modelled  as  a  product  of  a  modu¬ 
lating  component  and  a  stationary  white  noise  stochastic  component  of 
zero  mean.  Under  such  representation,  the  autocorrelation  of  the 
input  excitation  is  a  delta  function  with  a  specified  strength 
function.  Purely  harmonic,  harmonic  with  exponential  decay,  and 
simple  linear  variations  are  considered  for  the  strength  function 
to  simulate  a  wide  variety  of  nonstationary  forces.  The  variation 
of  the  maximum  mean  square  amplitudes  of  the  system  responses  and 
their  phase  angles  against  frequency  ratios  are  presented  in  the  form 
of  plots  for  different  values  of  the  system  parameters.  From  the 
results,  the  "resonance  regions"  are  identified  and  conclusions  are 
drawn  on  the  behaviour  of  dynamical  systems  under  nonstationary  random 
excitations. 


INTRODUCTION 

Most  of  the  random  processes  occurring  in 
reality  are  essentially  nonstationary  in  charac¬ 
ter.  Examples  of  such  physical  random  processes 
are  forces  due  to  explosions,  shock,  and  earth¬ 
quake;  gust  response;  vibrations  environment  of 
vehicles;  forces  arising  from  rapid  acceleration 
or  deceleration;  and  similar  transient  phenomena. 
To  a  large  extent,  random  excitations  experi¬ 
enced  by  many  mechanical  systems  are  also  of 
nonstationary  type.  The  reason  for  this  is,  in 
most  dynamical  systems,  the  external  forces 
contain  random  disturbances  in  addition  to 
dynamically  fluctuating  deterministic  forces. 

For  example,  mechanical  systems  such  as  connect¬ 
ing  rods,  suspensions,  gear  trains,  etc.  do 
experience  random  excitations,  over  and  above 
the  dynamic  forces,  that  vary  rapidly  in  magni¬ 
tude  during  specific  operating  time  intervals. 
Another  justification  for  nonstationary  excita¬ 
tion  arises  from  the  consideration  that  any 
measured  excitation  process  may  not  be  long 
enough  to  provide  statistical  properties  inde¬ 
pendent  of  time.  It  is  then  important  to  have  a 
knowledge  of  the  response  of  linear  systems 
under  such  random  excitation  environments. 

The  behaviour  of  linear  dynamical  systems 
under  stationary  random  excitations  has  been 
extensively  investigated  by  many  [1,  2,  6]. 


However,  similar  investigations  when  the  exci¬ 
tation  is  nonstationary  are  very  few.  In  this 
paper,  the  nonstationary  random  excitation  on 
the  system  is  considered  as  the  product  of  a 
modulating  part  and  a  stationary  white  noise 
process.  This  concept  was  introduced  by  Roberts 
[3,  4]  and  was  also  investigated  by  different 
methods  by  Barnoski  and  Maurer  [7] ,  and  Buccia- 
relli  and  Kuo  [8]  recently. 

As  mentioned,  a  nonstationary  excitation 
Z(t)  is  expressed  in  terms  of  a  modulating  part 
ZjCt)  and  a  stationary  white  noise  excitation 
F(t)  of  zero  mean  in  the  form 

Z(t)  =  Zj(t)  F(t)  (1) 

Such  a  definition  will  yield  an  autocorrelation 
function  of  the  form 

=  I(t^)  (5(tj-t2)  (2) 

where  6(*)  is  a  Dirac  Delta  function  and  I(tj) 
is  known  as  a  strength  function  [3]  of  the  auto¬ 
correlation  of  the  excitation  force.  When 
I(tj)  is  a  constant,  Z(t)  is  the  well-known 
stationary  white  noise  excitation;  on  the  other 
hand,  if  I(tj)  is  a  function  of  time,  Z(t) 
yields  a  nonstationary  white  noise  process  [3]. 

In  this  investigation,  following  three 
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types  of  strength  functions  are  considered: 


SYSTEM  RESPONSE  UNDER  HARMONICALLY  VARYING 
STRENGTH  FUNCTION  WITH  AN  EXPONENTIAL  DECAY 


i)  harmonic  with  exponential  decay;  that 
is, 

I(tp  =  Ae  cos  pt^  (3) 

ii)  purely  exponential  decay  for  which 

I(tj)  =  Ae“°^l^i  I  (4) 

iii)  simple  linear  decay  for  which 

I{t  )  =  A  (1  -  IL-I).  for  |t  I  <  T 

=  0  for|fJ>T  (5) 

where  A  is  a  known  amplitude,  a  and  p  are  non¬ 
negative  constants. 

PRELIMINARIES 

Consider  a  damped  mass  spring  oscillator  as 
shown  in  Figure  1.  The  equation  of  motion  for 
the  system  is: 

mX(t)  +  cX(t)  +  kX(t)  =  F(t)  (6) 

Here,  m  :mass  of  oscillator 

c  : constant  of  viscous  damper 

k  : linear  spring  constant 

F(t) :nonstationary  random  excitation 
X(t) :displacement  of  mass  m 

Let  c/m  =  2Co0n 
k/m  '= 

F(t)/m  =  Z(t) 

where  :  natural  frequency  of  the  system 
5  :  damping  ratio 

Eq. (6)  now  takes  the  form 

X(t)  +  2CU„X(t)  +  =  Z(t)  (7) 


Fig.l:  Idealized  Dynamic  System 

The  random  excitation  Z(t)  in  this  equation 
is  nonstationary  taking  the  form  expressed  in 
Eq.(l),  such  that  the  strength  function  of  its 
autocorrelation  might  take  successively  the  form 
given  in  Eqs.(3),  (4)  and  (5).  The  analysis 
described  is  conducted  in  the  time  domain  to 
determine  the  corresponding  mean  square  values 
of  the  response  X(t). 


In  this  case,  the  autocorrelation  of  the 
input  Z(t)  has  the  form 

t2)=Ae  ^^l^ilcos  ptjdCt^-t^)  (8) 

where  A,  a,  p  are  positive  constants.  The  phy¬ 
sical  nature  of  the  excitation  may  be  explained 
by  evaluating  the  power  spectral  density  of  Z(t) 
which  can  be  obtained  by  taking  the  double 
Fourier  transform  of 

S  (u),  ,W2)=/“/V  (t  ,  t  )e”j  dtj  (9) 


It  may  be  pointed  out  that,  for  delta-correlated 
processes  such  as  those  considered  here, 
^zz(^i>^2^  is  always  a  function  of  (a)j-U2)  as 
derived  by  Mark  [9] .  Then,  it  follows  directly 
that  S2z(^i”W2^  complex  conjugate  of  the 

Fourier  transform  of  I(t]^)  and  therefore  des¬ 
cribes  the  frequency  content  of  the  strength 
function  I(tj^). 

For  infinite  operating  time  systems,  the 
autocorrelation  of  the  response  X(t)  is  [l] , 

RxxCtj.tP  =  h(S,) 

Kzz<‘r5..  d5,  (10) 

where  h(^)  =  —  e  sin  w^t,  is  the  impulse 

d 

response  of  the  system.  Here 

Wj:  damped  natural  frequency  of  the  system 
=  W^(l  - 

Substituting  from  Eq.  (8)  into  Eq.(lO) 

and  integrating,  the  autocorrelation  of  the  res¬ 
ponse  X(t)  of  the  system  may  be  obtained  as 

^  ^  ^_Ae-^^nl  t2“ti  |“0ip  1 1 J 

R^(tj^,t3)- 


2a.  (2Cw^-ap)  (2w^)p+2b.  (2aj^)  [  (2^w^-ap)+ (2a3^)+p^] 

[(24aj^-ap)^+(2a)^-p)2][(2Ca)^-ap)^  +  (2w^+p)^] 

c. p  (24a3^-ap)^+p^-(2a3^)^ 

[  (2Cw^-ap) (2w^-p)  [  (2Caj^-ap) (2a)^+p) 

d .  ( 2 Coj^-ap )  [  ( 2 C w^-ap )^+p^+(2co^)^] 

[  (2  C(i)^“ap )  (2a)^-p )  ^  ]  [  (2 (2aj^+p )  ^  ] 
c.p  +  d. (24w  -ap) 

- — ]  (11) 

[(2Cu)^-ap)np2] 


where,  a  =  sin  o)^  (t^-tj)  sin  pt^ 
b  =  sin  03^  (t2"*ti)  cos  ptj 
c  =  cos  (t^-tj)  sin  ptj 
d  =  cos  (0^  (t^-tj)  cos  pt^ 
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The  mean  value  of  X(t)  may  be  obtained  by 
setting  t^  =  t^  =  t  in  Eq.(ll), 

E[X^(t)]  = 


2ojj^Vl-c"  (2C-ap')2+p'2 

p’r(2g-ap’)^H-p’Ma-i:^)1 _ 

[(2c-ap')  +  (2.^2-p')][(2S-ap')+(2/I^^+p')] 

^  ^  r  (ZC-ap') 

Sin  pt  +  [ - — 

(2?-ap-)''^p'" 


_  (2g-ap')r(2g-ap')^H-p'^+4(l-e:")1 _ 

[  (2C-ap ' )  +  (2,^2_p  .  ^  j  [  (25-c,p ' )+  p ' )  ] 

COS  pt  }  (13) 

where  p’  =  p/Wn-  Recognizing  Eq. (13)  in  the  form 

A  ”^P I ^ I 

E[x2(t)]  =  -  (P  sinpt+Q  cospt)  (14) 

^n 

A  e-^^P  I  ^  I 

=  3 -  R  cos  (pt  +  <P)  (15) 

^n 

where  R  =  (P^  +  Q^)2  (16a) 


(f.  =  tan  ^  (|).  (16b) 

R  and  (f)  may  be  considered  as  the  maximum  ampli¬ 
tude  and  phase  components  of  the  mean  square 
response  of  the  system. 

Figures  2  and  3  give  the  values  of  the 
quantities  R  and  (J)  as  functions  of  frequency 
ratio  p/a3n  for  different  values  of  damping  ratio 
C,  when  a  =  0.2.  From  Figure  2,  it  may  be  noted 
that  large  values  for  the  maximum  mean  square 
amplitude  R  occur  in  the  region  p/cjO^  -  0  and 
p/ojjj  ~  2.0.  The  peaks  are  more  pronounced  for 
small  damping  ratios,  especially  when  C  <  0.4. 

Similar  plots  for  a  =  1.0  are  given  in 
Figures  4  and  5.  The  behaviour  of  the  system  is 
essentially  the  same  as  for  a  =  0.2  except  that 
the  peak  amplitudes  are  relatively  closely 
spaced.  Also,  unlike  the  plots  for  a  =  0.2, 
there  is  only  one  dominant  peak  or  ’’resonance 
region”  in  this  case  for  every  ^  value. 

Figures  6  and  7  show  the  maximum  mean 
square  amplitude  R  of  the  response  X(t)  as 
function  of  frequency  ratio  p/Wn  for  different 
values  of  the  decay  parameter  a  of  the  strength 
function,  for  a  given  system  with  damping 
C  =  .25  and  ?  =  .45  respectively.  From  these 
figures,  it  may  be  seen  that  all  the  curves 
start  at  the  same  point  when  ~  0-  This 

means  that  the  maximum  mean  square  response  of 
the  system  is  a  constant  regardless  of  the 
values  of  the  decay  parameter  a  when  the  corre¬ 
lation  frequency  of  the  excitation  is  zero. 


Fig. 2:  Maximum  Amplitude  E[X^(t)]  against 
p/Wn,  a  =  0.2. 


Fig. 3:  Phase  Angle  of  E[X^(t)]  against 
p/Wj^,  a  =  0.2 
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(u’ /A)! lax. Amplitude  of  E{ 


Special  Case  1  i  a  ~  0 

When  a  =  0,  the  input  autocorrelation 
RzzCtijt^)  has  a  harmonically  varying  strength 
function  I(t^),  namely, 

Rzz(ti,t^)  =  A  cos  pt  SCtj-t^)  (17: 

Setting  a  =  0  in  Eq.(ll),  the  autocorrela¬ 
tion  of  the  response  X(t)  becomes 


2a(25u  )(2u)j)p+2b(2l0^)  [  (2?u)^)^+(2u)^)='+p^] 

[  (2?(0^)  (2u^-p)  ^]  [  (2?(P^)  ^+(2u^+p)^] 

ep[(2gM^)^+p^-(2fa)^)q _ ^ 

[  (2?a)^)2+(2i.)^-p)^]  [  (2?a)^)"+(2u)j+p)^] 

d(2?a)^)[(2i;(0^)^+p^+(2w^)^] 

[  (25(0^)  (2to^-p)  ^  ]  [  (2?u)^)  (203^+  p)  ^  ] 

cp  +  d(2Caj  ) 

+  - EL-  ]  (18) 

[(2Ca)J^-^p"] 

where  the  expressions  for  a,  b,  c  and  d  are 
given  under  Eq.(12). 

The  mean  square  value  of  the  response  X(t) 
is  now  obtained  either  by  setting  a  =  0  in  Eq. 
(13)  or  by  setting  t^  =  t^  =  t  in  Eq.(18).  Then, 

E[X^(t)]  =  -  ^ 

2w 

n 

r  p'f(2C)^^p’M(lOj]^.„  p, 

(2C)^+P'^  (4+p'2)2-[4p'/r=?"]^ 

+  r__15 _ 2?  — } — — — ]cos  pt 

(2C)^+p'^  (4+p'^)^-[4pVl-C^]^ 

where  p’  =  p/^n* 

This  can  also  be  written  in  the  form 

E[X^(t)]  =  [P-Sin  pt  +  Qq  cos  pt]  (20) 


E[X^(t)]  =  Rq  ^P^ 


where  =  (P^^  +  Qo^)^  (22a) 

(()  =  tan  ^  (^)  (22b) 

The  quantities  Rq  and  (1)q  are  plotted 
against  p/w^  Figures  8  and  9  for  a  range  of^ 
values  of  damping  ratio  C*  T^ie  results  for  this 
particular  case  are  identical  to  those  obtained 


by  Roberts  [3,4] 


Fig. 8:  Amplitude  E[X^(t)]  against  p/w^ 


Fig. 9:  Phase  Angle  of  E[X^(t)]  against 
p/w^,  a  =  0 


special  Case  2  :  p  =  0 


for  the  autocorrelation  Rxx(^i»^2^  Eq.(29), 


When  p  =  0,  the  autocorrelation  of  the  in¬ 
put  Z(t)  in  Eq. (8)  becomes 

R  (tjjt^)  =  A  6(ti-t2)  (23: 


R22(t)=A6(t)  (24 

where  T  =  |tj  -  t^,],  and  the  input  process  Z(t) 
in  this  case  becomes  a  stationary  white  noise 
process  with  an  intensity  A. 


E[X^(t)] 


Uj,^(2C-a')  (a'^-4?a'+4) 


where  a'  = 

Eq.(30)  may  also  be  written  in  the  form 
E[x2(t)]  =  E[X^(0)] 


Erom  Eq.(ll),  when  p  =  0,  the  autocorrela¬ 
tion  of  the  response  X(t)  takes  the  form 


E[X^(0)]  =— - 

(ZC-a'  )  (2C-a'+2/c^-l)  (2C-a’-2>/^) 


Rxx('r) 


[ — sinw^T+coscjJ^T]  (25) 


Usually  for  stationary  white  noise  excitation, 
the  amplitude  of  strength  function  A  is  written 
in  the  form  A  =  2ttSo,  where  Sq  is  the  constant 
value  of  the  spectral  density  of  the  excitation. 
Therefore,  Eq. (25)  may  be  rewritten  as 

r 

“  -  [  ;  sina3,T+cosaJ.T]  (26) 

which  is  the  standard  expression  as  that  obtain¬ 
ed  by  Crandall  and  Mark  [2]  for  a  stationary 


The  mean  square  response  of  the  system  in 
this  case  may  be  obtained  by  setting  p  =  0  in 
Eq.(13)  or  by  setting  t  =  0  in  Eq.  (26)  and  is 


The  quantity  E[X^(0)]  is  plotted  in  Figure 
10  against  for  different  value  of  C  < 

This  quantity  has  unbounded  values  when  the  de¬ 
nominator  in  Eq. (32)  has  a  zero  value.  This 
happens  when  a'^  =  2^,  a’ 2  ”  2?  +  (^^-1)2,  and 
a’ 3  =  2^  -  (^^-1)2.  The  values  of  a’ 2  ^’3 

will  be  complex  if  the  damping  ratio  C  1.0. 
Therefore,  for  C  <  1*0  values  of 

a’,  the  quantity  E[X^(0)]  will  approach  infinite 
value  only  when  a’  =  2^  as  may  be  deduced  from 
the  figure. 

As  a  particular  case,  suppose  a  =  0.  The 
autocorrelation  of  the  input  process  in  Eq.  (28) 
is  exactly  the  same  as  in  Eq. (23)  giving  a 
stationary  white  noise  process.  The  mean  square 
value  of  the  response  X(t)  of  the  system  in  this 
case  will  be  same  as  in  Eq.(27),  namely 


E[X^]  =  V 


E[X^]  = 

CCOn 


This  value  is  independent  of  time  and  is 
the  mean  square  response  of  an  one-degree-of- 
freedom  linear  system  subjected  to  a  stationary 
white  noise  excitation  [2] . 

RESPONSE  UNDER  AN  EXPONENTIALLY  DECAYING 
STRENTH  FUNCTION 

In  this  case,  the  autocorrelation  of  the 
excitation  is  of  exponentially  decaying  from, 


This  can  be  directly  obtained  by  setting  a  -  0 
and  A  =  27rSo  in  Eq.  (32)  . 

RESPONSE  UNDER  LINEARLY  DECAYING  STRENGTH 
FUNCTION 

In  this  case  the  autocorrelation  of  the 
input  process  takes  the  form 

R^zCti.tp  =  A(1  -  <  T  (33) 

where  T  is  a  certain  constant  value  of  time. 


^ZzCtjjt^)  -  A 


6(t  -tj 
'1  2' 


Substituting  from  Eq.(28)  into 

Eq.(lO)  and  integrating,  the  autocorrelation  of 
the  response  X(t)  is  obtained  as 


-?a)^|t2-tj-a|t. 


(2?u)„-a)^  +  (2oJd)^ 


d 


2  1'  2^Ui-CL 


cosWj (t^-tj)]  (29) 


By  setting  t^  =  t^  =  t  in  the  expression 


Substituting  Rzz(^i»^2^  Eq.(33)  into 

Eq.(lO)  and  integrating,  the  autocorrelation  of 
the  response  for  an  infinite  operating  time 
system  is  given  by  the  following  expression 
-CWnI t2-ti I 
Rxx^^i»^2)  =  ^  ;  ■ 


(1-^)" 


1  t 

— —  +  “^1  sincOj  (t.-t ,  ) 

T  OJ^T-*  d^  2  1' 
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which  is  essentially  a  linear  function  of  time. 
By  definition,  this  expression  is  valid  only  for 
|t|  <  T. 

By  assuming  T  =  x/n,  where  x  is  the  natural 
period  of  the  system  and  n  is  a  proportional 
constant,  Eq. (35)  may  be  written  as 

E[X^(t)]  =  — ^  [1  ->■  ^  -  n(M)]  (36) 

For  any  given  value  of  n,  the  mean  square 
response  of  X(t)  may  be  evaluated  in  term  of  t/x 
for  different  values  of  damping  ratio  C*  Some 
of  these  results  for  E[X^(t)]  are  plotted 
against  t/x  in  Figure  11.  By  Eq.(5),  the 
limiting  value  for  E[X^(t)]  is  achieved  when 
it|/x  is  equal  to  1/n.  In  Figure  11,  n  is 
taken  as  unity  and  therefore  values  of  E[X^(t)] 
beyond  t/x  =  1,0  are  purely  hypothetical.  It  is 
noted  that  when  T  ->■  n  0,  and  the  strength 
function  of  the  input  autocorrelation  in  Eq. (33) 
becomes  a  constant.  Then  the  mean  square  value 
of  the  response  X(t)  in  Eq.(36)  takes  the  form 
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MEANS  OF  CONTROLLING  THE  DYNAMIC  MOTION  OF  BOTTOM 
MOORED  MINE  CASES  EXPOSED  TO  HIGH  CURRENT 


J,  J.  O'Neill,  J.  Berezow,  J.  E.  Goeller 
Naval  Ordnance  Laboratory 
Silver  Spring,  Maryland 


An  elastically  supported  right-circular  cylinder  that 
is  exposed  to  steady  fluid  crossflow  experiences  rather 
high-tilt  angles  caused  by  hydrodynamic  drag  and  the  hydro- 
dynamic  alternating  force  due  to  vortex  shedding.  More  than 
200  scale-model  and  full-size  tests  were  conducted  at  two 
Navy  facilities  to  investigate  means  of  stabilizing 
flow-induced  vibrations  on  an  elastically  supported  mine 
case  exposed  to  steady  fluid  flow.  Many  configurations 
were  tested  for  stabilizing  effect  and  packaging  capability. 
A  hydrofoil  configuration  was  the  best  design  that  could 
steady  the  mine  case  in  the  pitch  and  yaw  planes  and  be 
successfully  packaged  and  deployed.  Scaling  laws,  test 
results  and  hydrofoil  stabilizing  theory  are  discussed. 


INTRODUCTION 

Naval  systems  sometimes  involve 
the  use  of  cylindrically  shaped  under¬ 
water  mines  which  are  anchored  to  the 
ocean  bottom.  The  mine  and  tether 
comprise  a  vibrating  system  consisting 
of  a  buoyant  cylinder  and  a  flexible 
cable  attached  to  the  bottom  of  the 
cylinder.  In  the  presence  of  steady 
fluid  crossflow,  the  drag  force  on  the 
mine  case  and  tether  causes  the  cylinder 
to  dip  in  the  pitch  plane  (in  the 
direction  of  fluid  flov;)  as  seen  in 
Fig.  1.  Also,  the  vortex  shedding 
around  the  cylinder  induces  hydrodynamic 
alternating  forces  which  cause  the  case 
to  oscillate  in  the  yaw  plane  (perpen¬ 
dicular  to  the  direction  of  fluid  flow) 
as  seen  on  the  right  side  of  Fig.  1. 
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Fig.  1  -  Illustration  of  Mine  Motion 


The  case  dip  can  become  a  problem 
for  long  cable  systems,  since  the  case 
could  possibly  dip  to  a  depth  where  the 
pressure  is  sufficient  to  crush  it.  In 
specific  types  of  mine  systems,  the 
resultant  tilt  angle  due  to  drag  (in 
the  pitch  plane)  and  vortex  shedding 
can  result  in  a  significant  degradation 
of  system  performance. 

The  problem  of  mine  case  motion 
induced  by  vortex  shedding  was  investi¬ 
gated  previously  by  Berezow  and  Sallet 
[1,  2,  3].  For  a  full-scale  bare  case, 
two  basic  modes  of  oscillation  were 
observed  as  depicted  in  Fig.  2.  The 
first  mode  is  just  a  simple  pendulum- 
type  motion.  The  second  mode  involves 
oscillation  about  the  center  of  total 
mass.  If  one  assumes  that  the  frequency 
of  oscillation  is  given  by  the  Strouhal 
equation 


where  S  is  the  Strouhal  number, 

V  is  the  current  velocity,  and 
D  is  the  case  diameter, 

then  the  current  at  which  resonance  of 
the  modes  occurs  can  be  reasonably  well 
predicted.  This  involves  considering 
the  case/tether  combination  as  a  double 
pendulum,  computing  the  natural 
frequencies  and  equating  them  to  the 
Strouhal  frequency.  Berezow  and  Sallet 
also  investigated  ways  of  reducing  the 
tilt  angle  in  the  yaw  plane  by  applying 
various  surface  modifications  to  the 
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case.  A  splitter  plate  attached 
rigidly  to  a  cylinder  generator  with  a 
height  equal  to  the  length  of  the  case 
and  a  length  of  three  case  diameters 
was  found  to  be  the  most  effective  way 
of  eliminating  motion  due  to  vortex 
shedding . 


SIMPLE  PENDULUM  MOTION  OSCILLATION  ABOUT  PT  O 

FIRST  MODE  SECOND  MODE 

Fig.  2  -  Vibration  Modes 

The  dip  angle  experienced  with  the 
splitter  plate  configuration  was  not 
investigated  in  Ref.  [1] .  However, 
Sallet  showed  in  Ref.  [4]  that  the  dip 
angle  with  this  configuration  can  be 
stabilized  by  connecting  the  tether  to 
a  bridle  which  is  attached  to  the 
cylinder  at  its  center  of  drag  {Fig.  3) . 
Nevertheless,  packaging  the  splitter 
plate  in  the  application  for  which  it 
was  designed  proved  to  be  impractical. 
Therefore,  a  vigorous  and  extensive 
program  was  launched  to  find  another 
means  of  controlling  and  minimizing 
the  tilt  angle  of  the  mine  case.  The 
results  of  these  tests  are  contained 
in  this  paper. 


Fig.  3  -  Cylinder  with  Stabilizing 
Splitter  Plate 

The  full-scale  mine  case,  which 
has  a  diameter  of  21  inches  and  lengths 
of  106  inches  and  116  inches,  was  used 
as  the  baseline  prototype  in  all  the 
experimental  testing-  Table  1  contains 
a  summary  of  the  important 


characteristics  of  all  the  models 
tested.  For  convenience  in  this 
paper,  the  displacement  and  weight  of 
models  are  quoted  in  terms  of  equivalent 
full-scale  values.  The  net  buoyancy  is 
the  most  important  parameter,  which  is 
defined  as  the  displacement  of  the  case 
(pounds)  minus  the  weight  of  the  case 
without  cable  weight.  The  values  shown 
in  Table  1  are  considered  baseline. 

In  some  cases,  however,  the  net  buoyancy, 
as  shown  in  test  results,  was  changed 
by  varying  the  weight  of  the  case.  The 
equivalent  full-scale  tether  length  was 
generally  15  feet,  30  feet,  or  95  feet, 
while  the  full-scale  tether  diameter 
was  0.5  inches.  Nylon  cord  was  used 
for  tethers.  However,  a  12-conductor 
instrumentation  cable  was  used  as  a 
tether  for  instrumented  models . 

Table  1 


Summary  of  Model  Characteristics 


Config¬ 

uration 

MO. 

Scale 

Factor 

Equivalent  Full-Scale  Values 

d 

L 

B 

.  w 

B-W 

dia 

in.) 

length 
(in. ) 

disolace- 

Kisnt 

(lbs) 

weight 

(lbs) 

net 

buoyancv 

(lbs) 

Moment  ot 
inertia 
(sluq-ft^) 

1 

1.0 

21 

105.38 

1313 

1155 

163 

2 

.190 

21 

106.2 

1313 

1148 

170 

3 

.380 

21 

105.2 

1310 

1148 

170 

4 

1.0 

21 

116 

1475 

1267 

203 

350 

5 

.190 

21 

116 

1475 

1305 

170 

TEST  FACILITIES 

The  facilities  at  the  Naval 
Ordnance  Laboratory  (NOL)  and  at  the 
Naval  Ship  Research  and  Development 
Center  (NSRDC)  were  used  to  conduct  the 
tests.  The  NOL  Hydroballistics  Facility 
includes  a  stainless  steel  lined  water 
tank  which  is  100  feet  long,  75  feet 
deep,  and  35  feet  wide  containing  the 
excellent  clarity  water  necessary  for 
good  photographic  records  (Fig.  4)  .  In 
conducting  the  tow  tests,  the  tether 
of  the  mine  case  was  attached  to  a 
carriage  on  the  rails  at  the  bottom  of 
the  tank  and  was  towed  back  and  forth 
using  a  variable  speed  motor  at  various 
velocities  (Fig.  5) .  Tests  on  full 
scale,  .38  scale,  and  .19  scale  were 
conducted  and,  because  of  the  large 
water  depth  capability  in  the  Hydro¬ 
ballistics  Facility,  different  lengths 
of  the  mine  tether  were  examined. 
Orthogonal  photography  was  employed  to 
record  the  motion  of  the  mine  case  and 
measure  its  tilt  and  yaw  angles. 
Instrumented  mine  case  tests  of  the 
full  scale  and  .38  scale  consisted  of 
free  gyros  and  pendulum  inclinometers 
used  to  measure  the  tilt  angle  and 
these  results  were  checked  with 
photographic  records.  The  length  of 
the  test  run  was  limited  to  about  60 
feet  which  did  not  provide  enough  time 
in  certain  tests  to  reach  steady-state 
conditions.  A  series  of  .38-scale 
instrumented  model  tests  were  conducted 
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at  the  NSRDC  tow  basin  which  is  22  feet 
deep  and  1885  feet  long  in  order  to 
obtain  the  long  test  run  necessary  to 
insure  steady-state  conditions. 


Fig,  5  -  Test  Arrangement  in  NOL 
Test  Tank 


Relatively  long  test  times  were 
obtained  in  the  NSRDC  circulating  water 
channel  where  the  water  is  continuously 
circulated  around  a  loop.  Fig.  6  is 
the  test  section  of  the  facility  which 
is  60  feet  long,  22  feet  wide,  and  up 
to  9  feet  deep  (Ref.  5) .  Viewing 
windows  are  located  at  the  bottom  of 
the  channel  as  well  as  at  both  sides. 
Note  the  camera  locations  as  used  in 
the  NSRDC  tests.  The  motor  that  drives 


the  pump  impeller  can  attain  flow 
speeds  of  up  to  10  knots.  The  water 
depth  in  the  water  channel  was  about  9 
feet,  which  required  small  models  of 
0.19  scale  or  smaller  and  short  tether 
lengths.  In  addition,  the  circulating 
pumps  could  not  provide  a  steady  current 
velocity  of  less  than  0,3  knots  in  the 
channel.  Tests  at  this  facility  were 
generally  used  as  screening  tests  to 
check  out  various  methods  of  case 
stabilization. 


Fig.  6  -  Test  Section  of  NSRDC 

Circulating  Water  Channel 


SCALING  LAWS 

The  models  were  scaled  geometri¬ 
cally.  Therefore,  if  A  is  the  scale 
factor  then 


The  weight  and  moment  of  inertia  then 
were  scaled  according  to 

Wji  =  x3  Wp 

Displacement  is  scaled  the  same  as 
weight.  Therefore,  the  characteristics 
of  the  models  can  be  obtained  from 
Table  1  by  applying  the  appropriate 
multiplication  factor. 

The  scaling  considerations  for  the 
model  tests  are  somewhat  controversial 
because  of  the  inability  to  scale 
Froude  number  and  the  Reynolds  number 
simultaneously.  The  velocity  of  current 
was  scaled  with  Froude  scaling.  Hence 

Lj4  Lp 
or 

vm  =  vp  =  /r  vp 
Lp 

The  last  equation  indicates  that  in 
order  to  get  equal  tilt  angles  for  the 
model  and  prototype,  the  current 
velocity  for  the  model  must  be  /A  times 
the  full-scale  current.  A  detailed 


185 


discussion  of  why  Froude  scaling  is 
considered  most  representative  is  given 
in  Appendix  A. 

Static  tilt  in  the  pitch  plane 
(plane  of  current)  and  dynamic  tilt  due 
to  vortex  shedding  are  considered.  It 
should  be  mentioned  that  the  series  of 
tests  conducted  were  considered  as 
screening  tests  to  explore  methods  of 
case  stabiliztion.  The  ultimate 
selection  of  the  best  stabilizing 
technique  requires  full-scale  verifi¬ 
cation  testing. 

TEST  RESULTS 


BOTTOM  TETHER  ATTACHMENT  BRIDLE  BAIL 


The  first  series  of  tests  was 
performed  in  the  NOL  Hydroballistics 
Facility  with  a  full-scale  model. 

The  detailed  geometry  of  the 
case  is  given  in  Fig.  7.  The 
model  was  instrumented  with  free 
gyros  to  measure  tilt  angle  in  the  pitch 
and  yaw  planes.  The  full-scale  config¬ 
urations  shown  in  Fig.  8  were  towed  in 
the  tank  at  many  towing  speeds.  The 
tether  of  the  first  design  was  attached 
directly  to  the  bottom  of  the  case  along 
the  axis  of  the  case.  The  second  design 
utilized  a  bridle  with  the  attachment 
at  a  trunnion  located  at  the  theoretical 
center  of  pressure  of  the  case.  The 
third  design  utilized  a  bail  which 
consisted  of  a  rail  and  roller  system. 
The  curvature  of  the  bail  was  designed 
so  that  the  direction  of  the  tether 
force  always  passed  through  the  center 
of  pressure  of  the  case.  These  latter 
two  designs  were  intended  to  eliminate 
the  tilt  angle  (in  the  pitch  plane) 
induced  by  the  drag  on  the  case. 


Wt  1155  LBS  displacement  -  1318  LBS 


Fig.  7  -  Schematic  of  Case  Tested 


Fig.  8  -  Test  Configurations 


Fig.  9  shows  the  maximum  tilt 
angle  from  drag  plus  vortex  shedding 
plotted  against  current  speed  for 
various  cable  lengths  (design  1) .  The 
mooring  line  was  attached  to  the  bottom 
of  the  case.  The  data  from  tests  in 
Ref. [1]  were  used  to  fair  in  the  curve 
between  the  data  points  obtained  in 
these  tests.  Note  the  maximum  tilt 
angle  of  about  27  degrees  that  is 
generated  when  the  smooth  case  is  towed 
on  a  15-foot  tether.  The  scaled  line 
shown  in  the  figure  labeled  "tilt  due 
to  drag  alone"  is  a  theoretical  curve 
of  case  tilt  without  the  effect  of 
vortex  shedding.  For  small  angles,  the 
tilt  angle  can  be  estimated  from 


1/2  pCqAV2 

B-W  ^=2, 
i^cp 


(1) 


where  p  is  the  water  density,  Cp  is 
the  drag  coefficient,  A  is  the  projected 
case  area,  V  is  the  velocity,  B  is  the 
displacement,  W  is  the  weight,  L^p  is 
the  distance  to  center  of  pressure 
from  the  bottom  of  the  case,  and  L^g  is 
the  distance  to  the  center  of  gravity 
from  the  bottom  of  the  case.  This 
should  represent  the  lower  limit  of  the 
case  tilt. 


Vortex  shedding  causes  the 
oscillatory  motion.  The  data  shown 
for  the  100-foot  cable  were  obtained 
from  the  ,190-scale  tests.  For 
speeds  up  to  1  knot  with  a  100- 
foot  cable,  the  case  exhibited 
little  motion  due  to  vortex  shedding. 
Above  this  speed,  the  second  mode  of 
vibration  (yawing  about  center  of  mass) 
became  more  pronounced,  but  the  major 
portion  of  the  tilt  angle  was  due  to 
drag  on  the  case  causing  tilt  in  the 
pitch  plane. 
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TILT  ANGLE-DEGREES 


SMOOTH  CASE  8-W  =  163  LBS 
MOORED  AT  BOTTOM  OF  CASE 

Fig.  9  ~  Resultant  Tilt  Angle  from 
Drag  Plus  Vortex  Shedding 

Various  configurations  including 
the  bridle,  the  bail,  splitter  plates, 
and  streamers  were  investigated  to 
reduce  tilt.  Fig.  10  shows  the 
results  of  the  tests.  Although  the 
splitter  bridle  combination  resulted 
in  the  lowest  tilt  angle,  this  config¬ 
uration  was  eliminated  because  of  a 
difficult  packaging  problem  for  a 
practical  mine  system.  The  bridle  unit 
yielded  excessive  tilt  in  field  tests 
of  a  full-scale  prototype. 

_ _ _  L  15' 

,  ’’  bare  case 


L  30' 


B-W  163  LBS 
CABLE  LENGTH  -  30  FT 

Fig.  10  -  Comparison  of  Tilt  Angle 
TESTS  AT  NSRDC  AND  NOL 

A  model  test  program  was  initiated 
to  investigate  other  possible  solutions 
to  the  case-motion  problem.  The 
following  summary  contains  the  results 
of  some  of  the  tests  which  were 
conducted  at  NOL  and  NSRDC; 

a.  Bridle  Tests.  Small-scale 
(.190)  models  were  tested  in  the 


circulating  water  channel  at  NSRDC.  A 
flexible  bridle  was  attached  to  the  case 
at  the  center  of  pressure,  then  at  the 
c.g.,  then  alternately  above  and  below 
the  c.p.  The  case  motion  was  erratic 
in  all  instances  and  produced  excessive 
tilt  angles.  A  bail  plus  bridle  unit 
(see  Fig.  11)  was  statically  unstable. 

Use  of  a  rigid  bridle  provided  some 
improvement.  An  eccentric  bridge  unit 
(Fig.  12)  was  the  most  stabilizing 
bridle  configuration.  Ref.  [6] 
describes  bridle  tests  in  greater  detail. 


Fig.  11  -  Schematic  of  Bail  Plus 
Bridle 


Fig  12  -  Schematic  of  Eccentric 
Bridle 


b.  Splitter  Plates.  A  splitter 
plate  with  a  height  equal  to  the  length 
of  the  case  and  extending  out  a  length 
of  three  case  diameters  was  rigidly 
attached  to  a  case  that  was  equipped 
with  a  bridle  at  the  center  of  pressure. 
The  angles  in  the  yaw  plane  were  quite 
small.  Toward  the  end  of  the  tests, 
the  unit  experienced  large  angles  in 
the  pitch  plane,  which  was  caused  by 
poor  balancing  of  the  splitter  plate. 

In  addition,  the  water  in  the  channel 
contained  a  considerable  amount  of 
entrained  air.  The  splitter  plate  and 
the  case  were  literally  engulfed  in  air 
bubbles  which  could  have  affected  the 
balancing.  This  exemplifies  the 
problems  of  testing  bridle  units  on  a 
small  scale,  since  there  is  very  little 
static  restoring  moment.  Nevertheless, 
the  tests  did  indicate  that  the  splitter 
plate  is  an  effective  means  of  minimiz¬ 
ing  the  yaw  oscillation. 
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The  splitter  plate  was  also  tested 
on  a  case  with  a  bail  at  the  bottom. 

Fig,  13  shows  a  plot  of  the  maximum 
resultant  tilt  angle  as  a  function  of 
equivalent  full-scale  current.  Again, 
the  splitter  plate  was  effective  in 
reducing  the  yaw  angle.  In  general,  the 
bail  did  a  reasonably  good  job  in 
reducing  the  pitch  angle.  Friction 
between  the  roller  and  the  rail  caused 
the  roller  to  move  sluggishly  at  times, 
thereby  resulting  in  rather  large 
pitch  angles. 


SPLITTER  PLATE  4  BAIL 
L  -  30' 

B-W  =  170  LBS 

0.190-SCALE  TESTS  AT  NSRDC 

Fig.  13  -  Maximum  Tilt  Angle  vs.  Current 

c.  Hydrofoil  Stabilizing  Units. 

The  Applied  Research  Laboratory  of  the 
University  of  Texas  suggested  the 
application  of  an  extended  hydrofoil  to 
reduce  tilt  by  generating  a  counter¬ 
balance  moment,  as  seen  in  Fig.  14. 

The  hydrofoil  (Fig.  15)  was  a  90-degree 
sector  of  a  cylinder  48  inches  long  and 
attached  to  a  9 5- inch  arm.  The 
cylinder  concavity  was  directed  up¬ 
stream.  A  small  slit  about  2  inches 
wide  ran  almost  the  entire  length  of 
the  hydrofoil  along  the  longitudinal 
centerline , 

A  plot  of  the  maximum  resultant 
tilt  angle  is  also  shown  in  Fig.  15. 

The  plot  is  a  little  misleading,  since 
the  unit  had  about  2  to  3  degrees  static 
tilt  due  to  the  weight  of  the  hydrofoil. 
The  unit  gave  encouraging  results  at 
the  high  speed,  in  that  it  did  provide 
a  significant  righting  effect.  The 
unit  did,  however,  exhibit  significant 
yaw  at  about  1  knot  due  to  a  resonant 
condition  (second  mode  type  oscillation)i 

A  hydrofoil  without  a  slit  was 
used  with  the  concavity  directed  down¬ 
stream,  as  shown  in  Fig.  16.  Fig.  16 
shows  the  .38-scale  instrumented  model 
being  towed  in  the  NOL  Hydroballistics 
Facility  with  the  90-degree  sector 
hydrofoil.  The  results  of  a  .19-scale 
model  are  shown  in  Fig.  17.  Again, 


there  was  a  slight  amount  of  static 
tilt,  which  indicates  that  a  properly 
balanced  unit  would  yield  even  smaller 
angles.  Moreover,  the  unit  showed  a 
slight  yaw  angle  bias  due  probably  to 
slight  misalignment  of  the  hydrofoil 
off  the  centerline  of  the  case.  At 
low  speed  (about  .4  knot)  the  case 
oscillates  as  a  simple  pendulum  due  to 
vortex  shedding.  The  hydrofoil  is 
relatively  ineffective  in  damping  this 
type  of  motion,  but  is  quite  effective 
at  the  higher  speeds. 


moments  (PT  O)  =  o 

YIELDS  "0  " 

Fig.  14  -  Hydrodynamic  Forces 


CURRENT-KNOTS 

ARL  HYDROFOIL 
L  =  30' 

B-W  -  170  LBS 

0.190-SCALE  MODEL  AT  NSRDC  WATER  CHANNEL 

Fig  15  -  Maximum  Tilt  Angle  vs. 
Current 
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Fig.  16  “  .38~Scale  Instrumented 
Case  with  90-degree 
Hydrofoil  Sector 


CURRENT-KNOTS 

HYDROFOIL 

L  -  30' 

B-W  -  170  LBS 

0.190  SCALE  TESTS  AT  NSRDC  WATER  CHANNEL 

Fig.  17  -  Maximum  Tilt  Angle  vs. 

Current 

In  order  to  get  information  on 
scale  effects,  an  instrumented  .38- 
scale  model  was  towed  in  NSRDC ' s  tow 
channel,  where  long  test  runs  could  be 
made.  These  results  are  shown  in  Fig. 
18. 


CURRENT-KNOTS 

L  -  30' 

6-W  -  170  LBS 

0,38-SCALE  TESTS  AT  NSRDC  TOW  CHANNEL 

Fig.  18  -  Maximum  Tilt  Angle  vs. 
Current 


Tests  were  performed  with  a  95- 
foot  tether  on  a  case  with  a  hydrofoil 
in  the  NOL  tank  using  a  .38-scale 
instrumented  model  with  an  equivalent 
net  buoyancy  of  175  pounds.  Fig.  19 
shows  the  results.  Comparison  with 
Fig.  18  shows  that  the  cable  length 
helps  to  reduce  the  yaw  angle  signifi¬ 
cantly  . 


0.3&-5CALE  -  NOL  TANK  TEST 
HYDROFOIL  (1/4  SECTOR) 

6-\V  =  170  LBS  8  =  1 335  LBS,  V/  =  II 65  LBS 
CABLE  LENGTH  -  95  FT  c.b.  -c.g.=2.5" 

Fig.  19  -  Maximum  Tilt  Angle  vs. 

Current 

Tests  were  made  using  a  60-inch 
arm  (instead  of  a  95-inch  arm)  and  a 
54-inch-long  hydrofoil  with  a  90-degree 
section  to  keep  the  total  length  (arm 
and  hydrofoil)  less  than  the  case  length 
in  packaging.  The  net  buoyancy  was 
also  increased  to  215  pounds  and  the 
tether  length  was  kept  at  95  feet.  The 
results  shown  in  Fig.  20  again  indicate 
tilt  angles  of  less  than  5  degrees  for 
currents  of  up  to  1.5  knots. 


L  ■■  95' 

B-W  =  215  LBS 

0.38-SCALE  TESTS  AT  NOL 

Fig.  20  -  Maximum  Tilt  Angle  vs. 

Current 

The  hydrofoil  area  of  a  90-degree 
sector  is  not  sufficient  to  completely 
counterbalance  the  moment  (about  the 
tether  attachment  point)  due  to  the 
drag  on  the  case.  Note  from  Fig.  20 
that  while  pitch  angle  is  relatively 
small,  it  increases  with  current 
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velocity.  Pitch  angle  of  a  hydrofoil 
configuration  can  be  calculated  with 
good  accuracy  using  the  method  described 
in  Appendix  B.  A  135-degree  hydrofoil 
sector  was  also  tested  and  found  to  have 
a  greater  stabilizing  effect  on  the  case 
motion  than  the  90-degree  sector.  Fig. 
21  illustrates  the  results  towing  a 
0.38-scale  mine-case  bottom  moored  to 
a  95-foot  tether,  using  a  56-inch-long 
135-degree  sector  hydrofoil  attached  to 
the  case  with  a  60-inch  arm.  Note  that 
the  135-degree  sector  was  the  only 
theoretical  comparison  that  was  made 
with  a  90-degree  sector  by  use  of  the 
computer  program  in  Appendix  B. 


L  95' 

B-W  -  215  LBS 

0.38  SCALE  TESTS  AT  NOL 

Fig.  21  -  Maximum  Tilt  Angle  vs. 

Current 

Theoretical  predictions  of  pitch 
angle  were  made  using  a  drag  coefficient 
of  ,85  for  the  case  and  1,2  for  the 
hydrofoil  and  arm.  The  theoretical 
pitch  agrees  quite  well  with  the 
measured  pitch  except  at  low  current, 
where  transverse  oscillations  apparently 
induce  pitch  angle.  The  resultant  angle 
was  less  than  3  degrees  for  current  up 
to  1.5  knots. 

FULL-SCALE  HYDROFOIL  TEST  -  NOL 

A  full-scale  mine  case  with  a 
54-inch-long  hydrofoil  (90-degree 
sector)  and  60-inch  arm  was  tested  in 
the  NOL  Hydroballistics  Facility.  The 
hydrofoil  was  deployed  from  a  packaging 
position  flush  with  the  mine  case  when 
the  case  was  in  a  rest  position.  The 
net  positive  buoyancy  was  208  pounds. 

The  initial  tether  length  was  30  feet, 
but  it  stretched  considerably.  Fig.  22 
shows  a  plot  of  the  maximum  tilt  angle 
as  a  function  of  flow  velocity.  The 
initial  tests  were  made  with  an  antenna 
offset  to  the  side.  The  antenna  caused 
the  case  to  roll  slightly,  thereby 
rotating  the  hydrofoil  (similar  to  a 
rudder  turning) .  This  caused  the  case 
to  yaw  significantly  to  the  side.  The 
lower  set  of  curves  in  Fig.  22  was 
obtained  when  the  antenna  was  brought 
in  line  with  the  hydrofoil.  There  were 


noticeable  yaw  oscillations  at  a  current 
of  .5  knot  with  resultant  tilt  angles 
approaching  5  degrees.  However,  the 
hydrofoil  still  maintained  the  resultant 
tilt  angle  below  5  degrees  for  current 
up  to  1.5  knots.  The  full-scale  mine 
equipped  with  a  90-degree  sector  hydro¬ 
foil,  was  deployed  successfully  from  a 
plane  at  an  NOL  testing  facility. 


FULL  SCALE  HYDROFOIL 
L  =  30' 

B-W  -  208  LBS 

Fig.  22  -  Maximum  Tilt  Angle  vs. 

Current 

The  full-scale  case  goes  through  a 
critical  Reynolds  regime  beginning  at 
about  .75  knot  (T  =  70  degrees  Fahren¬ 
heit)  ,  where  the  drag  coefficient  drops 
significantly  (see  Fig.  23) .  The  models 
do  not  go  through  this  regime  because 
of  their  smaller  size.  The  hydrofoil 
does  not  go  through  a  drag  reduction, 
since  it  is  essentially  a  flat  plate 
with  sharp  edges.  Therefore,  it  is 
possible  for  the  hydrofoil  to  over¬ 
compensate  and  cause  a  high  pitch  angle 
at  high  current.  Overcompensation  did 
not  occur  for  the  size  hydrofoil  tested. 


Fig.  23  -  Drag  Coefficient  vs. 
Reynolds  Number 
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The  data  were  analyzed  in  an 
attempt  to  establish  a  curve  for  drag 
coefficient  in  the  transition  regime. 
Using  the  theoretical  analysis  of  Appen¬ 
dix  B  for  predicting  pitch  angle,  the 
drag  coefficient  was  computed  to  get  a 
reasonable  fit  of  the  experimental  pitch 
angle.  Fig.  23  shows  Cq  versus  Reynolds 
number  for  an  infinite  cylinder  and 
three  data  points  from  the  full-scale 
tests  (the  values  in  Fig.  23  must  be 
ratioed  by  .705  because  of  finite  length 
effects) .  These  points  fall  within  the 
data  from  the  various  investigators.  A 
transition  line  has  been  drawn  through 
the  data  and  is  recommended  for  future 
calculations . 

Fig.  24  shows  a  plot  of  the  exper¬ 
imental  pitch  angle  compared  to 
theoretical  values  using  the  recommended 
transition  curve  and  a  drag  coefficient 
of  1.2  on  the  hydrofoil.  It  should  be 
noted  that  the  hydrofoil  does  not 
experience  a  transition  because  of  its 
sharp  edges.  The  experimental  data  are 
presented  reasonably  well.  The  effect 
of  transition  can  be  seen  by  comparison 
with  the  curve  marked  "no  transition." 
Also  shown  in  Fig.  24  is  the  effect  of 
40-degree  fresh  water.  The  pitch  angle 
is  larger  in  40-degree  fresh  water 
because  the  higher  viscosity  causes 
transition  to  occur  at  a  higher  current 
velocity. 


90’  SECTOR  HyO?.OrOIL 

Fig.  24  -  Pitch  Angle  vs.  Current 

In  order  to  evaluate  the  effect  of 
a  larger  hydrofoil,  a  theoretical 
calculation  was  made  for  a  135-degree 
sector  hydrofoil  56  inches  long  (Fig. 
25) ,  The  same  transition  curve  of 
Fig.  23  was  used.  Overcompensation 
does  appear  to  be  high  for  currents 
approaching  2  knots  in  70-degree  sea 
water.  If  40®F  sea  water  is  dominant 
in  the  application,  the  135-degree 
sector  appears  to  be  the  best  choice. 


Fig.  25  -  Theoretical  Pitch  Angle  vs. 
Current 

The  effect  of  hydrofoil  angle  off 
the  vertical  was  also  investigated.  The 
normal  force  coefficient  C^  of  the 
hydrofoil  depends  on  the  angle  of  attack 
a.  A  plot  of  Cjg  (from  Ref.  [7])  is 
shown  in  Fig.  26..  The  discontinuity  at 
a  =  40  degrees  occurs  because  of  stall. 
It  should  be  noted  that  the  normal 
force  is  computed  from 

Fn  =  1/2 p  Cn  a  Vn2 

where  is  the  normal  velocity 
component  given  by 

=  V  cos  ((|)  -  9) 

and  A  is  the  projected  planform  area. 

The  lift  force  then  becomes 

Fl  =  l/2p  Cn  a  v2  cos^  ((j)  -  6)  sin 

(<j)  -  6). 

The  drag  force  then  becomes 

Fj3  =  l/2p  Cn  a  v2  cos3  (0  -  0)  . 

Fig.  27  shows  a  plot  of  tilt  angle  in 
the  pitch  plane  as  a  function  of  current 
velocity  for  various  angles  of  hydrofoil 
angle  (j).  Fig.  28  shows  a  plot  of  lift 
force  and  drag  force  on  the  hydrofoil 
for  a  current  of  about  1  knot  in  70®F 
sea  water.  Based  on  these  plots,  it 
appears  that  the  preferred  angle  4>  lies 
in  the  range  of  30  to  50  degrees. 
Ideally,  we  would  like  to  minimize  the  , 
drag  and  maximize  the  lift  so  that  the 
case  dip  is  minimized. 

CONCLUSIONS 

Based  on  the  tests  performed  to 
date,  the  following  conclusions  are 
made; 

a.  The  standard  bridle  unit  gives 
unacceptable  tilt  angles  even  for  units 
with  high  buoyancy  (250  pounds) , 

b.  The  eccentric  bridle  offers 
significant  improvement. 
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c.  The  bare  case  with  30-foot 
tether  gives  excessive  tilt  angles. 

d.  The  bare  case  with  95-foot 
tether  gives  tilt  angles  less  than  5 
degrees  for  currents  below  .75  knot. 

e.  A  splitter  plate  attached 
rigidly  to  a  cylinder  generator  with  a 
height  equal  to  the  length  of  the  case 
and  a  length  of  three  case  diameters,  is 
effective  in  reducing  yaw  oscillations. 

A  bridle  or  bail  is  needed  to  reduce  the 
pitch  oscillations. 


Fig.  28  -  Hydrofoil  Lift  and  Drag  vs. 
Angle  of  Hydrofoil 


f.  A  56-inch  long  135-degree 
sector  hydrofoil  attached  with  a  60-inch 
arm  to  the  mine  case  that  is  bottom- 
moored  to  a  95-foot  tether  is  the  best 
solution  thus  far  to  the  mine-case 
motion  problem. 


Fig.  26  -  Normal  Force  Coefficient  vs. 
Angle  of  Attack 


70°F  SEA  WATER 


0.5  I.O  1.5 

CURRENT  VELOCITY-KNOTS 


Fig.  27  -  Tilt  Angle  in  Pitch  Plane 
vs.  Current  for  Various 
Angles  of  Hydrofoil 
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NOMENCLATURE 


=  Projected  case  area  or  planform 
area 

=  Displacement  (pounds) 

=  Drag  coefficient 
=  Von  Karman  lift  coefficient 
=  Normal  force  coefficient 
=  Center  of  gravity 
=  Center  of  pressure 
=  Case  diameter  (inches) 

=  Drag  force  (pounds) 

-  Lift  force  (pounds) 

=  Frequency  of  oscillation 
=  Moment  of  inertia  (slug-ft^) 

=  Moment  of  inertia  of  model 
=  Moment  of  inertia  of  prototype 
=  Amplification  factor 
*  Distance  to  c.g.  from  bottom 
of  case 

=  Distance  to  c.p,  from  bottom 
of  case 

=  Distance  to  center  of  buoyancy 
from  bottom  of  case 
=  Length  of  model  (inches) 

=  Length  of  prototype  (inches) 

=  Virtual  mass 
=  Strouhal  number 
=  Current  velocity 
~  Normal  velocity  component 
V  cos  (({)  -  9) 

=  Weight  (pounds) 

=  Weight  of  model 
=  Weight  of  prototype 
=  Angle  of  attack 
=  Scale  factor 
=  Water  density 
=  Tilt  angle 

=  Angle  between  hydrofoil,  arm 
and  cylinder  generator 
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APPENDIX  A 


The  question  of  applicable  scaling 
laws  for  model  tests  is  controversial. 
The  following  is  an  attempt  to  justify 
Froude  scaling  as  the  most  representa¬ 
tive  one  for  the  major  part  of  the 
velocity  regime  under  consideration. 

Consider  first  the  tilt  angle  in 
the  pitch  plane  due  to  drag  on  the  case 


attachment  point,  the  tilt  angle  (for 
small  angles)  is 


For  equal  tilt  angle 

^P  ^Dm 


We  know  that,  in  general,  the  drag 
coefficient  Cq  depends  on  Reynolds 
number.  This  presents  the  usual  problem 
that  we  cannot  duplicate  both  Reynolds 
number  and  Froude  number.  However,  for 
a  rigid  cylinder,  Cq  is  relatively 
insensitive  to  Reynolds  number  over  a 
range  of  about  lO^  to  2  x  10^.  (See 
Fig.  23),  Hence,  over  this  range 


^Dp 

Cdm 


Hence,  Equation  (3)  becomes 


Vm  =  /X  Vp 


This  is  Froude  scaling.  At  the 
critical  Reynolds  number  of  2  x  10^,  a 
transition  range  is  experienced.  This 
corresponds  to  a  full-scale  current  of 
about  .75  knot  (70 °F  water) .  Hence, 
above  .75  knot  (full  scale)  the  model 
tests  should  give  higher  angles  than 
the  prototype.  The  model  tests  are 
therefore  conservative.  One  way  to 
compensate  for  this  is  to  roughen  the 
model  surface  so  that  the  critical 
Reynolds  number  is  lowered. 
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Now  consider  dynamic  loading  from 
vortex  shedding.  If  we  consider  the 
case  as  moored  at  the  bottom,  its 
natural  frequency,  considering  a  simple 
pendulum,  is 


f 


n 


1 

2t\ 


B-W 


where  Mg  is  the  virtual  mass,  1  =  cable 
length.  Again,  for  a  rigidly  held 
cylinder,  the  frequency  of  vortex 
shedding  is 


The  Strouhal  number  is  also  relatively 
insensitive  to  Reynolds  number  over  the 
range  10^  to  2  x  10^.  The  forcing 
function  on  the  case  is  frequently 
approximated  by: 

Fj^  =  l/2p  C]^  A  v2  sin  (27rft) 

where  is  the  von  Karman  lift 
coefficient.  The  response  of  a  simple 
undamped  pendulum  to  the  forcing 
function  is 


Fk 

B=W  ^  K  p  Ck  A 
(|_)2  ”  2  (B-W) 


Vm  =  /X  Vp 

This  is,  again,  Froude  scaling.  The 
same  approach  also  applies  to  discrete 
systems  with  many  degrees  of  freedom. 
Hence,  the  tilt  angles  of  the  model  and 
prototype  are  nearly  equal  for  Froude 
scaling  if  the  lift  coefficient  Cj^  is 
nearly  the  same  for  the  model  and  proto¬ 
type.  For  a  rigidly  held  cylinder,  the 
lift  coefficient  is  the  same  order  of 
magnitude  as  the  drag  coefficient  over 
a  wide  range  of  Reynolds  number  below 
the  critical  value.  Again,  the  prototype 
goes  through  transition  before  the  model. 
Hence,  the  model  results  should  be 
conservative.  Roughening  the  model  case, 
as  previously  mentioned,  should  compen¬ 
sate  for  this. 

Practically  all  the  reasoning  given 
in  the  preceding  is  based  on  data  from 
rigidly  held  cylinders.  The  effect  of 
large  case  transverse  oscillation  on 
lift  coefficient  and  Strouhal  number  is 
relatively  unknown.  An  attempt  is  being 
made  to  develop  such  information. 

However,  in  the  interim,  it  is  believed 
that  Froude  scaling  is  the  most  repre¬ 
sentative,  and  should  be  used  for  all 
screening  tests.  The  final  selected 
design  should  be  tested  in  the  full 
scale . 


where  K 


1 


This  equation  is  the  same  form  as 
Equation  (1) .  The  differences  are  the 
inclusion  of  the  amplification  factor  k 
and  the  substitution  of  for  Cj^.  Let 
us  first  examine  the  frequency  ratio. 


or 
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APPENDIX  B 

This  appendix  contains  a  listing  of 
the  computer  program  employed  to  calcu¬ 
late  the  pitch  angle  of  the  mine  case 
under  the  action  of  the  various  hydro- 
dynamic  forces.  These  forces  are 
illustrated  in  the  diagram.  The  mine 
case  goes  through  a  Reynolds  number 
transition  regime  with  its  associated 
drop  in  drag  coefficient  in  the  velocity 
regime  tested.  There  are  no  Reynolds 
number  transition  phenomena  associated 
with  the  flow  normal  to  the  surface  of 
flat  plates  with  sharp  edges.  The 
hydrofoil  sector  used  in  the  testing 
was  analyzed  as  such  a  section  and  the 
normal  force  coefficient  was  obtained 
from  Ref.  [7] .  The  antenna  on  top  of 
the  case  and  the  hydrofoil  arm  are  in 
the  Reynolds  number  regime  where  the 
drag  coefficient  has  a  constant  value 
of  1.2. 
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Since  the  Strouhal  number  is 
relatively  insensitive  to  Reynolds 
number  over  a  wide  range,  it  is  reason¬ 
able  to  take  Sm  =  Sp.  Therefore,  for 
equal  frequency  ratio,  and  hence,  equal 
amplification  factor  for  model  and 
prototype  we  get 


The  coefficients  Ci,  C2/  C3,  and 
C4  are  actually  normal  force  coefficients. 
The  "crossflow  principle"  as  described 
in  Ref.  [7]  was  used  to  compute  the 
normal  force.  Hence,  at  an  angle  of 
attack  a,  flow  pattern  and  the  fluid- 
dynamic  pressure  forces  only  correspond 
to  the  velocity  component  in  the 
direction  normal  to  their  axis. 

Therefore 
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Fn  =  l/2p  Vn2  a  Cn 


=  V  sin  a  =  V  cos  ((f)-0) 

=  1/2pCn  v2  cos2  ((f-e) 

The  lift  force  Fl  is  given  by 

Fl  =  Fj;j  sin  ((|)-0) 

and  the  drag  force  F^^ 

Fd  =  Fj^  cos  ((I)-e) 

Knowing  the  normal  forces  on  the 
various  parts  of  the  case  and  hydrofoil, 
the  tilt  angle  6  can  be  computed  by 
summation  of  moments  about  the  mooring 
line  attachment  point  to  the  case. 


SUMMATION  OF  MOMENTS  ABOUT  MOORING  PT 
.5L-)  .  >,2  _2, 


pC,A,V^cos^fl-‘V_!l_-:^  PC,A  co?<(p-e)  g 

2  2  2 

-  •^‘•3  '  °  eos^  (0  -  e )  -  {BR3  -  WRj)  sin  0  0 


THIS  CAN  BE  SOLVED  BY  ITERATION  FOR  TILT  ANGLE  0. 

THE  REQUIRED  HYDROFOIL  DRAG  FOR  0  0  IS 

^  R,C,A,  -(•5L3  ■>  g  sin.^)  C3A3Cos^0  >  (L,  *  .SL^)  C^A^ 

(L,  +  o  5in0  ^  .5L,)  cos^0 


ILLUSTRATION  OF  TILT  ANGLE  AND  HYDRO  FORCES  ON 
HYDROFOIL 
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hF;m  ms  PF'.UI^;<4,v  Cy^'PUTES  ’‘CAPTOR  CASE  MOriO.'J” 

H  =  GR0SS  UI  SPLACF.MEM  CLHS) 

RE'-*'  V.  =  DRir  'aEIGHT  (LBS) 

RE’--  V  =  VELCCirr  (K\0TS) 

REV  Ll=  LENGTH  OF  CASE  (INCHES) 

RE-*’  Ul=  DIA.  OF  CASE  (INCHES) 

REV  C!=  drag  coefficient  0"  CASE 
REV  L?=LENGTH  0F  H T DROFC I L ( I NCH ES) 

REV  C2=D'RAG  COEFFICIENT  OF  HrOROFOlL 
REM  D9= WIDTH  OF  HTDROFOIL  (INCHES) 

REM  RO=DENSITr  OF  WATER 
REM  T=TILr  angle  (DEGREE) 

Rr.M  0  =  ANGLE  OF  HTDR0FCIL  (DEGREE) 

R£-*i  R9=REYNflLDS  NUMBER 

PEM  R1=LG*T0  CP(FReM  BOTTOM)  (INCHES) 

REM  R2=LG.T0  CG(FR0M  BOTTOM)  (INCHES) 

REV,  R3  =  LG  TO  CB(FK0M  BOTTOM)  (INCHES) 

PEM  Z:=LENGTH  OF  HYDROFOIL  ARM  (INCHES) 

REM  A=RADIUS  TO  HYDROFOIL  ATTACHMENT  (INCHES) 

REV  R3=REYN0LDS  NUMBER  FULL  SCALE 
REM  C3=DRAG  COEFFICIENT  OF  ARM 
REM  D3=DIA.  of  ARM  (INCHES) 

REM  L3=LENGTH  OF  ARM  (INCHES) 

REV  L4=LENGHT  of  antenna  (INCHES) 

REM  D4=DIA,  OF  ANTENNA  (INCHES) 

RE-M  D5  =  DRAG  coefficient  ON  HYDROFOIL 

REM  L5=LIF  COEFFICIENT  OF  HYDROFOIL 

REM  F5=DRAG  F3RCE 

REM  V5=LIFT  FORCE 

READ  B,W,R1>R2.R3 

READ  LUDI 

READ  L?»D9>Z>A 

RE4D  L3^D3>C3 

READ  L4,04,C4 

READ  R0>0 

READ  C2 

PRINT 

PRINT  ••Cl=”) 

INPUT  Cl 
ir^PUT  V 

IF  V=0  THEN  9999 
LET  A1=L1*DI/144 
LET  A2=L?*D9/144 
LET  A3=L3*D3/144 
LET  A4=L4^D4/144 
LET  V=V*1 .69 

LET  •F1  =  .5=i‘R0=»'CltAl»Vt2/32.2 
LET  0=0/57.3 

LET  F2=.5»R0  +  C2*A2  +  \/t?/3?.2 

LET  F3=  .  5*R0*C3-|'A3  +  V»2/3?.2 

LET  F4=  .  5  +  R0*C4i‘A4+y  T2/32.2 

LET  B9  =  (3't‘R3-W<‘H2)/12 

LET  M1=F1»R1/12 

LET  M?  =  (  Z-^A»SIN(0)  •►L2/2)  *F2/12 

LET  v3  =  r3^,(L3/2  +  A»SIN(0)  )  /12 

let  v.^.  =  F4-KLI-^.5»L4)/12 

LET  0  )  =  (M  1  +M4-(M2+M3)  »(  C0S(  0)  )  t2)  /B9 
LET  R8  =  y/*Dl=>‘.083E+5 
LET  N=V/].69 
IF  V>.25  THEN  283 

PRI  NT  ”8=  ”B.  ‘•W=”W,  ”L  1  =’'L  I  ,  *'01  ="D  I  >  ’’C  I  =”C  1 
PRINT  '’R0  =  "R0. 

PRINT  ”L3  =  '’L3>  "D3="D3,  "C3  =  *’C3 

PRINT  '’L2  =  "L2»  "D9  =”D9  ,  "C2  =  **C2,  ”A  =  '*A,  "Z=“Z 

PRINT 

PRINT  "Rl  ="R  I  ,”R2  =  **R2#”R3  =  ”H3>’‘R8  =  ’'R8 
PRINT  ••L4  =  ''L4,  "D4='*D4,”C4='‘C4 
PRINT 
LET  T=09 

IF  0-T<=.372  THEN  300 
LET  C2=1.8*( 1.57OS*C0-T)>/.697 
LET  F2  =  .  5=t'R0'^=C2*A2*Vt2/32.2 
LET  M?  =  (Z  +  A*SIN(0}-^L2/2)<'F2/12 

LET  M9  =  ((MI-kM4)  +  (C0SCT>)  t2-(M2+M3)  +(  C0S(  0-.T)  )  »2  > /B9 
LET  J=SGR( 1-M9T2) 

LET  T9=ATN(M9/J) 

IF  AB5(T-T9)<=.0001  THEN  410 
LET  T=T+CT9-T)/20 
G0  T0  286 

LET  O5  =  C2*COS(0-T)  t3 

LET  L5=C2*C0S(0-T) t2+SlNC 0-T> 

LET  F5=. 5*R0*D5»A2*Vt2/32.2 

LET  V5=  .  5*R0=^L5f  A2»Vt2/32.2 

LET  T=57.3*T 

LET  09  =  O9=»<57.3 

LET  0=0*57.3 

PRINT 
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540 

550 

560 

566 

567 
600 
900 
920 
930 
935 
940 
9  50 
9999 


PRINT  **C2  =  '’C2 

PRINT  •‘T='’T*  ’*O9=‘'09,  '•V  =  "V>  '•0  =  ‘'3 
PRINT 

PRINT  ’•D5="D5>*'L5  =  ”L5>’*F5='’F5*’*V5  =  *'V5 
00  T0  136 

DATA  1475#  !267>  53. 25>  55. 95>  58.25 

DATA  116.5#2l 

DATA  56# 19.4, 60#  I  1 

DATA  60#2. 5# 1 .2 

DATA  29# 1 .25#  1 ,2 

DATA  64#0 

DATA  1.2 

END 


